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Abstract—Strained-Si material has emerged as a strong con-
tender for developing transistors for next-generation electronics,
because this material system offers superior transport properties.
We suggest a model describing the low-field bulk mobility tensor
for electrons in strained-Si layers as a function of strain. Our
analytical model includes the effect of strain-induced splitting
of the conduction band valleys in Si, intervalley scattering, and
doping dependence. Intervalley scattering has been modeled on
the equilibrium electron distribution and the valley splitting for a
given strain tensor. The effect of different substrate orientations
is considered by performing coordinate transformations for the
strain tensor and effective masses. Monte Carlo simulations ac-
counting for various scattering mechanisms and the splitting of the
anisotropic conduction band valleys due to strain in combination
with an accurate ionized impurity scattering model were carried
out to verify the results for the complete range of Ge contents
and for a general orientation of the SiGe buffer layer. Our mo-
bility model is suitable for implementation into a conventional
technology CAD simulation tool.

Index Terms—Intervalley scattering, mobility model, Monte
Carlo simulations, SiGe, strained -Si, technology CAD.

I. INTRODUCTION

I N THE last few decades, silicon has been the basis of manu-
facturing a majority of semiconductor devices. However, due

to the continuous demand of higher integration densities, speed,
and efficiency, device dimensions have been reduced to the ex-
tent where conventional Si approaches its fundamental limits.
New materials exhibiting beneficial properties are being sought
to overcome this problem. Much research in recent years has
been driven toward strained-Si. Strain lifts the degeneracy of
the valence and conduction bands which can be used to deliver
superior transport properties in comparison to bulk Si. Tran-
sistors fabricated using strained-Si layers have reported larger
drive currents capabilities [1]–[4] due to the enhanced electron
and hole mobilities.

To enable the design of new device structures based on
strained-Si, a reliable set of models for parameters such as mo-
bility, energy bandgap, and relaxation times is required. This
work suggests an analytical model to describe the {low-field
bulk} mobility tensor for electrons in strained-Si layers as a
function of strain. The model includes valley splitting for a
given strain tensor, the effect of intervalley scattering, and the
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doping dependence. Monte Carlo simulations accounting for
various scattering mechanisms and the splitting of anisotropic
conduction bands were performed to verify the results for
strained-Si for the complete range of germanium contents and
for a general orientation of the SiGe substrate.

II. THEORETICAL DERIVATION

To develop an electron mobility model for silicon under dif-
ferent stress/strain conditions, the relative population of elec-
trons in the different valleys in Si has to be properly considered
[5], [6]. As suggested in [5], the anisotropic electron mobility in
strained-SiGe–Si can be computed by taking the weighted av-
erage of the unstrained electron mobility tensor, of the
th conduction band in Si with the corresponding electron con-

centration, in the th pair of valley in strained-Si,

(1)

(2)

Here, is calculated for nondegenerate doping concentra-
tions, using Boltzmann statistics with as the effective den-
sity of states and as the energy shift for the th valley,
respectively. and denote the Boltzmann’s constant and
ambient temperature, respectively. The shifts in energies of the
conduction band valleys is given by [7] as

(3)

with and as the dilatation and shear deformation poten-
tials for the conduction band and the are the diagonal com-
ponents of the strain tensor expressed in the principal coordinate
system. Note that (3) holds for arbitrary stress/strain conditions,
including uniaxial/biaxial strain.

Calculation of the in-plane and out-of-plane electron mobili-
ties in strained-Si layer as a function of the Ge content in the
SiGe [001] substrates using the model in [5] is shown in Fig. 1.
As can be seen from the figure, the model reproduces the linear
increase (decrease) in the in-plane (out-of-plane) electron mo-
bility component followed by mobility saturation for high strain
levels, consistent with the theory. However, the model shows
a relatively high value of the unstrained mobilities if the sat-
uration mobility values are fixed. This is due to the fact that
it does not consider the effect of intervalley scattering which
is present in unstrained-Si and results in a lower mobility. The
model in [5] uses only two parameters with which it is not pos-
sible to match the three quantities simultaneously such as the
unstrained, in-plane, and perpendicular electron mobilities.
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Fig. 1. In-plane and perpendicular electron mobilities in undoped strained-Si
versus the Ge content in SiGe [001] buffer layer calculated using [5]. Also shown
for comparison is the mobility obtained from piezo-resistance coefficients [9],
[10].

To correctly model the electron mobility in strained-Si, in-
cluding the effect of intervalley scattering, we modify (1) and
write the total electron mobility as

(4)

Here, the denotes the electron mobility tensors for
strained-Si for [100], [010], and [001] X-valleys corresponding
to directions , and , respectively. In (4) we model the
mobility tensor as a product of a scalar mobility and the scaled
inverse mass tensor

(5)

(6)

The factor includes the dependence on the energies and
the doping concentration in the strained-Si layer

(7)

In (7) denotes the momentum relaxation time due to
acoustic intravalley scattering and intervalley scattering be-
tween equivalent valleys ( -type), for intervalley
scattering between nonequivalent valleys ( -type scattering),
and for impurity scattering. The effect of the different
scattering mechanisms on the total mobility is estimated by
Matthiesson’s rule in (7). The tensors in (6) are the inverse
effective mass tensors with denoting the transversal and

lateral masses for the ellipsoidal X-valleys in Si. The tensor is
scaled to a dimensionless form by the conductivity mass

(8)

To arrive at a formal description of the mobility components in
strained-Si in terms of measurable macroscopic quantities, the
following cases are considered.

A. Electron Mobility in Unstrained and Undoped Si

The electron mobility for unstrained (relaxed) and undoped
Si, also referred to as lattice mobility , can be derived by
dropping the impurity scattering rate in (7)

(9)

Here, denotes the intervalley relaxation time for type
phonon scattering for electrons in unstrained-Si. Note that the
sum evaluates to the identity matrix .

B. Electron Mobility in Strained and Undoped Si

When dealing with in-plane biaxial-tensile strain, the six-fold
degenerate -valleys in Si are split into two-fold degenerate

valleys (lower in energy) and four-fold degenerate val-
leys (higher in energy) with electrons preferentially occupying
the lower energy levels. As a result, the saturation values of the
transversal and lateral mobilities of the ellipsoidal
valleys in Si may be expressed as

(10)

Here, it is assumed that the strain-induced valley splitting (cor-
responding to in the SiGe layer) is large enough such
that the lowest valley is fully populated and the intervalley scat-
tering to higher valleys is suppressed.

We introduce a mobility enhancement factor which can be
expressed as

(11)

C. Electron Mobility in Unstrained and Doped Si

In analogy with (9) the electron mobility for unstrained-Si
with doping concentration can be written as

(12)

where signifies the lattice mobility including the effect of
impurity scattering. Using (11) and (12) we can write

(13)
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TABLE I
DEFORMATION POTENTIAL � . THE COUPLING CONSTANTS FOR INTER-VALLEY SCATTERING IN Si ARE IN [10 eV/cm]

D. Electron Mobility in Strained and Doped Si

The intervalley scattering rate is a function of the strain-in-
duced splitting of the valleys and can be expressed by a dimen-
sionless factor .

(14)

In strained-Si, the total intervalley scattering rate for electrons
to scatter from initial valley to final valleys and is given by

(15)

For low electric fields, an equilibrium distribution function can
be assumed and can be calculated [8]

(16)

with the intervalley scattering rate defined as

(17)

(18)

(19)

Here, denotes the phonon energy and , the strain
induced splitting, and C is a constant. Using these expressions,
the factor in (14) is determined in (20), shown at the bottom
of the page. The function is defined as

(21)

Here, and denotes the incom-
plete Gamma function.

Replacing the intervalley term in (7) by (14) and using (11)
and (13), the electron mobility for the th valley in strained Si
can be written as

(22)

where denotes the scaled effective mass tensor for the
th valley in (6) and . Equation (22) is

plugged into (4) to give the total mobility tensor for electrons in
strained-Si as a function of doping concentration and strain.
The tensor in (22) is given in the principle coordinate system
and has a diagonal form.

III. RESULTS AND DISCUSSION

In order to validate our model, Monte Carlo (MC) simula-
tions were performed. The MC results obtained have been fit
to experimental data which are available mainly in the form of
piezo-resistance coefficients [9]. For low strain levels, the in-
crease in the in-plane electron mobility is linear [10], charac-
terized by the piezo-resistance coefficients. It was observed that
changing the shear deformation potential from its original
value of 9.29 eV [11], gave good agreement for low strain levels,
because varying results in a variation of the conduction band
valley shifts through (3) and hence of the electron concentration
and mobility. Table I lists the reported values of the shear defor-
mation potential from which a value of 7.3 eV was chosen.

The existing transport models exhibit a considerable quanti-
tative difference in the maximum increase of the in-plane elec-
tron mobility in biaxially strained Si layers when compared to
conventional Si. Enhancement values ranging from 56% [12]

(20)
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up to 180% [13] have been simulated while measurements indi-
cate a value of around 97% [14]. We have adopted a somewhat
conservative value of 70% for the enhancement factor, in-be-
tween other reported values [15], [16]. To achieve such values,
it was required to adjust the coupling constants of the -type and

-type phonons [17]. The reported values of the coupling con-
stants for intervalley scattering in Si are shown in Table I. Since
at saturation values of electron mobilities, the -type phonon
scattering is completely suppressed, the only way to obtain an
increase in the mobility is by reducing the -type coupling con-
stants. This adjustment however would result in increased value
of the unstrained electron mobility. Therefore, it was required
to increase the -type phonon coupling constant to restore the
unstrained mobility value. The final result was that the coupling
constants of the -type phonons were reduced by a factor of
1.1 and that for -type phonons increased by a factor of 1.2, as
compared to the original values proposed by Jacoboni [17]. The
only parameter of the intervalley scattering model (22) is the
phonon energy. A value of meV has been assumed.
While the model based on piezo-resistance coefficients assumes
a linear relationship between mobility enhancement and strain,
with the proposed model the mobility enhancement saturates at
large strain values, as is observed experimentally.

For any arbitrary orientation of the SiGe substrate, one can as-
sign a unit vector, , normal to the interface and two unit vectors,

and , defining the interface plane. Using these three column
vectors the transformation matrix in [18] may be
rewritten as

(23)

with , and given by

(24)

(25)

Here , and denote the three Euler angles obtained by the
clockwise rotation about the axes as described in [18] with
being the in-plane angle.

The dependence of the electron mobility components on the
orientation of the underlying SiGe layer is taken into account
by performing a transformation of the strain tensor from the
interface coordinate system to the principle coordinate system,
using the transformation matrix (23). Figs. 2–4 show the elec-
tron lattice mobility components for different strain levels ob-
tained using (22) for substrate orientations [001], [110], and
[123], respectively. As can be seen in Fig. 2, for substrate orien-
tation [001] the two in-plane components of electron mobility
are equal with the maximum mobility saturating to a value above
2400 cm Vs at about 30% Ge content. For [110] orientation
(see Fig. 3), the MC simulation results demonstrate that one of
the in-plane components of the electron mobility is equal to the

Fig. 2. In-plane and perpendicular electron mobilities in undoped strained-Si
versus the Ge content in SiGe [001] buffer layer calculated using (22) together
with the mobility obtained from piezo-resistance coefficients.

Fig. 3. In-plane and perpendicular electron mobilities in undoped strained-Si
versus the Ge content in SiGe [110] buffer layer calculated using (22).

perpendicular component. This feature is also reproduced by the
analytical model. The three distinct components of the mobility
can be clearly seen for the [123] orientation (see Fig. 4) and our
model shows excellent agreement with the MC simulation re-
sults for a large range of Ge content in the SiGe layer}. The
deviation for very large strain levels (Ge content ) is due
to the fact that the proposed model does not consider the popu-
lation of the L valleys for large Ge content.

The dependence of the in-plane electron mobility in
strained-Si on the in-plane angle can be obtained by taking the
projection of the mobility tensor, in the direction
of one of the in-plane vectors, or as

(26)

Figs. 5 and 6 show the variation of the mobility as a function of
the angle for orientations [110] and [123] of SiGe substrate,
calculated using (26). The in-plane vectors, and at which the
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Fig. 4. In-plane and perpendicular electron mobilities in undoped strained-Si
versus the Ge content in SiGe [123] buffer layer calculated using (22).

Fig. 5. In-plane electron mobilities (in cm /Vs) in undoped strained-Si versus

 for SiGe [110] buffer layer (y = 0:3) calculated using (26).

electron mobility has its maximum and minimum values can be
obtained by setting the derivative of (26) to zero. Alternatively
one may choose any two orthogonal in-plane vectors and
and calculate the projection of the mobility tensor

(27)

The vectors and can then be obtained by calculating the
eigenvalues and eigenvectors for the following matrix:

(28)

The doping and material composition dependence of the
in-plane and perpendicular electron mobilities in strained-Si is

Fig. 6. In-plane electron mobilities (in cm /Vs) in undoped strained-Si versus

 for SiGe [123] buffer layer (y = 0:3) calculated using (26).

TABLE II
PARAMETER VALUES FOR THE ELECTRON MOBILITY IN Si AT 300 K

calculated using (22) with the doping dependence of for
minority and majority electrons in Si given by [19]

(29)

(30)

where is the mobility for undoped material and
is the mobility at highest doping,

, and are used as fitting parame-
ters. The difference between majority and minority electron
mobilities [20] is a well-known phenomenon caused by effects
such as degeneracy and the different screening behavior of elec-
trons and holes in the semiconductor. The model parameters
are summarized in Table II.
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Fig. 7. Doping dependence of In-plane electron (minority) mobility in
strained-Si calculated using (22) for different Ge content in SiGe [001]
substrate.

Fig. 8. Doping dependence of In-plane electron (majority) mobility in
strained-Si calculated using (22) for different Ge content in SiGe [001]
substrate.

Figs. 7 and 8 show the doping dependence of the in-plane mi-
nority and majority electron mobility components in strained-Si
layers for different Ge content in the underlying SiGe for [001]
orientation of the substrate. The solid lines depict the results
as obtained from the analytical model (22), while the symbols
indicate the MC simulation results. As can be seen, the model
reproduces the increase in minority electron mobility for high
doping concentrations for all strain levels, when compared to
majority electron mobility.

IV. CONCLUSION

An analytical model has been developed to describe the
anisotropy of the electron mobility in strained-Si. The model
includes the doping dependence and the effect of reduction of

intervalley scattering due to valley splitting. Results obtained
from the model show excellent agreement with MC simulations
for different SiGe substrate orientations and doping concentra-
tions in the strained layer.
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