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Abstract— In this paper, the effect of uniaxial strain on the
electronic properties of bilayer armchair graphene nanoribbons
(BLAGNRs) is theoretically investigated for the first time. Our
calculations based on density functional theory (DFT) reveal
the tunable nature of the electronic properties of BLAGNRs
with the application of uniaxial strain. We further explore the
simultaneous effect of perpendicular electric field and uniaxial
strain on the electronic bandgap. The results show that as long
as the strain induced bandgap is smaller than a critical value of
0.2 eV, the electric field can significantly modulate the bandgap.
In addition, we modified nearest neighbor tight-binding (TB)
parameters to include the effect of the hydrogen passivation,
which results in an excellent agreement between the electronic
bandstructures obtained from DFT and TB calculations. Finally,
by employing the nonequilibrium Green’s function formalism, an
on-off conductance ratio as high as 105 is predicted for strained
BLAGNRs.
Index Terms— Ballistic transport, bilayer graphene nanoribbons, density functional theory, electric field effect, uniaxial
strain.

I. I NTRODUCTION

T

HE ADVENT of graphene, a carbon-based material of
atomic thickness with high carrier mobility, marks a
milestone in the research on 2-D nanostructures [1]. However,
the semimetal nature of graphene acts as a serious obstacle for
its use in digital logic applications. To overcome this issue,
three methods have been developed so far: applying a vertical
electric field to bilayer graphene (BLG) [2]–[4]; confining
the charge carriers in graphene sheets known as graphene
nanoribbons (GNRs) [5]–[10]; and exerting strain on graphene
[11]–[13].
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As predicted by the International Technology Roadmap for
Semiconductors [14], at 12-nm technology node where siliconbased field effect transistors (FETs) reach their physical limits
due to adverse short channel effects [15], for grapheme-based
FETs to be an ideal alternate, an energy gap of at least 0.4 eV
is required. Both theoretical [16], [17], and experimental [3]
investigations show that in BLG under vertical electric fields,
the maximum achievable energy gap is 0.25 eV, which clearly
does not fulfill the desired switching characteristics for digital
applications [18]. In addition, although the application of strain
causes a relative shift in Dirac cones [12], [13], for opening
an energy gap in uniaxially strained graphene one requires
deformations as large as 20%, which are impractical [11].
Hence, among the three aforementioned methods, patterning
graphene into GNRs, which is realizable by a variety of
methods such as chemical synthesizing [7], lithographical
patterning [5], [6], and unzipping carbon nanotubes, [8], [10],
[19] is the best way to engineer the desired bandgap.
Despite smaller energy gaps in bilayer GNRs (BLGNRs)
in comparison with their single layer counterparts (SLGNRs)
[20], the fact that BLGNR systems have lower sensitivity to
low frequency noise [21], accompanied by a unique property
of tunable bandgap with perpendicularly applied electric field
[20], render them as more desirable candidates for nanoelectronic applications.
The influence of uniaxial strain on transport properties of
SLGNRs is theoretically explored before using tight-binding
(TB) model [22] and density functional theory (DFT) calculations [23], [24]. These studies reveal that the electronic properties of armchair SLGNRs (SLAGNRs) can be considerably
tuned by the application of external strain. The application of
this method to armchair BLGNRs (BLAGNRs) adds another
degree of freedom to the available routes for manipulating the
bandgap in BLGNRs.
In this paper as the first step, TB parameters that include
the effect of hydrogen passivation are extracted from DFT
calculations. In the next step, the effect of uniaxial strain in
the presence of a vertical electric field on the energy bandgap
and transport properties of hydrogen passivated BLAGNRs
is studied. This paper is organized as follows. After a brief
introduction in Section I, the models and numerical methods
are explained in Section II. The results for H-passivated
BLAGNRs are presented and discussed in Section III. A short
summary and concluding remarks are presented in Section IV.
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II. A PPROACH
A. DFT Calculations
In this paper, the Vienna ab initio simulation package
[25], [26] is employed to perform the DFT calculations
using the projector augmented wave formalism [27]. For the
exchange-correlation potential, the Perdew-Burke-Ernzerhof
modification of the local density approximation is utilized [28].
A cutoff energy equal to 500 eV is adopted. A large interlayer
spacing of 30 Å is used to assure the elimination of interlayer
interactions that are absent in a realistic structure. A 2-D
-centered MonkhorstâŁ"Pack Brillouin-zone grid of 11 ×
11 × 1 k points is chosen for all relaxations. In addition, a
convergence criteria of about 10−6 eV is considered in all
calculations.
Fig. 1. (a) Top and (b) side view of the structure of an α-aligned Na BLAGNR. The C–C bonding length on the nth dimer line is denoted by an .
The γi ’s represent various C–C hopping parameters.

B. Tight-Binding Model
The TB Hamiltonian in the second quantized representation
for a BLAGNR can be written as follows:
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where am,i (bm,i
) creates (annihilates) an electron in the pz orbital centered on i -th carbon atom on sublattice A (B)
in plane m = 1, 2. In Fig. 1(b), different carbon–carbon
interactions that are incorporated into our TB model are
shown. γ0 represents the interaction between the A and B
atoms in the x-y plane and is equal to 2.598 eV. EON is
the on-site energy for the A atoms in both planes and is
equal to –0.026 eV. γ1 represents the interaction between
the A atoms in the lower plane and B atoms in the upper
plane that sit exactly above each other and is equal to
0.364 eV. Finally, the interactions between the nearest neighbor A atoms in different planes (γ2 ) is equal to 0.319 eV and
the corresponding hopping between B atoms (γ3 ) is 0.177 eV
[29]. The last term in (1) represents the modification of the
on-site energies in BLAGNR with interlayer distance d due to
an applied vertical electric field, E. Additionally, the screening
effect present in the bilayer structure is modeled by reducing
the vertical electric field to one-third [30].
To study the effect of strain, the framework of the elasticity
theory is utilized in which the atomic positions before and
after applying a uniform uniaxial strain along the x-direction
can be described by the following relation:
⎛
⎞
1+σ
0
0
R = ⎝ 0 1 − νσ 0⎠ R
(2)
0
0
1

where R and R are the deformed and undeformed coordinates,
respectively. σ denotes uniaxial strain defined as the change in
length per unit length and varies in the range of ±6%. ν represents the PoissonâŁs ratio, relating the subsequent shrinkage in

the direction perpendicular to the pulling axis and stretching
in the direction perpendicular to the compressing axis.
Upon applying strain to the ribbon, the relative positions
of atoms in a unit cell are modified. Hence, the hopping
parameters are modulated due to their strong dependence on
bonding length. The model described in [31] was adopted
in this paper to describe the modulation of the hopping
parameters with the bonding length

1
γi (l) = (l0 /l)2 γi (l0 )
1 + exp(46(l/l0 − 1))

(l/l0 )4.3 exp(4.3(1 − l/l0 ))
(3)
+
1 + exp(46(l/l0 − 1))
where l0 and l are the undeformed and deformed bonding
length, respectively. This model gives more accurate results
than the Harrison’s model in describing the interatomic distance dependency of hopping parameters in bi- and multilayer
structures [32].
C. Nonequilibrium Green’s Function Formalism
The nonequilibrium Green’s function (NEGF) formalism
is widely used to study nanoscale devices [33]. To evaluate
the quantum conductance of the nanoribbons under study, we
assume them as channels connecting to two semiinfinite (left
and right) leads. Therefore, the retarded Green’s function of
the channel can be obtained as follows:
G ch = [(E + i η)I − Hch − L − R ]−1

(4)

where η is an infinitesimally small quantity, Hch is the Hamiltonian of the device, and R and L are the the self-energies
associated with the right and left contacts, respectively. As
mentioned previously, the TB method is utilized to construct
the Hamiltonian. Contact self-energies describe broadening
and shift of eigenenergies as a result of coupling between the
channel and contacts and are given by the following:
L = βL† gL βL

R = βR gR βR†

(5)

where gL and gR are the surface Green’s functions of the left
and right contacts, respectively, and βL and βR are the coupling
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Fig. 3. TB and DFT calculated bandstructure of a relaxed Na -BLAGNR for:
(a) Na =14, (b) Na =15, and (c) Na =16.

Fig. 2. Ratio of the C–C bonding length variation in the upper layer to the
bonding length in an unrelaxed Na -BLAGNR, i.e, δan ≡ (an /1.422−1)×100
[Fig. 1(a)], for (a) Na = 14, (b) Na = 15, and (c) Na = 16. Inset: side view
of the respective BLAGNR and its interlayer distance. Yellow and blue balls
denote carbon and hydrogen atoms, respectively.

matrices between the device and the respective contact. The
surface Green’s functions can be efficiently calculated using
the Sancho’s iterative scheme [34]. The transmission probability of carriers in the device can be calculated using the
following relation [35]:
T (E) = Trace[L G ch R G †ch ]

(6)

where  is the broadening function and is defined as follows:
†
].
L,R = i [L,R − L,R

(7)

Therefore, in the linear response regime the conductance of
the device can be calculated as follows:
∂f
G(E) = −G0 d E T (E)
(8)
∂E
with G0 = 2e2 / h. It is worth to mention that for 12-nm
technology node, power supply voltage smaller than 0.7 V
and equivalent oxide thickness of 0.59 nm is required. The
latter corresponds to 3-nm-thick HfO2 as the gate dielectric.
A previous study showed that due to small values of quantum
capacitance for GNRs, such a gate oxide can be neglected in
the electrostatic design of BLAGNR-based FETs [40].
III. R ESULTS AND D ISCUSSIONS
In the literature, a Poisson’s ratio similar to that obtained
experimentally for graphite is assumed whenever a graphenebased structure is considered [22], [36]. We have verified

the validity of this assumption in the case of an AB-stacked
BLG, within the elastic deformation regime. For this purpose,
a full structural relaxation is performed until all the forces
acting on atoms are smaller than 16 pN. Next, the uniaxial
strain is applied to the relaxed structure. This is performed by
stretching and compressing the unit cell along the x-direction
to the desired value and tuning the lattice parameters in
the y-direction; hence, the minimum of energy is reached.
Therefore, we have calculated a Poisson’s ratio equal to
16.50% for the AB-stacked BLG, by averaging the deformation percentages for the compressive and tensile cases.
Noticeably, Poisson’s ratio calculated confirms the previously
adopted value.
Utilizing the standard convention in categorizing armchair
GNRs, the notation Na -BLAGNR refers to an armchair
BLGNR with Na dimer lines across its width, see Fig. 1(a).
It was shown in previous studies that similar to SLAGNRs,
BLAGNRs also exhibit three distinct families according to
their electronic properties, following a modulo three periodic
law, i.e., Na = 3 p + k, with p being an integer and
k = 0, 1, 2 [20], [37]. To study the electronic properties of
BLAGNRs under uniaxial strain, we have chosen nanoribbons
with Na = 14, 15, and 16 in our calculations to represent
the three families. The dangling bonds located at the edges
of BLAGNRs are assumed to be saturated with hydrogen
atoms, which cause the carbon–carbon bonding lengths to be
considerably different from those in the interior part of the
structure. This phenomenon, known as edge bond relaxation,
was previously studied in SLAGNRs and results in a 12%
increase in hopping parameters for edge carbon atoms [38].
Fig. 2 shows the carbon–carbon bonding lengths parallel
to the dimer lines in a 14-, 15-, and 16-BLAGNR. It can be
seen that the interatomic distance between carbon atoms at
the edges of the nanoribbon is reduced from 1.422 to 1.3626,
1.3619, and 1.3597 Åfor 14-, 15-, and 16-BLAGNR, respectively. The edge bonding lengths thus experience a 4%–4.25%
reduction compared with the average C–C bonding lengths in
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Fig. 5.
(a)−(c) Bandstructures of 14-, 15-, and 16-BLAGNRs under
E = 0.25V/nm calculated using DFT and TB methods. (d)−(f) Variation of
bandgap for 14-, 15-, and 16-BLAGNRs with applied electric field employing
both DFT and TB methods.
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Fig. 4. (a) Variation of energy gap as a function of strain for 14-, 15-,
and 16-BLAGNRs calculated from TB and DFT. (b) Maximum achievable
bandgap as a function of the ribbon width for 3 p-, (3 p + 1)-, and (3 p + 2)BLAGNRs, where p is an integer.

the inner parts. Therefore, according to (2), the increase in
intralayer hopping parameter for the edge carbon atoms in the
hydrogen-saturated case is predicted to be 7.3%–7.7%, which
is smaller than that of their single layer counterparts. This
difference can be due to the presence of interlayer interactions
in BLAGNRs that further increase the charge density at
the edges in comparison with SLAGNRs [37]. In addition,
as shown in [37], different interlayer distances for various
BLAGNRs was due to the difference in charge distribution
at the edges.
Next, the electronic band structures for the undeformed
BLAGNRs is calculated by employing both TB and DFT
methods. The results are shown in Fig. 3(a)–(c) for
14-, 15-, and 16-BLAGNRs. The DFT calculations predict
that these BLAGNRs have energy gaps of about 12, 261,
and 369 meV, respectively, whereas TB calculations give
9, 265, and 372 meV, for these BLAGNRs. It is evident that
the TB approximation with the consideration of edge bond
effect is able to satisfactorily predict the bandgaps of relaxed
nanoribbons. However, a closer look at the DFT and TB band

structures of Fig. 3 shows that at higher energies there exist
some discrepancies in the sub-band spacings between the DFT
and TB results. It is later shown that these inconsistencies
influence the strain dependence of the bandgap.
Another point worth noticing is that unlike the (3p + 2)
subfamily of SLAGNRs, which are semiconductors with
bandgaps in the range ≈ 0.05−0.3 eV, the same subfamily of
BLAGNRs exhibits a relatively small bandgap, in the range
of 15–30 meV [37], [38]. A nanoribbon with such a small
bandgap can be effectively considered as a metallic material
at room temperature.
Fig. 4(a) compares the energy gaps of three subfamilies
of BLAGNRs obtained from DFT and TB calculations. The
magnitude of the applied strain is limited to ±6%, to ensure
that we are in the elastic regime where Poisson’s ratio obtained
for BLG is valid. It can be seen that similar to SLAGNRs,
uniaxial strain strongly affects the bandgap of BLAGNRs. The
dependency is in the form of sawtooth-shaped oscillations, i.e.,
the bandgap scales linearly with the magnitude of strain over
a certain range, changes its slope at a turning point, and then
this trend repeats as the strain is further increased. The linear
dependence of energy gap on strain, however, is in the opposite
direction for the subfamilies 3 p- and (3 p + 1)-BLAGNRs.
In the subfamily (3 p + 2)-BLAGNR, the nanoribbon shows
metal-semiconductor transition under all compressive strains
and tensile strains larger than 2%. The high sensitivity of the
energy gap to the applied strain in BLAGNRs renders them as
suitable candidates for strain gauges. A similar phenomenon
is utilized in carbon nanotube-based strain sensors [39].
In order for BLAGNRs to be applicable in strain sensors,
their minimum and maximum attainable bandgaps should be
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Fig. 6. (a)−(c) Strain dependence of the bandgap for 14-, 15-, and 16-BLAGNRs under various values of applied vertical electric field. (d)−(f) Variation of
the on-off conductance ratio as a function of strain for 14-, 15-, and 16-BLAGNRs at 300 K. Arrows: increase of the amplitude of the applied electric field.

explored. Because of the semiconductor-metal transition the
minimum achievable bandgap is equal to zero. The maximum
predicted bandgap values are 0.48, 0.576, and 0.53 eV by DFT
calculations and 0.43, 0.581, and 0.54 eV with TB method for
14-, 15-, and 16-BLAGNRs, respectively. Although there is
a good agreement between the maximum bandgaps obtained
from TB and DFT calculations, they do not occur at the same
value of strain. As previously mentioned, this is due to the fact
that sub-band spacing in TB and DFT calculated electronic
bandstructures are not exactly similar at high energies; see
Fig. 3. TB calculations for nanoribbons with different widths
show that in general, the oscillation amplitude of bandgap
decreases and the oscillations occur more frequently as the
index of nanoribbon increases. As the oscillating behavior
is due to the alternative movements of the sub-bands to the
lower and higher energies with strain, such observation can
be best explained by the relatively smaller sub-band spacings
in wider nanoribbons. The maximum energy gap predicted by
the TB model as a function of the ribbon’s width is shown
in Fig. 4(b). Apparently, the maximum energy gap is nearly
subfamily independent especially for wider BLAGNRs. By
fitting a curve to the results, one obtains a simple relation
for the maximum achievable bandgap as a function of width:
E Gmax = 0.68/(W − 0.43), where E Gmax is expressed in
electron-volt and W is in nanometer. In addition, for ribbons
with widths above 6 nm, E Gmax is smaller than 0.1 eV. This
implies that the application of uniaxial strain is not an effective
method to induce the desired bandgap in BLG.
Fig. 5(a)−(c) shows the bandstructures of 14-, 15-, and
16- BLAGNRs under E= 0.25V/nm. It can be seen that DFT
and TB calculations predict very similar energy gaps and are

quite identical especially at energies close to the bandgap. In
Fig. 5(d)−(f), the variation of the bandgap with the applied
electric field is shown for 14-, 15-, and 16-BLAGNRs, respectively. The results show that for 14-BLAGNR the bandgap
increases with the applied electric field whereas for 15- and
16-BLAGNR the bandgap decreases with the increase of
the electric field. Additionally, the ascending curve has a
much steeper slope relative to the other two curves. These
observations can be explained by referring to a previous study
where a critical bandgap equal to 0.2 eV is calculated for
BLAGNRs above which the bandgap decreases slowly with
the electric field [20]. However, below this critical bandgap,
increasing the electric field would significantly increase the
bandgap as shown in Fig. 5(d). In addition, due to reduction of
the bandgap with the ribbons width, the maximum attainable
bandgap by applying a vertical electric field will be limited to
that of BLG, which is 0.25 eV [17], [18].
Fig. 6(a)−(c) shows the variation of the bandgap versus
strain under various values of applied vertical electric fields.
As can be seen, the zigzag trend due to the application of
strain is still dominant in the presence of the electric field. In
addition, for energy gaps below 0.2 eV, raising the magnitude
of the electric field increases the bandgap significantly while
for energy gaps larger than 0.2 eV, increasing the electric field
affects the bandgaps negligibly. Hence, the order of the curves
for various electric fields are reversed below and above 0.2 eV.
Finally, to investigate the BLAGNR as a channel material
to replace silicon in the critical 12-nm technology node [14],
the ballistic on-off conductance ratio is evaluated for the
projected supply voltage equal to 0.7 V. Hence, on and
off state conductances are evaluated for VGS = 0.7 V and
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VGS = 0 V, respectively. Fig. 6(d)–(f) are the calculated onoff conductance ratio curves versus strain for 14-, 15-, and
16-BLAGNRs, respectively. Evidently, these curves follow an
identical trend to that of the bandgap versus strain. Trying to
explain this similarity, we inspected the curves for G ON and
G OFF - the curves are not shown. Accordingly, G ON follows the
same trend as in the bandgap versus strain curves. However,
GOFF follows an opposite trend to that of G ON . Therefore, the
GON /GOFF increases with the bandgap, reaching as high as
105 , over satisfying the requirements for substituting silicon
in the 12-nm technology node.
As the final remark, the AB-stacking BLAGNR studied in
this paper [Fig. 1(a)] corresponds to the α-aligned bilayer armchair ribbons. The β-aligned ribbons, discussed in [20], with
50% larger bandgaps for the same width as their α-aligned
counterparts, can be the subject of a future investigation.

IV. C ONCLUSION
The effect of uniaxial strain and electric field on the electronic properties of BLAGNRs was investigated in this paper.
Our DFT calculations indicated that by applying uniaxial strain
to BLAGNRs, one can modulate the energy gaps in a periodic
zigzag pattern. In addition, the effect of an applied vertical
electric field on the energy gap was investigated. The results
showed that by increasing the applied vertical electric field, the
energy gap was decreased for BLAGNRs with zero electric
field gaps below 0.2 eV and increased for those with zero
electric field gaps above 0.2 eV.
To capture the edge bond relaxation effect, we showed that
the TB parameters for edge carbon atoms should be increased
by an average value of 7.3%–7.7% compared with that for the
inner carbon atoms. The modified TB model resulted in energy
gap trends identical to that predicted by DFT calculations
for BLAGNRs subjected to uniaxial strain or external electric
fields.
Additionally, the simultaneous effect of perpendicular electric field and uniaxial strain on the electronic bandgap was
studied in this paper. The results showed the significant effect
of the electric field on the bandgap, whenever the strain
induced bandgap is smaller than a critical value of 0.2 eV.
Finally, our simulation results based on NEGF formalism
revealed that for strained BLAGNRs, while the zigzag trend
was preserved, an on-off conductance ratio as high as 105
can be achieved. Hence, by simultaneous application of strain
and vertical electric field, BLAGNRs can be used as suitable
substitutes to silicon as a channel material for FETs in the
12-nm technology node. In addition, the strong tunability of
the bandgap of BLAGNRs with strain, make them promising
candidates for electromechanical sensing applications, such as
strain gauges.
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