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Abstract

We presenta quantum-kinetiequationwhich describes
thetransporpphenomenén nanoelectronidevices. The
equationcan be regardedas a generalizationof the
Boltzmannequation,which describegshe operationof
thecornventionalmicroelectroniaevices. The presented
equatiortreatsthecoherenpartof thetransporimposed
by the nanostructurepotentialon a rigorous quantum
level, utilizing the Wigner picture. It is shavn that
the equationis generalenoughto accountfor quantum
effectsin thedissipatve partof thetransporimposedoy
theelectron-phonoimteraction.Numericalexperiments
demonstratehe effects of collision broadening retar
dationandtheintra-collisionalfield effect. Theoretical
analysisof the equationrevealsa novel quantumeffect
which is dueto the correlationbetweenthe interaction
processandthe spacecomponenbf the Wignerpath.

1. Introduction

Nanoelectronidevicesaredesignedo achievze anultra-
high circuit densityandcanoperateat ultra-highspeed.
Their featuresizeis comparabldo thewavelengthof an
electron. The transientresponseime which determines
the ultimate switching speedis reportedto be within
a few hundred femtosecondsor resonanttunneling
diodes[1]. The introducedlength andtime scalesare
beyond the limit where the classicaltransportpicture
can be usedto explain the operationalcharacteristics
of nanoelectronicdevices: The Boltzmann equation
requiresthe spaceand time scalesto be much larger
thannanometeand femtosecondespectiely. At such
scalesa quantum-mechanicaleatmentbecomesnec-
essary Moreover, in far from equilibrium operating
conditions, when thereis a current flow through the
device, the Schibdingerequationis not suitableand a
kinetic approachis relevant. For such conditionswe
utilize the Wigner picture as a corvenientdescription
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of the transportphenomena.Many of the conceptsof

the transportin classicaldevices, suchas phasespace,
distributionfunctionandcurrentinjectingboundarycon-
ditions at the contactsemainvalid. The boundarycon-
ditions determinethe operationalcharacteristicof the
nanodeice andare of crucialimportancefor existence
of a stablesolutionof the coherenwWignerequation2].

The boundaryconditionsaregivenby electronsn trav-
eling statesenteringinto a nanodeice from the leads.
If only the coherentpart of the transportis considered,
thesestategemainisolatedfrom thenotchstateswhich
exist at the lower enegy regions of the device poten-
tial. In this caseunphysicalsimulationresultscan be
obtained2]. Thusdissipatve processesyhich aredue
to interactionwith phononsmustbe takeninto account.
The electron-phonorinteractionlinks the traveling and
the notchstatesandcorrectlyredistritutesthe electrons
into the device. It hasbeenshownn that the electron
phononinteractiongreatlyaffectsthe device parameters
of theresonantunnelingdiodes[3].

While the theoretical and numerical aspectsof the
applicationof the coherentWigner equationare well

establishedthe inclusionof the electron-phonorinter-

action is still underinvestigation. The interactionis

commonlytreatedin the classicalBoltzmannlimit and
thusfemtosecond#ransportregimescannot be treated
correctly Moreover additional approximations,such
as relaxationtime [3] or assumptiondor equilibrium
conditionsin the direction normal to the currentflow

[2] areintroduced.A rigorousinclusionof the phonon
interactionis provided by the generalizedVigner func-
tion (WF) fu(r,p, {n},{n'},t) which alongwith the
electroncoordinatesr, p dependsalso on the phonon
coordinates{n} = {ni,...,nq,...} with ng being
the numberof phononsin modeq. Of interestis the
reducedWVF f,,(r, p,t), whichis obtainedby takingthe
traceof thegeneralizedVF overthe phononsystemand
thusdepend®nly ontheelectroncoordinatesAn exact
equationonly for the reducedWF cannot be obtained
from the generalizedWigner equation,sincethe trace
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operationdoesnot commutewith the electron-phonon
interactionHamiltonian. The numericaltreatmentof
the generalizedWF introducesa heary computational
burden. CPU timesin the orderof 30h per pointin the
I(V') characteristicsare requiredon a 100 CPU-Cray
machin€[4].

The alternatve approachis to obtain from the gen-
eralized Wigner equationan approximate,but closed
equationfor the reducedWF. In the next sectionwe
presentan equationfor the reducedWF which is ob-
tainedafterahierarchyof approximationsTheequation
treats the coherentpart of the transportimposed by
the nanostructurgotentialat a rigorousquantumlevel.
The analysisrevealsa novel quantumeffect which is
due to the correlationbetweenthe phononinteraction
and the spacecomponentof the Wigner path. It is
generaknougho accountor thequantumeffectsin the
interactionwith phononsat the femtosecondime scale.
Theseeffectsareinvestigatechumericallyin Section3q.

2. The Quantum Equation

ThegeneralizedVignerequatior4] couplesanelement
fuw(..o, {n},{m},t) to four neighborhoodelements
givenby fu (..., {n}x1lq,{m},t), fu(...,{n},{m}x
14,t) for ary phononmodeq. The equationsfor the
four neighboringelementsinvolve elementswhich are
secondaryneighborswith respectothe({n}, {m}) ele-
ment.In this way the diagonalelementsinvolvedin the
traceoperationare linked to all off-diagonalelements.
As afirst approximatiorwe consideitheweakscattering
limit, which neglectsall links to the elementsplaced
outsidethe nearestoff-diagonals. The evolution pro-
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cessbaginswith aninitially decouplecdelectron-phonon
systemand involves transitionsbetweenthe diagonal
andthe first off-diagonalelements. It is assumedhat
the phononsare in equilibrium during the evolution.
The next approximationis to replacethe occupation
numbersng involved in the transitionswith the equi-
librium phononnumbern(q). This allows to perform
the trace operationand to obtain a closedequationset
for thereducedWF. Thesetconsistof amainequation
for the reducedWF coupledto two auxiliary integral
equations. The latter arise from the first off-diagonal
termsof the generalizedVF and describethe electron-
phononinteraction. While the equationfor the reduced
WEF is real, thetwo auxiliary equationaarecomplex and
mutuallycomplex conjugate.

The formal solution of the auxiliary equationds given

by theNeumanrserieswhich canbesubstitutednto the

main equation. The implicit inclusionof the Neumann
expansionsin the main equationis ratherincorvenient
andwe look for an approximationwvherethe two auxil-

iary equationcanbe solvedexplicitly.

If the potentialterm in the two auxiliary equationsis

approximatedy themeanhomogeneouslectricfield E

throughoutthe device, the solutionto the two auxiliary
equationcanbe explicitly expressedn termsof there-
ducedWF. Theapproximatiorconcern®nly thephonon
interaction,while the potentialtermin the equationfor

the reducedWF is treatedexactly. A single equation
for the reducedWF is obtained. The reducedWF is

expressedas a sum of contributions coming from the
initial distribution, the interactionof the electronwith

thedevice potentialandtheelectron-phonoimteraction.
The equationhasthefollowing integral form:

t
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Thecontributionsto thevalueof f, (r, p, t) occuronthe
trajectoryinitialized by r, p attime ¢t. They aresolved
by usingNewton’strajectoriesdefinedby:

Py =p—eE(t—1)

t
p
Fpq,r) =T _/ dy#

Theinitial conditionevolveson this trajectoryandadds
to fy, the initial value at point (rp o), P()). Vi IS

obtainedby the Wignertransformof thedevice potential
V correctedby thepotentialof thehomogeneoufield E:

1 . 1
1 71 _ —i/hp-s
w (r7 p) - h3 / dse Zh X

S S

(ve-2)-ve+3
The term providesinformationto f,(t) from f, (') at
previoustimest’ € (0,t). Thisinformationis nonlocal
in themomentunpartof the phasespacebecaus®f the
integrationon p’, but it is local in the real space. At
afixedtime ¢' the informationis collectedat the point
r(p,) definedby therealspacepartof thetrajectory
Up to now the samepropertiesare also demonstrated
by the integral form of the Boltzmannequation. The
novel effect stemsrom thetermsrelatedto theelectron-
phononinteraction.They arenonlocalalsowith respect
to thereal space.The following physicalprocessesre
associateaith theseterms.Considethecontritutionof
fw(r(p,tu)-f-g—:}](t’—t”),p(tu)—hq’,t”). Formallyatest
particlethat carriesthe valueof f,, canbe assignedo
that phasespacepoint andtime. The interactionbegins
att"” whenthe particle absorbsone half of the phonon
momentum/fiq’/2. The particle momentumbecomes
Pw) — hq'/2. With this momentumand real space
coordinatewhich are denotedby r”,p” the particle
evolvesuntil time ¢’ to a phasespacepoint definedby:

)+eE-s)

hq'
p' +eE(t —t") =puy — -

t' n ! "
+eE(t' —1
11 d p € ( )

" m = r(patl)

At time t' the secondhalf of the phononmomentum
is absorbedby the particle. It appearswith the right

coordinatesr(, ¢y, p(x) to continueto r,p at time .

Theprocesgorrespondso arealabsorptiorof aphonon
with modeq’. Thenext term,

hq'
Ju(tpeny + %(t' —t"),pr),t")
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is treatedin the sameway with the only differencethat
att" thehalf of thephononmomentumis emitted,while
att' it is absorbedback. The processs called virtual
emissionsince the emissionprocessbegins but does
not finish with a final releaseof a phononin modeq'.
The last two termsare relatedto processe®f virtual
absorptionand real emission. It is seenthat the finite
durationof the phononinteractiongivesrise to a space
non-locality of the quantumtransportprocess. The
momentumconserationlaw holdsafterthe interaction
completesasin the Boltzmanncase.Thereis no enegy
consenation in the electron-phonorinteraction. The
enegy conservingleltafunctionis obtainedafteralimit
which neglectsthe durationof the collision process.
Numerical studies of the electron-phonorinteraction
beyondtheBoltzmannlimit have beenrecentlyreported
in the literature [5]. Here the proposedequationis
investigatedfor quantumeffects which are purely due
to the electron-phonorinteraction. For this the space
homogeneousaseis considered.Eq.(1) is written for
a bulk semiconductom presencef anappliedelectric
field. Cylindrical coordinates(r, k, ¢) with r chosen
normalto thefield directionareused.More specifically
the solution is explored for the effects of collisional
broadeningretardationandthe intracollisionalfield ef-
fect. Theseeffectsaretheoreticallyexpectedn quantum
regimesof the electron-phonoimteraction[6].

3. Results

Simulationresultsfor GaAs materialwith a POphonon
with constantenegy fw are presented. The initial

conditionis a Gaussiariunctionof theenegy. A choice
of averylow temperaturewhenthephysicalsystemhas
atransparentemiclassicabehaior allows cornveniently
to studythe quantumeffects. The solutionsareobtained
oncutlinesparallelto thefield, (k > 0,7 = 0), opposite
to the field, (¢ < 0,7 = 0) andnormalto the field,

(k = 0,7 > 0). The effectsof collisional broaden-
ing and retardationexist alreadyat zero electric field.

Figuresl, 2, and 3 presentsnapshot®of the evolution

of the semiclassica(inversehyperboliccosine[7]) and
quanturrsolutiong k| f (0, |k|, t) for times100fs, 200 s

and400fs asa function of |k|?. The quantity |k|* is

proportionalto the electronenegy in units 10*m=2,

Semiclassicatlectronanonly emitphononsandloose
enegy equalto a multiple of the phononenegy hAw.

They evolve accordingto a distribution, patternedby
replicas of the initial condition shifted towards low

enegies. The electronscannotappearin the region
abovetheinitial distribution.
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Figure 1: Initial distribution function (initial d.f.),
semiclassical (SC) and quantum (Q) solutions
kf(0,k,t) for 100fs evolution time at zero electric
field.
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Figure 2: Initial distribution function (initial d.f.),

semiclassical (SC) and quantum (Q) solutions
kf(0,k,t) for 200fs evolution time at zero electric
field.

The quantumsolutionsdemonstratéwo effectsof devi-
ation from the semiclassicabehaior. Thereis a retar
dationin the build up of the remotepeakswith respect
to the initial condition peaks. The replicasare broad-
enedandthe broadeningncreaseaith the distanceto
the initial peak. The broadenings dueto the lack of
enegy conserationin theinteraction.At low evolution
timesthe cosinefunctionin Eq.(1) weakly dependson
the phasespacevariables With theincreaseof thetime,
thecosinetermbecomessharpefunctionof thesevari-
ablesandin thelongtimelimit tendsto thesemiclassical
deltafunction. Accordinglythefirst replicaof the100 f s
is broadenedlt resembleshe correspondingeplicaof
the semiclassicakolution after 400fs evolution time.
The retardationof the quantumsolutionsis associated
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Figure 3: Initial distribution function (initial d.f.),

semiclassical (SC) and quantum (Q) solutions
kf(0,k,t) for 400fs evolution time at zero electric
field.

with the memory characterof the equation. The two
time integralsin Eq.(1) leadto a delay of the build up
of thereplicas.

Figure 4 comparesthe 200fs solutionsas a function
of £ < 0 for differentpositive valuesof the electric
force E. The first replica peaksare shiftedto the left
by the increasingelectricfield. The numericalsolution
in the semiclassicallyforbiddenregion, above the ini-
tial condition,demonstratesnhancemeruf theelectron
populationwith the growth of thefield.
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Figure 4: Solutions|k|f(0, k, t), at negative k values,
and evolution time 200fs. The electric field is 0,
6kV/cm, and12kV/cm.

For statesbelow the initial conditionthe enegy of the
field is addedto the phononenegy. Accordingly the
solutionbehaesasin presencef a phononwith enegy
higherthanfiw; thedistancebetweerthefirstreplicaand
theinitial conditionincreasesFor statesabove the ini-
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Figure5: Solutionsk f(0, k, t) for positve k valuesand
evolutiontime 200fs. The electricfield is 0, 6kV/cm,
and12kV/cm.

tial conditionthe enegy of thefield reduceghe phonon
enegy andthustheelectronpopulationin thevicinity of

theinitial conditionincreases.

Justthe oppositeeffectsappeatin theregion of positive

k values. This is demonstrate@n Figure 5. The first

replicaspeaksare shifted to the right and thereis no

enhancemertdf the electronpopulationabove theinitial

condition.

No shift in the replicasof the solutionsin the direction
normalto the field is expecteddueto the symmetryof

the task. Indeed,as seenfrom Figure 6, the distance
betweenthe first replicapeaksandthe main peakdoes
not dependon the field. Neverthelesshe field hasa
pronounceceffect on the broadeningandretardationof

the solutions: A comparisonof the first replicasand
the main peaksunderthe initial condition on Figures
4,5, and 6 show thatthe field influencesthe effects of

collisionalbroadeningandtheretardation.

4. Conclusions

We concludethattheintra collisionalfield effectis well
demonstrateth the earlytime evolution of theelectron-
phononrelaxation.Theelectricfield causes shiftin the
replicas,which dependon thefield strengthandorien-
tation. It affectsthe electronpopulationof the semiclas-
sically forbiddenregionsin the directionof thefield. It
alsohasaninfluenceon the broadeningandretardation
of thesolution.
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