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Abstract

This work dealswith the Monte Carlo methodfor stationarydevice simulation,
known astheSingle-ParticleMonteCarlomethod.A thoroughmathematicalanaly-
sisof thismethodclearlyidentifiestheindependent,identicallydistributedrandom
variablesof thesimulatedprocess.Knowledgeof theserandomvariablesallowsus-
ageof straight-forwardestimatesof thestochasticerror. Thepresentedmethodof
errorestimationis applicableto bothdistributedquantitiesandintegratedquantities
suchasterminalcurrents.

1 Introduction
To assesstheaccuracy of MonteCarlo(MC) simulationit is necessaryto estimatethe
probabilisticerror boundsof the results. In the field of MC device simulationthis
problemhasreceived renewed attention[1]. We presenta new methodof estimating
thevarianceof thestationaryMC method.Themethodis basedon theidentificationof
thoserandomvariableswhoserealizationsarestatisticallyindependent.Knowing these
randomvariablesstandardtextbookformulaecanbeappliedto estimatethevariance.

2 Variance Estimation
In a thoroughmathematicalanalysisof the single-particleMC method,outlined in
[2][3], the Neumannseriesof the relatedintegral equationis derived. Eachterm of
thatseriesdescribesthepropagationof a carrierfrom thepoint of injection to theexit
pointatsomecontact.Fromthis factfollowsthatonly acompletenumericaltrajectory,
that startsandterminatesat the domainboundary, canbe consideredan independent
realizationof somerandomvariable. In contrast,particlestatesgeneratedon onetra-
jectoryarestatisticallydependent.The

�
-th realizationof this randomvariable,say � ,

consistsof all generatedrandomvariablesfor the
�
-th trajectory, suchastheinitial state

at thedomainboundary, �������	� , the freeflight times 
�� , andtheafter-scatteringstates,��� . � ����� � � ��� � ��
 � ���  � ��
 � ��������� � ��
 � ��������� ��� � � (1)

The consideredtrajectoryconsistsof � �"!$# free flight segments. Another random
variable%'&(�*) neededin thefollowing is definedby its realizations+ ���,� ��-� ��� � ����������-� ��� � ��������� ���.� � � (2)

which containall before-scatteringstates� � - andthe particlelocationsat the timesof
scattering,��� .
With any quantityof interest,/0&1�"���2) , a randomvariable 3�45&1%6) is associated.Assum-
ing thebefore-scatteringmethodfor averagerecording,the

�
-th realizationof 3�4 is of

theform 7 4 ��� 8:9;��< �>= � /0&1� -� ��� � )? &(� -� ��� � ) (3)
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with
?

beingthetotal scatteringrate.Summationis againoveronecompletetrajectory
startingandterminatingat thedomainboundary. If astatisticalenhancementtechnique
is used,theparticleweighs= � hasto beaccountedfor, otherwiseall weightsequalone.

Theresultof a stationaryMC device simulationcanbeexpressedmostgenerallyasa
ratioof statisticalaverages, @ �BA ADCFE EA A1GHE E (4)

with the definition A A � E E �JI	KML � I6L �N�POQ&(�"���2) . Here R denotesthe simulation
domain. The function / is typically a productof some � -dependentfunction andan� -dependentchargeassignmentfunction[4], whereasthedenominatoraccountsfor the
normalization(cf. Table1).

The randomvariableto be considerednow is given by 3�S � 3�4"TU3�V . In the MC
simulationonehasto generatethe samples

7 4 � and

7 V � usingthe rule (3). The so-
calledclassicalestimatorof

@
is givenby theratioof thesamplemeans.@ � 7 47 V � 7 W � #� 8; � < �

7 W � � X � /P�ZY (5)

Additionally, thesamplevariances,[�\4 and []\V , andthesamplecovariance[]\4�V have to
beevaluatedfrom thefollowing definitions.

[ \ W � #�_^ # ` 8; � < �
7 \W � ^ #�ba 8; � < �

7 W �Dc \�d � X � /0��Y (6)

[ \4�V � #�_^ # ` 8; � < �
7 4 � 7 V � ^ #� 8; � < �

7 4 � 8; � < �
7 V � d (7)� is the numberof trajectoriesconstructedin the simulation. From theseinputs the

varianceof therandomvariable 3�S canbeestimated[5].[ \S � [ \4 ^fe @ [ \4�V ! @ \ [ \V (8)

Theerrorestimatefor theresult

@
is finally givenby thestandarddeviationg � @ � � [ S7 Vih � � (9)

3 Application and Discussion
The following exampledemonstrateshow the presentedmethodof error estimation
canbeappliedto bothdistributedquantitiesandintegratedquantitiessuchasterminal
currents.As anexamplean j +j�j + silicondiodehasbeensimulated,processingk5l #]mUn
scatteringevents,which resultedin thesimulationof � � ko� p�qrl #�m�s trajectories.The
variancesof thephysicalquantitiescollectedin Table1 havebeencalculated.

In Table1 thenumberof physicalparticlesin thesimulationdomainis denotedby � K ,tvu &1�2) is thechargeassignmentfunction for grid point � u and w u � I tvu &(�2) L � . The
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quantity

@ / Y
carrierconcentration j &1� K T2w u ) t u &(�2) #

currentdensity x &1yz� K T2w u )|{}&1��) t u &(�2) #
terminalcurrent ~�� &Dyz� K TUw u )|{�&(��)"l	������&1�z) #

meanvelocity A { E {}&1��) t u &(�2) t u &1�2)
meanenergy A1��E � &(��) tvu &(�2) tvu &1�2)
Table 1: Examplesof physicalquantitiesusedin (4).

currentcalculationemploys the weight function methodwith � � &1�2) beingthe weight
functionfor contact� .
Fig. 1 shows the electronconcentrationandthedistribution of thestandarddeviation.
In Fig. 2 thecurrentdensityis depicted,whichexhibits largefluctuationsin theleft and
right contactregion. Consistentwith theobservedfluctuationis theestimatedstandard
deviationwhich is considerablyhigherin thecontactregionsthanin the j -region.
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Fig. 1: Electronconcentrationandstandard
deviation in an � + ��� + diodewith a �U� � eV

built-in barrier.
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Fig. 2: Currentdensityandstandard
deviation.

Whencomputingthemeanvelocityusing(4), A A1CFE E representstheparticlecurrentden-
sity and A ADGiE E the particledensity. The correlationfactor � 4�V � [�\4�V To&�[ 4 [ V ) of the
MC estimateof the two densitiesis plottedin Fig. 3 (dashedline). An interestingre-
sult is thehigh positivecorrelationof theenergy densityandtheparticledensity(solid
line), whichgivesasignificantreductionin standarddeviationaccordingto (8). A con-
sequenceof positive correlationis thata meanvaluepercarrierhaslessvariancethan
a meanvalueperunit volume,This is demonstratedin Fig. 4. Accountingfor thefluc-
tuationsof both the energy densityand the particledensitygives the lower standard
deviation(curvestd.dev), while by neglectingthefluctuationof theparticledensitythe
standarddeviation is clearlyincreased(curvestd.dev.A).

The presentedmethodhasbeenusedin conjunctionwith two statisticalenhancement
methods,thetrajectoryrepetitionschemedueto PhilipsandPrice[6], andtherecently
investigatedmethodof event biasing[3]. The presentedmethodis parameterfree in
the sensethat neitheran unknown parameterof a stochasticprocesssuchasthe cor-
relationtime needsto be estimated,nor the particle’s historyneedsto be divided into
sub-historiesof someartificially predefinedlength.Instead,the total history is divided
naturallyinto independentsub-historiesat thetimeswhentheparticlereentersthesim-



143

0� 0.05� 0.1 0.15� 0.2
distance (µm)

−0.2

0

0.2

0.4

0.6

0.8

1
co

rr
el

at
io

n 
co

ef
fic

ie
nt

 (
1)

energy
velocity�

Fig. 3: Correlationcoefficientsof thethe
energy density���(��� and � , andof theparticle

current�����U �� and � .
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Fig. 4: Meanenergy andits standard
deviation, includingthefluctuationsof energy

densityandparticledensity(std.dev), and
neglectingthefluctuationof particledensity

(std.dev.A).

ulationdomain.A processwith suchpropertyis referredto asregenerative stochastic
process[5].

4 Conclusion
For thefirst time the independent,identicallydistributedrandomvariablesunderlying
the Single-Particle Monte Carlo methodfor device simulationhave beenidentified.
Knowing theserandomvariablesallows this MonteCarlomethodto besupplemented
with the naturalstochasticerror estimate.Without varianceestimation,the statistics
canbecollectedaftereachfreeflight of the testparticle,whereasvarianceestimation
requiresthat over oneparticle trajectorya sub-statisticsis collected,which is added
to the total statisticswhenthe trajectoryterminatesat thedomainboundary. Variance
estimationof bothdistributedandintegratedquantitiesis demonstrated.If meanvalues
per particleon a meshareto be computed,correlationof the meanvalueper volume
andtheparticlenumberpervolumehasto betakeninto account,which leadsto partial
cancellationof statisticalfluctuations.
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