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ABSTRACT

A theoreticalanalysisof the Monte Carlo (MC) method
for thesolutionof thestationaryboundaryvalueproblemde-
fined by the Boltzmannequationis briefly outlined. This
analysisclearlyshowshow eventbiasingcanbeusedwithin
thewell-known One-ParticleMC method.To enhancestatis-
tics in sparselypopulatedregionsof interest,artificial car-
rier heatingis introducedby increasingthe probability for
phononabsorptionat the expenseof phononemission.The
distribution of thescatteringangleis biasedto induceartifi-
cial carrierdiffusion. Having identifiedtherandomvariable
whoserealizationsarestatisticallyindependentnew variance
estimatesareproposed.�������	��

���

: eventbiasing,variancereduction,MonteCarlo
method,Boltzmannequation,devicesimulation.

1 INTRODUCTION

In theMC simulationof semiconductordevicesmeasures
have to betakento enhancethestatisticsin interestingphase
spaceregions that are sparselypopulated. The purposeof
statisticalenhancementis to reducethe varianceof the MC
estimatesin thoseregions. Sucha reductioncomesat the
expenseof increasedvariancein other, lessinterestingre-
gions[1]. Therearetwo classesof statisticalenhancement
techniques,namelypopulationcontrol techniquesandevent
biasingtechniques.To datevirtually all MC device simu-
lation codesutilize populationcontrol techniques.On the
otherhand,theeventbiasingtechniquehasbeenintroduced
in thefield of semiconductortransportonly onedecadeago,
whentheWeighted Ensemble MC methodhasbeenproposed
[2][3]. However, this methodhasnot beenusedin MC de-
vice simulationyet. Thepresentwork focuseson thesteady
state,andconsequentlyaWeighted One-Particle MC method
is presented.It is appliedto npn-structuresandthesuitability
for variancereductionis studied.

2 THE MC METHOD

The kinetic equationconsideredis the stationaryBoltz-
mannequation(BE), supplementedby boundaryconditions.
MC algorithmsfor the solution of the stationaryboundary
valueproblemcanbeconstructedformally asoutlinedin the
following.

2.1 Theory

In a first stepthe stationaryBE is transformedinto an
integral equationof thesecondkind,���������������������������
�! "�#��$����&%'�)(*�����

(1)

wherethe six-dimensionalvariable
�

standsfor
��+, "-.�

. The
kernel

�
describesthepropagationof theparticles,while the

freeterm
�)(

containstheboundarycondition.Sincetheinte-
gral form of theBE is a backwardequation,thecorrespond-
ing forwardequation,thatis theconjugateequation,needsto
bederived.Its kernelis givenby

�0/1���� "� � �,�2����� �  "�#�
.3 ��� � ��� � 3 �����"� / ���� "� � �4$��5%�67��� � � (2)

Thetwo integralequationsarestatedexplicitly in [4]. With a
forwardmethodonly meanvaluesof somearbitraryquantity67���#�

canbeevaluateddueto thefollowing equality.� 67�����"��������$4�8� � � ( ����� 3 ������$4� (3)

Notethatusageof this equationprecludesa point-wiseeval-
uationof thedistribution function

�
, becausethechoice67���#�9��:������

cannot betreatedby theMC method.
Substitutingthe conjugateequationrecursively into the

right handsideof (3) yieldsan iterationseries,theelements
of which arefinally evaluatedby meansof MC integration.
Using this procedure,theOne-ParticleMC algorithmis ob-
tainedin a formal way. In particular, recoveredarethewell-
known probability densitiesfor trajectoryconstruction,and
both the time averaging and the before-scattering methods
for meanvaluecalculation.

In addition,therandomvariablecanbe identifiedwhose
realizationsarestatisticallyindependent.A realizationof this
randomvariable,say ; , is a completenumericaltrajectory
that startsandterminatesat the domainboundary. The < -th
realizationconsistsof all generatedrandomvariablesfor the< -th trajectory, suchasthe initial stateat thedomainbound-
ary,

+=(> "-)(
, the free flight times ?!@ , and the after-scattering

states,
+BA@ ,�
C��EDF+ (  "- (  ? (  G+ A H  ? H  JIJIFI"+ A@  ? @  JIJIFILK MONQP7C

(4)

where
P7CB%SR

is the numberof free flight segmentsfor the
consideredtrajectory. AnotherrandomvariableT � ; � needed
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below is definedby its realizationsU C ��DF+BVH  "- H  JIJIFI�+BV@  G- @  FIJIFILK MONWP C  
(5)

which containall before-scatteringstates
+ @ V andtheparticle

locationsat the times of scattering,
- @ . Knowledgeof the

independentrandomvariablesformsthebasisfor determina-
tion of thevarianceof theMC estimatorsandthusfor stating
errorestimates.

2.2 Event Biasing

Thekernelof theconjugateequation
�X/

yieldsthenatu-
ral probabilitydistributions,whicharethenusedfor thecon-
structionof theparticletrajectory. However, it is possibleto
chooseotherthanthe naturalprobabilitiesfor the MC inte-
grationof the termsof the iterationseries.In that caseone
constructsnumericaltrajectoriesthat aredifferent from the
physicalones.

With any quantityof interest,
67��+Y G-.�

, a randomvariableZ�[ � T � is associated.Using the commonOne-Particle MC
algorithmandthebefore-scatteringmethod,a realizationofZ�[

is of theform \ [ C �^]`_a@Gb H 67��+ V@  "- @ �c ��+ V@  G- @ � (6)

with
c

being the total scatteringrate. Summationis again
over onecompletetrajectorystartingandterminatingat the
domainboundary.

Changingprobabilitydistributionsrequirescompensatory
changesof randomvariables.The formal treatmentcanbe
summarizedin a simplerule. Whenever in thecourseof nu-
mericaltrajectoryconstructiona randomvariable,for exam-
ple, a freeflight time or an afterscatteringstate,is selected
from a numericaldensityratherthan from a physicalden-
sity, theweightof thetestparticlechangesby theratioof the
physicaloverthenumericaldensity, evaluatedat theselected
value. Introducingtheweightof theparticle d @ constructed
by this rule, therealizationof

Z [
becomes\ [ CB�e]�_a@Gb H d @ 6f��+ V@  G- @ �c ��+ V@  "- @ � (7)

The weight of eachinjectedparticle is set to d H �eR
, the

subsequentweightsevolve randomly. This givesrise to in-
creasingvariancein the MC estimateswith increasingtime
cumulatedby atrajectory. However, sincetheparticleweight
is resetwhenever a particleleavesandreentersthe domain,
thevariancestaysbounded.

Themotivationfor usingarbitraryprobabilitiesis thepos-
sibility to guide particlestowardsa region of interest. We
increasecarrierdiffusion againsta retardingfield by intro-
ducingartificial carrierheating. Controlledby a parameterg Hih R

, theprobability for phononabsorptionis increased

at theexpenseof phononemission,c � A � c A % c�jlk Rnm Rg H>o  c � j � c jg H I (8)

If in the MC simulationphononabsorptionis selected,the
particleweight is to be multiplied by

c A.p c � A , otherwisebyc j p c � j � g H
. The distribution of the flight time is not af-

fected,becausethesumof emissionandabsorptionratestays
unchanged.

Carrierdiffusioncanbeenhancedby modifying thedis-
tributionof thescatteringangle.Only isotropicprocessesare
affected.For thesethedistribution of q �Srts>u�v is constant:w � q �x�yR p.z for q|{ ��m}R~ JR1� . Here

v
is definedastheangle

betweentheafter-scatteringwave vectorandthefield direc-
tion. Thefollowing modifiedprobabilitydensityis assumed:w � � q �9����� ��

Rz g�� m}RlN q��'q (g �z q (}N q�� R (9)g�� h R
is agivenparameter, q ( is determinedfrom thenor-

malization.Thecumulativeprobabilityatthispointevaluates
to � � � q (�������R�% g�� ��� H

. With a randomnumber� , evenly
distributedbetween� and

R
, oneobtainsfor �5�'� � � q (��q`� � z g�� � m'R~ ww � � g��  

andotherwiseq � ��Rnm z � � mQR1�g��  ww � � Rg�� I
This meansthat the particleweight is eitherreducedor in-
creasedby the factor

g �
whenever q is generatedfrom the

density(9).

2.3 Variance Estimation

Thestatisticalaverageof
6

isestimatedbyasamplemean,������� 6� � R� P ]a C b H
\ [ C

(10)

with

�
beingapropernormalizationconstant.

P
denotesthe

numberof independentrealizationsof
Z�[

, thatis thenumber
of constructedtrajectories.Fromthesample

\ [ C
thesample

variance � � D)6}K is computed,which givesa varianceesti-
matefor

6
: � � D 6}K�� � � D16�KP (11)

Thenew methodavoids the commonlyassumedsepara-
tion of theparticle’shistoryinto sub-historiesof someartifi-
cially predefinedduration.

As an examplethe One-Particle MC methodis applied
to annpn-structureshown in Fig.1. Thecomputedvariance
estimatefor the currentdensityis plotted in Fig.2. In this
case,

6
is given by

67��+Y "-.����m��¡ .¢
��+B��£8¤¥��-.�
, with the

group velocity
 .¢

and the charge assignmentfunction
£8¤

for grid point w [5].
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Figure1: Conductionbandedgesof the simulatedSi npn-
structures.E-B barrierheightsare0.2eV and0.8eV.
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Figure2: Currentdensityandstandarddeviation in annpn-
structurewith � I z eV barrierheight. No statisticalenhance-
mentmethodis used.

P7­�®°¯"±�±Y�³²�´*R �~µ .
3 RESULTS AND DISCUSSION

Usingthemodifiedprobabilitiesdescribedin Section2.2
electrontransportthroughthenpn-structurewith a0.8eVen-
ergy barrierhasbeensimulated(Fig.1).To enhancestatistics
in the emitter-basebarrierregion artificial carrierheatingis
introduced.In thebarrierandthebaseregionthedistribution
of the scatteringangle is biasedto induceartificial carrier
diffusiontowardsthecollector.

Optimal valuesfor
g H

and
g��

arenot known a priori.
For instance,if

g H
is chosentoo small, not enoughparti-

cleswill surmountthebarrier, renderingstatisticalenhance-
ment inefficient. On the otherhand,choosing

g H
and

g �
too large,plentyof numericaltrajectorieswill passthrough
the low concentrationregion. However, due to the aggres-
sive biasing the individual particle weights will evolve to

extremelydifferentvalues,predominantlyto extremesmall
ones.Becauseof the largespreadingof theparticleweights
therecordedaverageswill againshow a largevariance.Rea-
sonablevaluesfoundfor theconsideredstructureare

g H � z
and

g � � z .
Thedescribedbehavior of theeventbiasingschemesug-

geststhe usageof additionalvariancereductiontechniques
[6]. The generalgoal must be a reductionof the spread-
ing of the weights. Such techniquesare not usedin this
study. Instead,the evolution of the particleweight is gov-
ernedpredominantlyby the weightedMC algorithm. Ex-
plicit measuresaretaken only to prevent weightsfrom get-
ting extremelyhighor low.

Theeventbiasingschemehasbeencomparedwith asim-
ple particle split method. To first order such comparison
is fair sincethe light-weight particlesgeneratedwith either
methodarenot furtherrecycled.

Fig.3 demonstratesfor the meanenergy that with event
biasingthecorrectphysicalmeanvaluesarereproduced.Also
shown is the meanenergy of the simulatedparticles,which
is considerablyhigherthephysicalmeanenergy.
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Figure3: Meanenergy of thephysicalsystem(mean)andof
the simulatedcarriers(num.) in the npn-structurewith 0.8
eV barrierheight.Comparisonof theeventbiasing(W-MC)
methodanda particlesplit methodis shown.

In the simulationshown in Fig.4 a biasedboundarydis-
tribution is assumed.Electronsareinjectedfrom theemitter
contactwith a Maxwelliandistribution at 5 timesthe lattice
temperature.Again thecorrectphysicalmeanenergy is ob-
tained.

In Fig.5 the electronconcentrationandthe standardde-
viationsof the two MC methodsaredepicted.In thequasi-
neutralbaseregion(75–90nm)eventbiasinggives

� RF¹
times

lessstandarddeviation. Dueto the
R p~º P dependenceof �

(see(11)) this amountsto anestimatedperformancegainofRF¹ � � R)» � for thegivenexample.Fig.6 shows thesuperior
convergenceof W-MC. Becauseof thepoorconvergenceof
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Figure4: Meanenergy in the 0.8 eV structure.In addition
to Fig.3, electronsareinjectedat the left contactat 1500K,
whereasat the right contacta Maxwellian at 300K is as-
sumed.

thesplit method
R*I¼²�´"R � H ( scatteringeventsneededto bepro-

cessedto permitrealisticcomparisonsin Figures3–5.

4 CONCLUSION

For theOne-ParticleMC methodit hasbeendemonstrated
that event biasing is a competitive statisticalenhancement
technique.It canbeusedon its own or in combinationwith
other, presentlyusedvariancereductiontechniques.Imple-
mentationof themethoddoesnot requirestructuralchanges
of an existing code. A new varianceestimateis proposed,
basedontheobservationthatonenumericaltrajectoryrepre-
sentsoneindependentrealizationof a randomvariable.
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Figure 5: The electronconcentrationvariesby more than
14 orders.In thebaseregion W-MC givessignificantlyless
variancethanthesplit method.
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Figure6: Evolution of thedevice currentfor extremelylong
simulationtimes,evaluatedevery

R � µ scatteringevents.
W-MC convergesfasterandshows betterstability than the
split method.
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