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Abstract
Accuratemodelingof impact-ionizationis a critical issuefor submicrondevices.
It is well known that modelsbasedon the electricfield or on the averagecarrier
energy give a ratherpoordescriptionof theproblem.We show thatby accounting
for theaveragesquareenergy anaccurateanalyticaldescriptionof thedistribution
function canbe given which canthenbe usedto evaluatemicroscopicmodelsin
a macroscopicdevice simulator. The new model is accuratefor both bulk and
submicrondevicesandinvolvesonly localquantities.

1 Introduction
For fastandaccurateevaluationof CMOSreliability issuesin sub-

�����
nm technology

very precisehigh field transportmodelsareneeded.In particular, hot-carriereffects
like impact ionizationarepoorly describedby modelsusingthe local averagecarrier
energy asparameter. To obtaina moreaccuratedescription,equationsetsbasedon six
momentsof Boltzmann’sequationhavebeenconsideredwherein additionto thecarrier
concentrationandtemperaturethenext higherevenmoment,theaveragesquareenergy
of thedistribution functionis takeninto account.First promisingresultswereobtained
by Sonodaet al. [1] who proposedan analyticalexpressionfor the impactionization
rateasa functionof theaverageenergy andtheaveragesquareenergy by fitting Monte
Carlo (MC) results. Being a fit-formula, the model lackstheoreticalbackgroundand
we obtainedpooraccuracy for otherchannellengthsandbiasesthanthoseusedin [1].
Thereforewe developedananalyticalmodelfor thesymmetricpartof thedistribution
functionwhichgoesbeyondtheMaxwellianapproximation.Thismodelis thenusedto
derivea macroscopicimpactionizationmodelbasedon microscopicdescriptionsused
in MC simulators.Impactionizationmodelsbasedon six momentsof thedistribution
function(DF) nicely fit into theconceptof conventionaldevice simulatorsanddo not
requiree.g.,integrationalongcurrentpaths,asonly localquantitiesareinvolved.

2 The new model
It hasbeenfrequentlyshown thattheshapeof theDF dependson whetherthegradient
of thefield is positiveor negativewith respectto thecurrentdensity. Severalcaseshave
beenconsideredandevaluatedandwe foundthat�����
	���
������������ � �����! 

(1)

which is a generalizationof [2] and[3], neatlycapturesthe main featuresof the dis-
tribution function throughoutthe whole device. The parameters

� � � ��"$#$%'&(#)	
and* � * �+",#$%-&.#)	

arefunctionsof thelocal temperatureandkurtosis.Insteadof usingthe
averagesquareenergy directly, we definethe kurtosisof the distribution function as&.#/�0�2143657	�8��:9�;<3�8+�=;>9

. We now take the momentsof order ? of the analyticalenergy
distribution function(1) @BA �DCE� AGF ���
	-�����
	IH��

(2)
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Fig. 1: Comparisonof differentexpressions
for thedensityof states
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Fig. 2: Comparisonof thenew expressions
with othermodelsfor thebulk case

To evaluate(2) an expression

F ���
	
for the densityof statesis needed.Resultsbased

Kane’s first-ordernon-parabolicitycorrection[4] cannotbe handledanalytically. As
canbe shown, a power-law approximation

F ���
	�� F6� �������=3����
	'�
similar to the one

given by Cassiand Riccò [2] cannotcapturethe non-parabolicnatureof the bands,
becauseonly thelow- or thehigh-energy partcanbefit accurately, but not bothsimul-
taneouslyasshown in Fig. 1. Instead,weusetheexpressionF ���
	�� F6��� � � ��� �����
	>� �

(3)

with
��� ��  ¡ �x¢¤£,¥

and ¦ � �7  �7§
which wereobtainedby a fit to Kane’s expression.

In addition(3) canbenicely fit to the pseudo-potentialdataobtainedby Fischettiand
Laux [5] usingtheparametervalues

��� �¨  © �x¢ £,¥
and ¦ � �7  ¡

(cf. Fig. 1).

With this approximationfor

F �+�=	
expressionsfor

",#,� � % * 	
and

&.#,� � % * 	
canbefound" # �«ª1

�
¬4­
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AS®:¯<° 9* �}±²�.ª ? � 1ª * � � �+� � 	 � ±²�(ª ? � ª ¦ � 1ª * �. ��
 F6� �
AS®:¯<° 9* ³ A � � % * 	 (5)

As thereis no analyticalinversionof (4) with respectto

�
and

*
, thesolutionhasbeen

obtainedby a two-dimensionalNewton procedure.A comparisonof DFsobtainedby
Monte Carlo (MC) simulationandtheir analyticalcounterpartsis given in Fig. 3 and
Fig. 4 for thebulk caseandtheshortchanneldevice, respectively. Also shown arethe
resultsbasedon a parabolicbandapproximation(

�´� �
). The analyticalexpression

slightly overestimatesthehigh-energy tail whenthecurvatureof theDF is too strong.
However, with amorerealisticMC modelemploying afullbandstructureandincluding
electron-electronscattering,thetemperatureof thehigh-energy tail is increasedandthe
curvatureof the DF diminishedwhich in turn improvesthe quality of the analytical
expression.

With this analyticaldescriptionfor the distribution function, microscopicscattering
ratescanbeevaluatedto yield modelssuitablefor macroscopictransportmodels.We
consideredthe anisotropicmodelof Quadeet al. [6], the isotropicexpressionsgiven
by Keldysh[7], and the extensionusedby Fischettiet al. [8]. In the following we
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Fig. 3: Comparisonof analyticalexpressions
for theDF with MC resultsfor thebulk case

PSfragreplacements

~,���Q}���Q}�Äµ ¶�w�|Sw2· � � K M}¸

V Z

Z+V>º \Z+V º _Z+V º `Z+V>º XZ+V º uZ+V º ^Z+V º ] acb QGd6e
» �j ¼½¾¿ À ½¼½ÁÂÃ
¿ À �s

Fig. 4: Comparisonof analyticalexpressions
with MC resultsfor theshortchanneldevice

restrictourselvesto theKeldyshformula Å
Æ+Æ ���
	�� Å
� �+�¤�Ç�4È�É�	>9�3��4È�É 9

, becauseit gives
rathercompactresultsandcanbeeasilyextendedto Fischetti’s expression.For thesix
momentsmodel[9] theadditionaltermsto theright handsideof thebalanceequations
arerequiredwhich canbeobtainedviaÊ Æ+Æ�Ë A �ÍÌCÎ�ÏNÐ �

A
Å:Æ+Æ �+�=	)���+�
	

F ���
	�H��
(6)

Here ? � � % � % ª denotethe entriesfor the continuity, energy balance,and kurtosis
balanceequations,respectively. As weareonly interestedin thehighenergy partof the
densityof states,Cassi’s expressioncanbesavely usedto give thefinal expressionÊ Æ�Æ[Ë A �ÒÑ Å

� � � ¥Ó£ � �
AS® � £,¥ ° 9³ A � � % * 	 � ± ¥ Ë

A � ª�Ô È�É £,¥
° � ± 9 Ë A � Ô È2É £ 9

° � ± ¯ Ë A � (7)

with Õ � ��  1 ª , � � � �)  �4Ö �x¢
,
±$× Ë A �Ø±�ÙP�NÚ � ? � Õ 	'3 * % Ô È�É�Û where

±�Ù � %-Ü Û
is the

incompleteGammafunction and Ô È�É��Ý���4È�É43 � 	 �
. We used Å

� � ¡( N��§ÇÞ$��� ¥ 9àß £,¥
and

�4È�Éá� �7 N� ª �x¢ consistentlywith the MC simulation,valueswhich fit available
experimentaldataasshown in Fig. 2.

A comparisonof
Ê Æ+Æ �âÊ Æ�Æ2Ë

�
from (7) with the MC resultsandthe modelproposed

by Sonodaet al. is givenin Fig. 5 andFig. 6 for
Ñ ®

-
Ñ

-
Ñ ®

test-structureswith channel
lengthsof

�7  5Äã,ä
and

�)  ª ã,ä , respectively. Theshortchanneldevice wastakenfrom
[1] andthechannellengthwasincreasedto give the long channelversion.Themaxi-
mumelectricfieldswhere

� ª � ¬ ¢å3�æ�ä and
1 ª � ¬ ¢å3�æxä for thelong andshortchannel

devices,respectively. Note that the modelswereevaluatedusing
",#

and
&.#

from the
MC simulation.To fit theshortchanneldevicetheparametersof Sonoda’smodelhadto
beadjustedwhereasthenew modelusesthesameparametersasin theMC simulation.
For the long channeldevice, thenew modelslightly overestimatesthe ionizationrates
becausethe high energy tail in the DF is overestimatedby the analyticalmodel. For
theshortchanneldevice, thenew modelpredictsthetail in thedrainregion. Unfortu-
nately, the high energy tail is overestimatedbecausethe analyticalDF cannotcapture
theturningpoint.

(7) canalsobeusedto demonstratethe inaccuraciesintroducedby assuminga heated
Maxwellian distribution when deriving macroscopicimpact-ionizationratesas done
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Fig. 5: Comparisonof thenew expressions
with othermodelsfor a long channeldevice
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Fig. 6: Comparisonof thenew expressions
with othermodelsfor a shortchanneldevice

e.g. in [6]. For a heatedMaxwellian distribution function which is characterizedby
� � ¬ ­ " #

and
* � �

, (7) deliversresultssimilar to local energy models[10] which
considerablyoverestimatetheionizationratesasalsoshown in Fig.2, Fig.5,andFig.6.
This overestimationleadsto non-physicalcalibrationsof themodelparameterswhich
areonlyvalid for averynarrow rangeof devices.Furthermore,impactionizationcaused
by hot electronsin thedraincannotbecapturedbecausethecold carriersdominatethe
averageenergy which is closeto thelatticetemperaturein thedrainregion.

3 Conclusion
We have demonstratedthat theaveragesquareenergy providesthenecessaryinforma-
tion to developananalyicalexpressionfor thedistribution functionwhichgoesbeyong
theheatedMaxwellianassumption.ReplacingtheheatedMaxwellianDF with thenew
expressionallows for accurateevaluationof microscopicimpact ionization ratesfor
bulk andsubmicrondevices.Thenew modelnicelyfits into theconceptof macroscopic
devicesimulatorsasit only employs localquantities.
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