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Electron Spectrum of -doped Quantum Wells by 
Thomas – Fermi Method at Finite Temperatures 

V.Grimalsky, L.M.Gaggero-S., S.Koshevaya, A.Garcia-B. 

Abstract – Electron spectrum of -doped quantum well in n-
GaAs is investigated by means of Thomas – Fermi (TF) method at 
finite temperatures. This method shows fast convergence and 
good accuracy. At 2D doping 1013…2 1013 cm-2, the simplest TF 
method (T = 0) can be used up till the temperatures T  200 K. 

I. INTRODUCTION

The doping of semiconductors down to atomic 
resolution ( -doping) has recently become possible as a 
natural development of the increasing precision of modern 
molecular beam epitaxy (MBE) growth techniques. The 
work on n-type -doped structures was primarily on GaAs 
semiconductors, and revealed considerable information on 
the subband structure and the mobilities of these systems 
through electrical and optical measurements [1–4]. On the 
other hand, the investigation in Si is more scare, due 
mainly to the difficulties found to incorporate dopants in a 
well controlled way during the MBE growth of Si [5].  

The electron spectrum of -doped quantum wells can 
be calculated from solving the Schrödinger equation jointly 
with the Poisson one [6]. Nevertheless, this direct approach 
is complicated, and its convergence is slow. To investigate 
-doped quantum wells, it is possible with a simpler 

approach based on the statistical Thomas-Fermi (TF) 
method. Moreover, a main problem with using the direct 
approach is to find an appropriate initial approximation that 
can be obtained namely with TF. 

II. BASIC EQUATIONS

Consider a single -doped electron quantum well 
within n type semiconductor. Generally, the equation for 
the single electron potential energy V = -e  is the Poisson 
one (in absolute units):  
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Here n is the electron concentration, which is the functional 

of V,  is electric potential, n2d is the 2D doping 
concentration, Nd is the 3D concentration of ionized 
donors;  is the permittivity of semiconductor. The donors 
in 2D well are fully ionized whereas the volume impurities 
are ionized partially.  Ed  0.01 eV is the donor energetic 
level, Nd0 is the donor doping concentration.  

In TF method, the expression for n[V] can be obtained 
from the following formula:  
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The Fermi distribution function is: 
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The expression is given for electrons in the lowest 
parabolic -valley (n-GaAs, GaN). Here E(p) = p2/2m* is 
the electron kinetic energy,  is the Fermi energy, T is the 
temperature in energetic units; m* is the effective mass. 
Therefore the formula for n is: 
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Here NC is the density of states in the conduction band, 
1/2(v) is the Fermi integral. In the case of n-Si, where the 

lowest valleys are lateral and the effective mass is 
anisotropic, and the integration over the quasi-momentum 
is more complex. The number of equivalent valleys should 
be taken into account too. 

Below we use the atomic units: for distances a0
*

= 2/(m*e2) and for energy Ry* = e2/(2 a0
*). In 

undimensional variables, the basic equation of TF method 
for symmetrical -doped electron quantum well is:      
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The donor levels are assumed shallow and single 
charged [7].  

The position of Fermi level  has been obtained from 
the condition of neutrality: 
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Eq. (4) has been solved by the Newton method. The 
Fermi integral and its derivative have been approximated 
from [7]. The fast convergence has been demonstrated. 

After calculation of V(z), the energy levels Ej and 
wave functions j(z) of the discrete spectrum of the well 
have been computed from the Schrödinger equation:  
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The eigenproblem (6) has been solved by the shooting 
method.  

To check the accuracy of TF method, it is possible to 
calculate also the electron concentration, due to localized 
states of the well [6]: 
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In the limiting case T = 0 the Fermi distribution is 
step-like, the equation for TF method is:  
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The donors are not ionized here Nd(z) = 0 and  = 0. 

III. RESULTS OF SIMULATIONS

The simulations have been performed for n-GaAs. For 
n-GaAs the values are: a0* = 9.14 nm  10 nm, Ry* = 6.25 
meV. Typical results of simulations are given in Figs.1-4. 
One can estimate an applicability of the simplest version of 
TF method at T = 0 into the cases with T > 0.  

It is seen that at 2D concentrations n2d = 1013…
2 1013 cm-2 the results of TF method for the electron 
potential energy in the well V(z) and the lowest energy 
levels (Es1, Ea1) at T = 0 can be applied up till the 
temperatures T  150…200 K (Figs.1,2, parts c,d). At 
smaller values of 2D doping n2d  5 1012 cm-2, TF method 
can be applied up till the temperatures T  50…70 K 
(Figs.1,2, parts a,b). For higher energy levels, the 
coincidence takes place at lower temperatures T  70 K 
(n2d ~ 1013 cm-2).

a)

b)

c)

d)
Fig.1. Profiles of electron potential energy V(z) at different values 

of -doping n2d. For n-GaAs a0* = 9.14 nm, Ry* =  6.25 meV. 
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 a) 

b)

c)

d)
Fig.2. Dependencies of the energy levels of the well of the lowest 

symmetric (s1,2) and antisymmetric (a1,2) states of the well.   

The calculated electron wave functions in the well are 
given in Figs.3,4. It is seen that TF method at T = 0 gives 
the correct results for the lowest symmetric and 
antisymmetric states up till the temperatures T  200 K, 
whereas for the second antisymmetric state there are some 
differences at 2D doping n2d ~ 1012 cm-2. At higher 2D 
doping n2d ~ 1013 cm-2, the wave functions for the higher 
state are just the same at T = 0 and T = 200 K (Fig. 4, c). 

a)

b)

c)
Fig.3. Electron wavefunctions at n2d = 1012 cm-2.  Part a) is 

s1(z), a1(z); part b) is s2(z); part c) is a2(z).   
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a)

b)

c)
Fig.4. Electron wavefunctions at n2d = 1.2 1013 cm-2.  Part 
a) is s1(z), a1(z); part b) is s2(z); part c) is a2(z).

In Fig. 5 the electron concentration n(z) calculated 
both from TF method at T = 200 K (curve 1) and from the 
wave functions, Eq. 7, (curve 2) is given. A coincidence is 
demonstrated for the values n  1016 cm-3. Moreover, TF 
method at T = 0 yields the same results for n  1018 cm-3.
Nevertheless, for n < 1016 cm-3 there are differences 
between the curves 1 and 2. This fact seems natural, 
because TF method can be applied at high values of n
1017 cm-3.

In TF method, it is possible to take into account the 
many-particle effects, like exchange-correlations. In the 
simplest approach, the additional electron potential energy 
Vxc  -(2/ )(3 2n)1/3 should be used in Eqs. (3) and (8) [3]. 
Many particle effects can change the values of n(z) at n >

1018 cm-3 on 3…5%, as our simulations have demonstrated. 
But it is impossible to apply Vxc at n < 1017 cm-3, because in 
this case the basic TF method leads to essential errors, as 
seen from Fig. 5.   

Fig. 5. The dependencies of electron concentration n(z) calculated 
from TF method at T = 200 K (curve 1), from the wave functions 

(curve 2), and from TF method at T = 0  (curve 3).  

IV. CONCLUSIONS

An application of Thomas – Fermi method at finite 
temperatures to -doped n-GaAs shows effectiveness and a 
good accuracy for calculation of the electron potential 
energy, wave functions and energy levels. It is possible to 
apply the simplest version of TF (T = 0) up till the 
temperatures T  200 K at 2D doping levels n2d ~ 1013 cm-2.
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