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ABSTRACT

The fundamental transient semiconductor device equations are scaled appropriately
such that a singular perturbation problem js obtained. The singular perturbation
parameter A2 (which is physically identif..ed as the square of the minimal Debye length
of the device under consideration) appears as multiplier of the Laplace-operator
in Poisson's equation. We derive asymptotic expansions for the solutionsof the
semiconductor problem as X + 0 by splitting up the solutionsinto (spatially)
slowly varying and fast varying terms. The fast varying terms (layer terms) dominate
the behaviour of the solution in thin regions (layer reaions) about Jjunctions between
differently doped areas of the device (for example - pn-junctions) and decay
exponentially away from the junctions. The slowly varying terms (reduced solutione)

solve the 'zero - space - charge - approximation' and are independent of \.

The local transient behaviour of the potential and the carrier densities is
used to construct efficient spatial grids and time step-sequences for discretisation
methods by equidistributing the local discretisation error. It is demonstrated that
equidistributing meshes can be chosen such that the number of grid points is
independent of the perturbation parameter A (and only depends on the bias and the
prescribed error tolerance). We illustrate the grid construction by presenting
numerical results for the transient Gummel - algorithm applied to a one - dimensional

diode.
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1. THE SINGULARLY PERTURBED SEMICONDUCTOR DEVICE EQUATIONS

The basic transient semiconductor device equations are (using standard notation)
(see Van Roosbroeck (1950)) :

(1.1 (a) e Ay = g (n-p=-2C)
(1.1) (b) n, = div (Dn Vn =~ u n vVy) - R (n,p)
(1.1) (¢c) p, = div (DP Vp o+ upP v¢) - R (n,p)

in some bounded spatial domain 2 representing the device geometry and t > 0 .

(1.1) is supplemented by mixed boundarv conditions. ¥, n and p are prescribed at
Ohmic contacts, the Dirichlet - boundary condition for Y is time - varying, those
fér n and p are time - independent and VY, Yn Vp vanish at insulating segments.
Also semiconductor - oxide interfaces and Schottky contacts can be included into

the following analysis.

The detailed forﬁ bf the boundary conditions and of the recombination - éeneration
term R is insignificant for the following discussion. Also initial conditions

v (¢t =0), n (t=20), and p (t=0), which fulfill (1.1) (a) are given.

We define (assuming that D and u are constant) :
n,p n,p

(1.2) ¢ = max |C| , ¢ = diam (Q) , T o= =
Q

and employ the following scaling (see Markowich, Ringhofer, Selberherr and Langer
(1982) and Markowich (1983)) :

C
1.3) & v, = L, o =2, 5, -2, 6 p = £
s Up s g § g T
.
3 - X .t
(13 m %, o= X, e = £

where x is the spatial (independent) variable and the subscript s denotes the
scaled quantities. Then (1.1) transforms (after dropping the subscript s) to

(1.4) (a) ¥ Ay = n-p=-D
Xe 0
(1.4) (b) - n, ="div (Vn - n V) - S (n,p)
t >0
(1.4) (c) p, = div (Vp + p V) - S (n,p)
with  S(n,p) = ;} R (En,Ep) and
(e}
(1.5) voe [(D2plfa = Up
e 22 g C

where AD is the minimal Debye length of the device under consideration.

86



The scaling described above and the scaled problem (1.4) change slightly when
Dn P and My p are not constant but it is completely sufficient to use (1.4) for
4 ’
conceptual considerations.

Note that (for modern Silicon devices) 1t is of the same order of magnitude
as the electron - and hole - lifetime.

Typically, A?* << 1 (e.g. A* = 107° for a Silicon device with £ = 5 - 107% cm
and a maximal doping of C = 107 cm~?®), therefore (1.4) constitutes a singularly
perturbed boundary value problem. For simplicity we assume that the device we consider
has only one abrupt pn - junction I' . That means that the scaled dobing profile D
has a jump - discontinuity across T . Therefore the solutions n and p of the
reduced problem ( that is (1.4) with X = 0 , also referred to as 'vanishing - space -
- charge - approximation' ) are discontinuous across I and (1.4) (b) (c) imply
that the reduced potential ¥ has a jump - discontinuity across T, too.

Singular perturbation theory can be used to show that the reduced solutions
n, p and ¥ , subject to appropriate boundary conditions, interface conditions at T
and the reduced initial conditions 10 (t = 0), P (t = 0) and ¥ (t = 0) are close
to the 'full solutions' n , p and ¢ (the solution of (1.4)) away from T and
from 8Q when X is small and that an internal layer (a region of fast variation)
occurs at I . It also can be shown that no layer occurs at Ohmic contacts and at
insulating segments ( a boundary layer generally occurs at Schottky contacts and at
oxide - semiconductor interfaces) ( see Markowich (1983)).

In order to obtain a uniform approximation to % , n and p correction terms

$ , A and P have to be added to § , n and p . These correction terms fulfill
(1.6) v E, st a [z s, t ' 5 1%, s,t <
. X’ Sy ’ k xSy . ’ P Y’ Sy s
S Ci(s,t) exp (<G (s,£) o)
where r = r (;) denotes the distance from x to r, s = s (§) is the point

on T closest to x and Ci , C, > 0 depend on the potential drop across I (at s)
at time t (see Markowich (1983)). The layer terms decay exponentially away from T .
Estimates for the derivatives of the layer terms with respect to r and s are
obtained by differentiating the right hand side of (1.6). Their derivatives with
respect to t are uniformly bounded as X > 0+.

It can be shown that § + § , n+n and p + p approximate the solution of
{1.4) ¥, n and p resp. uniformly (in A ) throughout @ for t > 0 (if the
potentials applied to the Ohmic contacts approach stationary limitsas t -+ «).

The derivatives of the solutions ¢ , n , p in perpendicular direction to the
junction are large (at most O (A~1) for the i~-th derivative), those in tangential
direction and in t - direction are uniformly bounded in X .

Qualitatively, the results remain valid for doping profiles which are exponentially
graded at junctions and analogous asymptotic results hold close to oxide - semi -
conductor interfaces (inversion layers) and Schottky contacts.
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2. DIFFERENCE METHODS

We assume that Gummel's method is used for the time discretisation of (1.4)
(see Mock (1976)), that the Laplacian is discretised with the usual second order
accurate s-heme (7 points in three spatial dimensions, 5 points in two spatial
dimensions and 3 points in one spatial dimension) and that the spatial operator
in the continuity equations is discretised with the Scharfetter - Gummel - scheme
(see Markowich, Ringhofer and Selberherr (1982)).

As basic concept for the grid generation we use equidistribution of the local
discretisation error combined with the finite - boxes =~ approach (see G. Franz
et al (1982)). since the Scharfetter - Gummel - method is uniformly (in XA )
convergent, it suffices to equidistribute the functional

m =
(2.1) Efyg (0 =
= R R v, (% Yy 20 ty) [+ R hij’“‘ [ Yyyy Fir Yyr Zgs
9 zm
+ ¥h 2 | lI)zzz (xi' Yyr Zqr tm) Lo+ Atm ‘ wt (Xi’ yj’ 27

where h ?m, flgm and h fn denote the spatial mesh - sizes in corresponding direction

and Atm is the m-th temporal mesh - size (t

m+1 i+ i

and zz+1).

m-th t me step & analogously for yj+1
m

Eiin

Equidistribution of this term means that the mesh is chosen such that E:le (p) = 0(6)

on £ x [0,T] , where & is the accuracy parameter and [0,T] 1is the desired
simulation time - period. (1.6) implies that equidistributing spatial grids are
exponentially graded near junctions. Away from junctions the spatial grid - sizes
should be limited by O (§) (since the continuity equations have no multiplying
factor A% ).

tm)

tm)

=t + At ; x, . =x, +h ™ in the
m m 1

Since wt is uniformly bounded (in X ) time steps of width at least O (§) can

be chosen. Note that the spatial mesh - sizes generally depend on the time step
(moving grid). This is due to the fact that the widths of the junction - layers
depend on the applied potentials (the layers can shrink and extend, but do not
move away from the junctions as t increases). Therefore spatially intermediate
values for the discrete solution have to be obtained by interpolation. Of course
time steps are allowed to increase when ] (;,t) gets close to its stationary

>
limit ¥ (x,*)

To illustrate the grid construction we take a one - dimensional diode (with
the pn - junction at x = 0) and obtain :

- 2
(2.2) E; W) = ¥ hy | Vogs Xqr Ep) I+ ae | by (xg, t) |
(1.6) yields
no o xd
(2.3) Y ) = ‘2;1- S N T CIP I

inside the layer, where cm only depends on the bias applied at t = t_ .
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The optimal equidistributing spatial grid therefore is

cmlﬁij

m .
(2.4) hi = §re

(see Ascher and Weiss (1981)). The number of grid points inside the layer is O (&)

(and is therefore asymptotically independent of A !)

Spatial grids for two dimensional problems are constructed in Markowich,

Ringhofer and Selberherr (1982).
The time - grid is chosen such that

P I I

(2.5) At mgf | b (x, t

1

holds (see Chong (1978)).

0f course, the equidistribution technique can be applied to other time -
discretisation - methods by modifying the local error functional (2.1) (see Mock

(1976) for other discretisation schemes).

The equidistribution technique was used for the simulation of a one - dimensional

diode (with % = 2.5 x 107° ; ¢Cc = - 10*7 in [-2,-252) , C = 10%% in (-%52,2] ;
that gives A = 2.6744 x 10~7 ) with the applied bias shown in Figure 1.

The accuracy parameter was set to 10°2 and between 120 and 135 spatial grid
points were used (the exact number depends on the time step). 305 time steps were
used on the simulation interval [0,2.3]. Figure 2 sho s the potential distribution
and Figure 3 the electron density. The accumulation of electrons during the high -
injection time interval [0.5,1] is clearly visible. It can be seen that the layer
width depends on time (it is largest in the high - injection time interval ).

A discussion of the convergence properties of discretisation schemes for
Poisson's equation when equidistribution is relaxed , is given in Markowich,
Ringhofer and Selberherr (1982) for the stationary case,The results carry over to the

parabolic semiconductor problem.

e

Figure 1 tit]

Fi s
Figure 2 . Figure 3
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