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ABSTRACT

A theoreticalanalysisof the Monte Carlo (MC) method
for thesolutionof thestationaryboundarywalueproblemde-
fined by the Boltzmannequationis briefly outlined. This
analysisclearly shovs how eventbiasingcanbe usedwithin
thewell-known One-RarticleMC method.To enhancestatis-
tics in sparselypopulatedregions of interest,artificial car
rier heatingis introducedby increasingthe probability for
phononabsorptionat the expenseof phononemission.The
distribution of the scatteringangleis biasedto induceartifi-
cial carrierdiffusion. Having identifiedthe randomvariable
whoserealizationsarestatisticallyindependentew variance
estimatesareproposed.

Keywords: eventbiasingvarianceaeductionMonteCarlo
method,Boltzmannequationdevice simulation.

1 INTRODUCTION

In theMC simulationof semiconductodevicesmeasures
have to betakento enhancehe statisticsin interestingphase
spaceregionsthat are sparselypopulated. The purposeof
statisticalenhancemeris to reducethe varianceof the MC
estimatedn thoseregions. Sucha reductioncomesat the
expenseof increasedvariancein other, lessinterestingre-
gions[1]. Therearetwo classeof statisticalenhancement
techniquespamelypopulationcontroltechniquesandevent
biasingtechniques. To datevirtually all MC device simu-
lation codesutilize populationcontrol techniques. On the
otherhand,the eventbiasingtechniquehasbeenintroduced
in thefield of semiconductotransportonly onedecadeago,
whentheWeighted Ensemble MC methodhasbeenproposed
[2][3]. However, this methodhasnot beenusedin MC de-
vice simulationyet. The presentwork focuseson the steady
stateandconsequenthaWeighted One-Particle MC method
is presentedlt is appliedto npn-structureandthesuitability
for variancereductionis studied.

2 THEMCMETHOD

The kinetic equationconsidereds the stationaryBoltz-
mannequation(BE), supplementetty boundaryconditions.
MC algorithmsfor the solution of the stationaryboundary
valueproblemcanbe constructedormally asoutlinedin the
following.

2.1 Theory

In a first stepthe stationaryBE is transformedinto an
integral equationof the secondkind,

f(z) = / f@K @) e + o) (1)

wherethe six-dimensionavariablez standsfor (k,r). The
kernel K describeshepropagatiorof theparticleswhile the
freeterm f, containgheboundarycondition.Sincetheinte-
gral form of the BE is a backward equationthe correspond-
ing forwardequationthatis the conjugateequationneedso
bederived. Its kernelis givenby K (z,z') = K(2', z).

oa") = / oK (@2 dz + A@) )

Thetwo integral equationsrestatedexplicitly in [4]. With a
forwardmethodonly meanvaluesof somearbitraryquantity
A(z) canbeevaluateddueto thefollowing equality

/ A(2)f(z) dz = / fo(@)g(z) dz 3)

Notethatusageof this equationprecludesa point-wiseeval-
uationof thedistribution function f, becausehechoice
A(z) = é(z) cannotbetreatedby theMC method.

Substitutingthe conjugateequationrecursvely into the
right handsideof (3) yieldsaniterationseriesthe elements
of which arefinally evaluatedby meansof MC integration.
Using this procedurethe One-Rarticle MC algorithmis ob-
tainedin aformalway. In particular recoseredarethe well-
known probability densitiesfor trajectoryconstructionand
both the time averaging and the before-scattering methods
for meanvaluecalculation.

In addition,the randomvariablecanbeidentifiedwhose
realizationsarestatisticallyindependentA realizationof this
randomvariable,say X, is a completenumericaltrajectory
that startsandterminatesat the domainboundary Thei-th
realizationconsistsof all generatedandomvariablesfor the
i-th trajectory suchastheinitial stateatthe domainbound-
ary, ko, rg, the freeflight timest;, andthe afterscattering

statesk?,
xz:{kOarOathk%atlak?7t.77} JSN’ (4)

whereN; + 1 is the numberof free flight segmentsfor the
consideredrajectory AnotherrandonvariableY (X') needed
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below is definedby its realizations

yzz{kl{7r1>k27r]7} JSN'“ (5)
which containall before-scatteringtatesk{; andtheparticle
locationsat the times of scattering,r;. Knowledgeof the
independentandomvariableformsthebasisfor determina-
tion of thevarianceof the MC estimatorsandthusfor stating
errorestimates.

2.2 Event Biasing

Thekernelof the conjugateequationk yieldsthe natu-
ral probabilitydistributions,which arethenusedfor the con-
structionof the particletrajectory However, it is possibleto
chooseotherthanthe naturalprobabilitiesfor the MC inte-
grationof the termsof the iterationseries.In thatcaseone
constructsnumericaltrajectoriesthat are differentfrom the
physicalones.

With ary quantityof interest,A(k, r), arandomvariable
¥,4(Y) is associated.Using the commonOne-Rarticle MC
algorithmandthe before-scatteringnethod,a realizationof
P4 is of theform

Ni Ak, ;)
Yai = m (6)

Jj=1
with A beingthe total scatteringrate. Summationis again
over one completetrajectorystartingandterminatingat the
domainboundary
Changingprobabilitydistributionsrequirescompensatory
changef randomvariables. The formal treatmentcan be
summarizedn a simplerule. Wheneerin the courseof nu-
mericaltrajectoryconstructiora randomvariable,for exam-
ple, afreeflight time or an after scatteringstate,is selected
from a numericaldensityratherthan from a physicalden-
sity, theweightof thetestparticlechangedy theratio of the
physicaloverthe numericaldensity evaluatedatthe selected
value. Introducingthe weight of the particlew; constructed
by this rule, therealizationof ¥4 becomes

S A1)
i= ) Wi 7
wA j:ZIwJ )\(k.[;’r]) ( )

The weight of eachinjectedparticleis setto w; = 1, the
subsequentveightsevolve randomly This givesrise to in-
creasingvariancein the MC estimateswith increasingtime
cumulatedby atrajectory However, sincetheparticleweight
is resetwhenever a particle leavesandreenterghe domain,
thevariancestaysbounded.

Themotivationfor usingarbitraryprobabilitiesis thepos-
sibility to guide particlestowardsa region of interest. We
increasecarrier diffusion againsta retardingfield by intro-
ducingartificial carrier heating. Controlledby a parameter
M, > 1, the probability for phononabsorptioris increased

attheexpenseof phononemission,

! ]‘ ! )\6
)‘a_)‘a+)\e (1 M1> ) )‘e_Ml‘ (8)
If in the MC simulationphononabsorptionis selectedthe
particle weightis to be multiplied by A, /)., otherwiseby
Ae/AL = M,. Thedistribution of the flight time is not af-
fected,becaus¢hesumof emissiorandabsorptiorratestays
unchanged.

Carrierdiffusion canbe enhancedy modifying the dis-
tribution of thescatteringangle.Only isotropicprocesseare
affected. For thesethe distribution of x = cos 8 is constant:
p(x) = 1/2for x € (—1,1). Hered is definedastheangle
betweerthe afterscatteringvave vectorandthefield direc-
tion. Thefollowing modifiedprobability densityis assumed:

1
1< x<xo
P =9 Hf ©
= Xo <x<1

M, > 1isagivenparameteryg is determinedrom the nor-

malization.Thecumulative probabilityatthis pointevaluates
to P'(xo0) = (1 + M>)~t. With arandomnumberr, evenly

distributedbetweerd and1, oneobtainsfor r < P'(xxo)

p

Xr=2M2'r_1> _,=M27
D
andotherwise
2(r —1 1
S e
My P M,

This meansthat the particleweightis eitherreducedor in-
creasedy the factor My wheneer x is generatedrom the
density(9).

2.3 Variance Estimation

Thestatisticalverageof A is estimatedy asamplemean,

a 1 X
(A) ~ T TN ;%i (10)

with T' beinga propernormalizationconstant.NV denoteghe
numberof independentealizationsof ¥4, thatis thenumber
of constructedrajectories.Fromthe sampleyy; the sample
varianceo?{A} is computed,which givesa varianceesti-
matefor A: 24}
2 g

o’ {A} = N

The new methodavoids the commonlyassumedepara-
tion of the particle’s historyinto sub-historieof someartifi-
cially predefinedduration.

As an examplethe One-Rarticle MC methodis applied
to annpn-structureshovn in Fig.1. The computedvariance
estimatefor the currentdensityis plottedin Fig.2. In this
case,A is givenby A(k,r) = —e v, (k) Wp(r), with the
group velocity v, and the chage assignmenfunction W),
for grid point p [5].

(11)
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Figure 1: Conductionbandedgesof the simulatedSi npn-
structuresE-B barrierheightsare0.2eV and0.8eV.
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Figure2: Currentdensityandstandardieviationin annpn-
structurewith 0.2 eV barrierheight. No statisticalenhance-
mentmethodis used.Nycae, = 5 - 108,

3 RESULTSAND DISCUSSION

Usingthe modifiedprobabilitiesdescribedn Section2.2
electrontransporthroughthenpn-structuravith a0.8eV en-
ergy barrierhasbeensimulatedFig.1). To enhancestatistics
in the emitterbasebarrierregion artificial carrierheatingis
introduced.In thebarrierandthe baseregion the distribution
of the scatteringangleis biasedto induceartificial carrier
diffusiontowardsthe collector

Optimal valuesfor M; and M- are not known a priori.
For instance,if M; is chosentoo small, not enoughparti-
cleswill surmountthe barrier, renderingstatisticalenhance-
mentinefficient. On the otherhand,choosingM; and M,
too large, plenty of numericaltrajectorieswill passthrough
the low concentratiorregion. However, dueto the aggres-
sive biasingthe individual particle weightswill evolve to

extremely differentvalues,predominantlyto extremesmall
ones.Becausef thelarge spreadingf the particleweights
therecordedaverageswill againshow alargevariance Rea-
sonablevaluesfoundfor theconsideredtructureare M, = 2
and M, = 2.

Thedescribedehavior of the eventbiasingschemesug-
geststhe usageof additionalvariancereductiontechniques
[6]. The generalgoal must be a reductionof the spread-
ing of the weights. Suchtechniquesare not usedin this
study Instead,the evolution of the particle weight is gov-
ernedpredominantlyby the weightedMC algorithm. Ex-
plicit measuresaretaken only to preventweightsfrom get-
ting extremelyhigh or low.

Theeventbiasingschemenasbeencomparedvith asim-
ple particle split method. To first order such comparison
is fair sincethe light-weight particlesgeneratedvith either
methodarenot furtherregycled.

Fig.3 demonstratefor the meanenegy that with event
biasingthecorrectphysicalmearvaluesarereproducedAlso
shawvn is the meanenegy of the simulatedparticles,which
is considerabhjhigherthe physicalmeanenegy.
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Figure3: Meanenepgy of the physicalsystem(mean)andof
the simulatedcarriers(num.) in the npn-structurewith 0.8
eV barrierheight. Comparisorof the eventbiasing(W-MC)
methodanda particlesplit methodis shavn.

In the simulationshavn in Fig.4 a biasedboundarydis-
tribution is assumedElectronsareinjectedfrom the emitter
contactwith a Maxwellian distribution at 5 timesthe lattice
temperature Again the correctphysicalmeaneneny is ob-
tained.

In Fig.5 the electronconcentratiorand the standardde-
viationsof the two MC methodsaredepicted.In the quasi-
neutralbaseregion (75-90nm)ventbiasinggives~ 13 times
lessstandarddeviation. Dueto the 1/+/N dependencef o
(see(11)) this amountgto an estimatedperformancegain of
132 ~ 170 for the given example. Fig.6 shavs the superior
cornvergenceof W-MC. Becauseof the poor corvergenceof
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Figure4: Meanenegy in the 0.8 eV structure.In addition
to Fig.3, electronsareinjectedat the left contactat 1500K,
whereasat the right contacta Maxwellian at 300K is as-
sumed.

thesplitmethodl.5- 1019 scatteringeventsneededo bepro-
cessedo permitrealisticcomparisonsn Figures3-5.

4 CONCLUSION

FortheOne-RarticleMC methodt hasbeendemonstrated
that event biasingis a competitive statisticalenhancement
technique.lt canbe usedon its own or in combinationwith
other, presentlyusedvariancereductiontechniques.Imple-
mentationof the methoddoesnot requirestructuralchanges
of an existing code. A new varianceestimateis proposed,
basedntheobsenationthatonenumericalrajectoryrepre-
sentsoneindependentealizationof arandomvariable.
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Figure 5: The electronconcentratiorvaries by more than
14 orders.In the baseregion W-MC givessignificantlyless
variancethanthe split method.
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Figure6: Evolution of the device currentfor extremelylong
simulationtimes,evaluatedevery 108 scatteringevents.
W-MC corvergesfasterand shavs better stability than the
split method.
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