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Abstract We suggest particle-based approach for simula-
tion of carrier transport in 2D devices. The quantum charac-
ter of the carrier transport is taken into account by generation
and recombination of positive and negative particles. Pre-
liminary applications of the approach are discussed. Also,
a variety of issues are raised regarding many computational
challenges that need to be overcome.
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1 The transport model

The Wigner function (WF) approach to device simulations
is regarded as convenient, as it maintains many classical
concepts describing evolution and dissipation processes, as
well as discouraging, due to many open numerical and the-
oretical issues. Two decades ago the coherent 1D Wigner
equation has been solved by deterministic approaches [1],
which furthermore have been refined towards self-consistent
schemes and dissipation processes using the relaxation time
approximation. It has been recognized that an increase of
the dimensions of the task is prohibited by an enormous
increase of the memory requirements. Indeed, the experi-
ence with deterministic Boltzmann simulators can not be
applied to the quantum counterpart since the matrix corre-
sponding to the Wigner potential operator is dense. Recently
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two Monte Carlo methods for Wigner transport have been
proposed [2, 3]. The first method, derived by an operator
splitting approach, utilizes an ensemble of particles which
carry the quantum information via a quantity called affinity.
It originates from the Wigner potential, whose values are
distributed between particles according to their phase space
position. The viability of the method has been excellently
demonstrated into a recent quasi two-dimensional simula-
tions of double gate MOSFET’s [4]. The second method is
based on a formal application of the Monte Carlo theory on
the integral form of the Wigner equation. The action of the
Wigner potential is interpreted as generation of couples of
positive and negative particles. The quantum information is
carried by their sign, all other aspects of their evolution in-
cluding the scattering by phonons are of usual Boltzmann
picture. The avalanche of generated particles is controlled
by the inverse process: two particles with opposite sign en-
tering given phase space cell annihilate.

Here we examine the applicability of the second method
to model realistic 2D transport problems. In this case the for-
mulation of the transport equation can become semi-discrete
in accordance with the following. Recent theoretical stud-
ies [5] show that the conventional WF formulation conflicts
with the open system boundary conditions giving rise to un-
physical effects. The problem is avoided if (i) the plane wave
basis of the infinite Weyl-Wigner transform is replaced by a
generic basis set [5]; (ii) the coherence integral of the trans-
form is bounded inside the device by the assumption of van-
ishing correlation with the states in the leads [6]. Otherwise,
the coherence length becomes a free numerical parameter,
which affects the computed physical quantities.

To examine these results in 2D problems we consider a
typical MOSFET structure schematically shown in Fig. 1.
The device shape is a rectangle, the doped source and drain
regions are marked in gray. To the left and right of the
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Fig. 1 A conventional 2D structure. The device is bounded by the rec-
tangle Ly , 0, Lx . The correlation line penetrates into the left lead. The
leads are implied by the shadowed regions on bot sides of the G region,
where y < 0

gate region are shown parts of the leads. The latter spec-
ify the boundary conditions in the two tinny strips marked
in black. It is assumed that the current flows between the
device and the leads only, that is, at the rest of the device
boundary including the region under the gate carriers are re-
flected. The states of the carriers are characterized by wave
functions which become zero at and outside these bound-
aries. Accordingly the density matrix ρt (r1, r2), will vanish
if some of the arguments r = (x, y) is outside of the rectan-
gle (0,L) = (0,Lx); (0,Ly) determined by the device di-
mensions, but on the leads. This restriction is raised if we as-
sume that there is no correlation with the states in the leads.
The Wigner function is obtained from the density matrix
by the continuous Fourier transform of ρt (r + s

2 , r − s
2 , t)

where r = r1+r2
2 and s = r1 − r2. The fact that ρ is confined

gives rise to the following condition for s: −Lc < s < Lc ,
Lc = 2 min(r, (L − r)). In the spirit of (i) this allows to
use the discrete Fourier basis corresponding to the rectan-
gle. The quantity Lc(r) can be identified as the coherence
length. In order to avoid the dependence on r it furthermore
can be conveniently fixed to the maximal value of the above
minimum: Lc = L. by formally including a domain indica-
tor θD(s) in the definition.

Alternatively, if the leads must be taken into account we
consider the line on Fig. 1. The segment of this line lying
in the gate region (and the corresponding counterpart in the
device) must be excluded from the correlation integral. The
correlation is enabled after the point of entering into the
leads. However, even in this case, s remains bounded, on the
expense that Lc must be augmented to (0,Lx); (−Ly,Ly).
In this way the geometry of the chosen structure reduces the
choice of the coherence length to two possible cases. By ap-
plying the discrete Fourier transform

f (r,n, t) = 1

Lc

∫ Lc/2

−Lc/2
dsei2n�ksρt (r, s); n = (nx, ny),

ρt (r, s) =
∞∑

n=−∞
ei2n�ksf (r,n, t); �k = π/Lc

to the von-Neumann equation for the density matrix we ob-
tain a Wigner equation which is continuous in space and dis-
crete in momentum: The equation has the usual form but a
sum replaces the integral of the Wigner potential. We note
the presence of the domain indicator in the definition of the
latter:

1

i�

1

Lc

∫ Lc/2

−Lc/2
dse−i2M�ks(V (r + s) − V (r − s))θD(s). (1)

According the particle sign approach [3], the Wigner po-
tential generates particles with a frequency given by the
Wigner out-scattering rate γ obtained from (1):

γ (r) =
∞∑

M=0

|Vw(r,M)|. (2)

We note that the above considerations remain valid in the
more general case accounting for phonon scattering. As the
latter is inherent for particle methods, it is important to care-
fully develop and test the coherent approach.

2 Computational aspects

The first objective is to explore the convergence of the de-
veloped algorithm, which indicates whether the approach is
in general numerically feasible.

A stationary case is considered, where the boundary con-
ditions control the carrier transport. The algorithm is build
on top of a standard MC simulator. Classical Ensemble MC
simulations of the device under considerations provide the
self-consistent potential. It provides for the Wigner parti-
cles the generation rate γ and the scattering probability ta-
ble. The quantum ensemble is evolved in the phase space
at consecutive time steps. An evolving particle gives rise
to secondary, ternary etc. particles which are sequentially
processed for the rest of the flight time step in the same
way. As the entire potential is used in (2), the driving force
is zero. Another feature is that Wigner particles are indis-
tinguishable: Only their sign is accumulated in an array f

of integers associated to grid points of a mesh in the phase
space. The reason for this approach is the huge magnitude
γ � [1015/s] of the generation rate, which does not allow
individual treatment of the particles. The inverse process of
particle annihilation occurs in the particular cells �r, �k of
decomposition of the real and wave vector subspaces. Due
to this, each integer can be positive, zero or negative. De-
pending on the size of the device and the mesh, the array
which actually corresponds to the Wigner function may eas-
ily contain 107 elements. After the evolution step particles
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Fig. 2 Device potential

Fig. 3 Generation rate γ derived from the potential presented on Fig. 2

retain their wave vector value as the field is zero and the gen-
eration utilizes the same mesh. On the contrary, the position
assignment is a large scale problem since the wave vector
ranges over several orders of magnitude. For fast particles
which cross several cells during the time step, the assign-
ment introduces small error in the spatial evolution. More
dramatic is the situation with the slow particles: if during
the time step a particle crosses a distance less than a half
of the mesh step it can remain around a grid point for a
long time. This is an example for artificial diffusion which
is treated in the following way: (i) Slow particles, e.g. these
which belong to the cells around the zero are treated in a
standard ensemble approach: the phase space evolution is
followed continuously throughout the device. (ii) The grid
assignment is chosen stochastically, according a probability
proportional to the distance to the neighborhood grid points.

The presented simulation results aim to demonstrate the
numerical features of the method and thus are qualita-
tive. A model � valley semiconductor with 0.036 effective
mass is chosen. Figure 2 shows the potential profile in a
16 × 16 nm device. The S/D regions are of 6 nm width

Fig. 4 Classical density. Carriers are distributed by the driving elec-
trical force

Fig. 5 Quantum density. The particle motion is inertial, the pattern is
due to generation-annihilation processes only

and depth, the substrate is 10 nm. The 4 nm thick and 6 nm
long barrier rapidly drops on both sides of the 0.45 V peak.
Doping and bias values are selected in a way to give rise
to a strong asymmetry in x and y directions. It is the cen-
tral entity, selected to govern the quantum effects into a par-
ticular pattern. The generation rate, where the correlation
in the leads is accounted for, is shown in Fig. 3. The al-
ternative case, where leads are excluded provides entirely
different shape and magnitude. A surface plot the classical
density is shown in Fig. 4. The interaction with phonons is
switched off. The carriers injected into the S/D regions from
the y = 0 boundary are entirely separated by the high bar-
rier and the potential in the substrate. Figure 5 demonstrates
a surface plot of the density obtained from the Wigner func-
tion. A comparison with the classical density outlines effects
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Fig. 6 Convergence of the current

of tunneling and separation. The plot follows the pattern im-
posed by the potential. In particular, the region below the
barrier peak is well pronounced by the lack of carriers; how-
ever an increase of the density is seen on both sides of the
peak. The behavior bellow the potential peak is in agreement
with the charge set back from the interface due to quantum
mechanical description of the charge distribution in the tri-
angular well. This, as already observed both theoretically
and experimentally, can lead to effective oxide thickness in-
crease and transconductance degradation in Si-MOSFET’s.
The density is calculated on a regular, 0.25 nm mesh. The
corresponding Wigner function is comprised of more than
16×106 phase space elements. Because of the large number
of particles the convergence is reached after 15 days CPU
time on a regular 1 GB RAM, 2.5 GHz processor PC.

Figure 6 demonstrates the convergence of the quantum
current as a function of the evolution time. The classical cur-
rent is smaller than the quantum counterpart since the source
to drain tunneling.

3 Conclusions

The above results merely demonstrate that 2D Wigner sim-
ulations are not an impossible computational task. The
Wigner function, which is multi-dimensional and can not
be treated deterministically is computed by the stochastic
approach at consecutive time steps by updating an array
of integers. The approach is still in its infancy: many is-
sues like dependence of convergence on numerical parame-
ters, and choice of appropriate methods for normalization
of the computed averages must be explored by a compari-
son with an independent quantum simulator. The presented
approach can not be a challenge to the well established de-
terministic methods to coherent transport in 2D devices. It
is however the core of a general particle scheme which to
be able to handle the general case of 2D quantum trans-
port with dissipation. The experience with 1D simulations
shows that phonons merely improve the stochastic conver-
gence. Moreover the approach offers a seamless transition
between classical and quantum domains, which can be used
to reduce the numerical efforts by an intelligent separation
of the device into Boltzmann/Wigner domains. Finally MPI
and GRID technologies can be easily implemented due to
the stochastic nature of the model.

Acknowledgements This work has been supported by the Österre-
ichische Forschungsgemeinschaft (ÖFG), Project MOEL239.

References

1. Kluksdahl, N.C., Kriman, A.M., Ferry, D.K., Ringhofer, C.: Phys.
Rev. B 39, 7720 (1989)

2. Shifren, L., Ringhofer, C., Ferry, D.K.: IEEE Trans. Electron. De-
vices 50, 769 (2003)

3. Nedjalkov, M., Kosina, H., Selberherr, S., Ringhofer, C., Ferry,
D.K.: Phys. Rev. B 70, 115319 (2004)

4. Querlioz, D., Saint-Martin, J., Do, V., Bournel, A., Dolfus, P.: In:
Int. Electron. Devices Meet., pp. 1–4 (2006). ISBN: 1-4244-0439-8

5. Zaccaria, R., Rossi, F.: Phys. Rev. B 67, 113311 (2003)
6. Ferrari, G., Bordone, P., Jacoboni, C.: Phys. Let. A 356, 371 (2006)


	Semi-discrete 2D Wigner-particle approach
	Abstract
	The transport model
	Computational aspects
	Conclusions
	Acknowledgements
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


