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Abstract

This work dealswith the Monte Carlo methodfor stationarydevice simulation,
known astheSingle-RarticleMonteCarlomethod.A thoroughmathematicaanaly-
sisof this methodclearlyidentifiestheindependentidentically distributedrandom
variablesof thesimulatedorocessKnowledgeof theserandomvariablesallows us-

ageof straight-forvard estimate®f the stochastierror The presentednethodof

errorestimationis applicableo bothdistributedquantitiesandintegratedquantities
suchasterminalcurrents.

1 Introduction

To assessheaccurag of Monte Carlo (MC) simulationit is necessaryo estimatethe
probabilisticerror boundsof the results. In the field of MC device simulationthis
problemhasreceved renaved attention[1]. We presenta new methodof estimating
thevarianceof the stationaryMC method.The methodis basedn theidentificationof
thoserandomvariablesvhoserealizationsarestatisticallyindependentKnowing these
randomvariablesstandardextbookformulaecanbe appliedto estimatethevariance.

2 Variance Estimation

In a thoroughmathematicalnalysisof the single-particleMC method, outlined in
[2][3], the Neumannseriesof the relatedintegral equationis derived. Eachterm of
thatseriesdescribeghe propagatiorof a carrierfrom the point of injectionto the exit
pointatsomecontact.Fromthis factfollows thatonly acompletenumericaltrajectory
that startsand terminatesat the domainboundary can be consideredan independent
realizationof somerandomvariable. In contrast particle statesgeneratedn onetra-
jectory arestatisticallydependentThes-th realizationof this randomvariable,say X,
consistof all generatedandomvariablesor thei-th trajectory suchastheinitial state
atthedomainboundaryk, ro, thefreeflight timest;, andthe afterscatteringstates,
k2.
J
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The consideredrajectoryconsistsof N; + 1 free flight sggments. Anotherrandom
variableY (X) neededn thefollowing is definedby its realizations

yz:{kgarlak.[;;rj;} JSNM (2)
which containall before—scatteringtate&i andthe particlelocationsat the times of
scatteringr;.

With ary quantityof interest,A(k, r), arandomvariable®4(Y") is associatedAssum-
ing the before-scatteringnethodfor averagerecordingthe i-th realizationof ¥4 is of
theform

(3)
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with A\ beingthetotal scattering-ate. Summatioris againover onecompletetrajectory
startingandterminatingatthe domainboundary If astatisticalenhancementchnique
is used theparticleweighsw; hasto beaccountedor, otherwiseall weightsequalone.

Theresultof a stationaryMC device simulationcanbe expressednostgenerallyasa
ratio of statisticalaverages,
GV
=T (4)
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with the definition (. )) = [,dr [dk . f(k,r). Here D denotesthe simulation
domain. The function A is typically a productof somek-dependenfunctionandan
r-dependenthageassignmentunction[4], whereaghe denominatoaccountdor the
normalization(cf. Tablel).

The randomvariableto be considerechow is givenby ¥ = ¥,4/%g. In the MC
simulationone hasto generatehe samplesy) 4; andvyp; usingtherule (3). The so-
calledclassicakstimatornf C is givenby theratio of the samplemeans.
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Additionally, the samplevariancess? ands%, andthe samplecovariances? 5 have to
be evaluatedrom thefollowing definitions.
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N is the numberof trajectoriesconstructedn the simulation. From theseinputsthe
varianceof therandomvariable¥- canbeestimated5].

s2 =84 —20s% 5+ C 8% 8)
Theerrorestimatefor theresultC is finally givenby the standardieviation

— sc
o{C} = TN 9)

3 Application and Discussion

The following example demonstratefiow the presentednethodof error estimation
canbe appliedto both distributedquantitiesandintegratedquantitiessuchasterminal
currents As anexampleann+nn+ silicon diodehasbeensimulated processing - 108

scatteringevents,which resultedin the simulationof N = 5.48 - 107 trajectories.The
variance®f the physicalquantitiescollectedin Table1 have beencalculated.

In Table1 thenumberof physicalparticlesin the simulationdomainis denotedoy Np,
W,(r) is the chage assignmentunctionfor grid pointr, andV, = [ W,(r)dr. The
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quantity C A B
carrierconcentration n (Np [Vp)Wp(r 1
currentdensity  j (gNp /Vp)v(k)Wp(r) 1
terminalcurrent I,  (¢Np/Vp)v(k) - Viu(r) 1
meanvelocity (v} v(k)Wy(r) Wp(r)
meanenegy (e) e(k)Wp(r) Wp(r)

Table 1: Examplesf physicalquantitiesusedin (4).

currentcalculationemploys the weight function methodwith 4, (r) beingthe weight
functionfor contactl.

Fig. 1 shavs the electronconcentratiorandthe distribution of the standarddeviation.

In Fig. 2 the currentdensityis depictedwhich exhibits largefluctuationsn theleft and

right contactregion. Consistentvith the obsenedfluctuationis the estimatedstandard
deviationwhichis considerabhhigherin the contactregionsthanin then-region.
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Fig. 1: Electronconcentratiorandstandard Fig. 2. Currentdensityandstandard
deviationin ann+nn+ diodewith a0.2 eV deviation.

built-in barrier

Whencomputingthe meanvelocity using(4), {A)) representshe particlecurrentden-
sity and {B)) the particledensity The correlationfactorr4g = s%5/(sasp) of the

MC estimateof the two densitiess plottedin Fig. 3 (dashedine). An interestingre-

sultis the high positive correlationof the enegy densityandthe particledensity(solid

line), which givesa significantreductionin standardieviation accordingo (8). A con-

sequencef positive correlationis thata meanvalueper carrierhaslessvariancethan

ameanvalueperunit volume, This is demonstrateth Fig. 4. Accountingfor the fluc-

tuationsof both the enegy densityand the particle density gives the lower standard
deviation (curve std.der), while by neglectingthefluctuationof the particledensitythe

standardeviationis clearlyincreasedqcurve std.de.A).

The presentednethodhasbeenusedin conjunctionwith two statisticalenhancement
methodsthetrajectoryrepetitionschemedueto PhilipsandPrice[6], andtherecently
investigatedmethodof eventbiasing[3]. The presentednethodis parameteffreein
the sensethat neitheran unknovn parameteiof a stochastigprocesssuchasthe cor-
relationtime needsto be estimatednor the particle’s history needsto be divided into
sub-historieof someatrtificially predefinedength.Insteadthe total history is divided
naturallyinto independensub-historiest thetimeswhentheparticlereenterghe sim-
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Fig. 3: Correlationcoeficientsof thethe Fig. 4: Meanenepy andits standard
enepy densityn(e) andn, andof theparticle  deviation, includingthefluctuationsof enegy
currentn{vy) andn. densityandparticledensity(std.de), and
neglectingthefluctuationof particledensity

(std.de.A).

ulationdomain. A processwith suchpropertyis referredto asregeneratie stochastic
procesg5].

4 Conclusion

For thefirst time the independentidentically distributedrandomvariablesunderlying
the Single-Rarticle Monte Carlo methodfor device simulationhave beenidentified.
Knowing theserandomvariablesallows this Monte Carlo methodto be supplemented
with the naturalstochasticerror estimate. Without varianceestimation,the statistics
canbe collectedafter eachfreeflight of the testparticle, whereasvarianceestimation
requiresthat over one particle trajectorya sub-statisticss collected,which is added
to the total statisticswhenthe trajectoryterminatesat the domainboundary Variance
estimatiorof bothdistributedandintegratedquantitiess demonstratedf meanvalues
per particleon a meshareto be computed correlationof the meanvalue per volume
andthe particlenumbermervolumehasto betakeninto accountwhich leadsto partial
cancellatiorof statisticalfluctuations.
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