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Abstract— An optimization study of quantum cascade
lasers (QCLs) considering the laser instability condition is per-
formed. To model current transport, the Pauli master equation
is solved using a Monte Carlo approach. The effects of saturable
absorber and pumping strength on the instability threshold are
investigated. A particle swarm optimization algorithm is applied
to increase the laser optical gain. A large optical gain below
the instability threshold is achieved for optimized QCL designs.
To analyze the optimized structure, a numerical calculation based
on the Maxwell–Bloch equations is performed. The results indi-
cate side-mode instabilities due to Risken–Nummedal–Graham–
Haken-like instability.

Index Terms— Particle swarm optimization, Monte Carlo
simulation, quantum cascade laser, mode locked lasers, saturable
absorber.

I. INTRODUCTION

QUANTUM cascade lasers (QCLs) are the most promi-
nent and compact coherent light sources in the wave-

length range from 3.5 to 20 μm. Remarkable design
degrees of freedom make QCLs a unique candidate to
serve as a semiconductor source of ultrashort pulses in the
mid-infrared (MIR) region [1]–[3]. Ultrashort pulses which
are generated in QCL media have been employed for various
applications, such as non-linear frequency conversion [4], [5],
high-speed free space communication [6], and trace gas
detection [7].

The most common technique for generation of ultrashort
pulses is mode locking which is realized either by an internal
mechanism (passive mode locking) or an external one (active
mode locking) [8]. Active modelocking does not lead to
ultrashort pulses, because the frequency of modulation cannot
be raised arbitrarily while a passive saturable absorber is much
more effective in ultrashort pulse generation [9]. In lasers
with a relatively long gain recovery time compared to the
cavity round-trip time, the instability caused by a saturable
absorber (SA) can often lead to passive mode locking [9].
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Because of ultra-fast tunneling and inter-subband transitions,
QCLs, unlike conventional semiconductor lasers, have a
gain recovery (in the order of picoseconds) faster than
the cavity round trip time. Therefore, SA dominated
self-mode locking seems impossible in typical QCLs.
However, as reported in Ref. [10], under these conditions
the elusive Risken-Nummedal-Graham-Haken (RNGH)-like
instability can be observed in QCLs. It is demonstrated that
fast gain recovery of QCLs exhibits two kinds of instabilities
in the multi-mode regime: the RNGH-like instability and one
associated with spatial hole burning (SHB) [11].

The active mode locking in QCLs is strongly limited by
SHB which leads to a proliferation of modes with random
phases and destroys coherence [8].

In this work we investigate performance optimization and
passive mode locking caused by a saturable absorber in a
ring cavity QCL in which the SHB instability does not occur
because of the absence of standing waves. Performance opti-
mization of QCLs has achieved significant progress in recent
years [12]–[14]. The performance of QCLs can be improved
by optimizing the epitaxial growth, fabrication process, and
active region design [15]–[17]. The latter is important in order
to insure efficient carrier injection in the upper lasing state and
carrier extraction out of the lower lasing state [14].

So far, optimization techniques proposed to design
QCL structures are based on genetic algorithms [12], [14],
[18], [19]. A multi-variable multi-objective optimization algo-
rithm for terahertz QCLs is presented in [13]. In [12] and [14],
a technique to design quantum cascade structures in the mid-
infrared is proposed. Particle swarm optimization (PSO) [20]
is as an alternative to traditional evolutionary algorithms.
It attempts to mimic the goal-seeking behavior of biological
swarms. In PSO, a possible solution of the optimization
problem is represented as a particle, and the algorithm operates
in an iterative manner. Unlike traditional evolutionary algo-
rithms, particles in PSO do not perform the operation of
genetic recombination between particles, but they work indi-
vidually with social behavior in swarms. PSO has some
attractive characteristics. In particular, it has memories, so
that knowledge of good solutions can be retained by all
particles (solutions). This method has been successfully used
to solve many discontinuous and complex problems with good
results [21], [22].

In this paper, we perform an optimization study of ring
cavity QCLs considering the laser instability condition. Laser
design parameters, including the barrier and well thicknesses
and applied electric field, are modified for maximizing laser
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gain under a desired instability condition. Passive mode
locking with saturable absorber is investigated for the opti-
mized QCLs. The effects of saturable absorber and pumping
strength on the instability characteristics are studied. A large
optical gain below the instability threshold is achieved for
optimized QCL designs. A numerical calculation based on
the Maxwell-Bloch equations is performed to analyze the
optimized structure. This paper is organized as follows:

Sec. II describes the optimization method and the models
used. In Sec. III, the simulation results for the optimized
structure are presented and discussed. Concluding remarks are
presented in Sec. IV.

II. METHOD AND MODELS

Because of the large number of involved design parameters,
performance improvement of QCLs requires a systematic
multi-objective optimizer in conjunction with a simulation tool
which has a good balance between computational speed and
physical accuracy.

Various approaches such as rate equations [23], [24],
Monte-Carlo simulations [25], density matrix methods [26],
and the non-equilibrium Green’s function formal-
ism (NEGF) [27], [28] have been developed for the
simulation of QCLs.

The simplest models, based entirely on scattering and
neglecting coherence effects, require a fewer number of
material parameters and are generally able to predict the
threshold current density but not the light-current or current-
voltage characteristics [29]. Pure quantum mechanical models
based on NEGF or the density matrix have been used as
rigorous approaches to capture the QCL physics. The NEGF
theory takes into account incoherent scattering with phonons,
impurities, and rough interfaces as well as electron-electron
scattering in the Hartree approximation [27]. Unfortunately,
the inherently high computational costs of full quantum
mechanical models render them unfeasible for optimization
purposes [27].

To study electronic transport in QCL, we employ the
Pauli-master equation solved by the Monte-Carlo method [30].
In this semi-classical approach, the transport is modeled
via scattering between energy states, including acoustic
and optical deformation potential and polar optical
electron-phonon scattering as well as alloy, inter-valley,
and interface roughness scattering. Accurate results along
with a relatively low computational cost render this approach
as a good candidate for optimization studies.

The PSO is an iterative method which initializes a number
of vectors (called particles) randomly within the search space
of the objective function. These particles are collectively
known as the swarm. Each particle represents a potential
solution to the problem expressed by the objective function.
During each time step the objective function is evaluated to
establish the fitness of each particle using its position as input.
Fitness values are used to determine which positions in the
search space are better than others. Particles are then made
to fly through the search space being attracted to both their
personal best position as well as the best position found by

Fig. 1. The algorithm of the developed optimization framework.

the swarm so far [31]. The particles are flown through the
search space by updating the position of the i th particle at
time step k according to the following equation [31]:

xk+1
i = xk

i + vk
i , (1)

where xk
i and vk

i are vectors representing the current position
and velocity, respectively. Assuming particles of dimension
j ∈ 1...n, the velocity updates are governed by the following
equation [32]:

vk+1
i, j = ωvk

i, j + c1r1, j (yi, j − xk
i, j ) + c2r2, j (ŷ j − xk

i, j ), (2)

where 0 < ω < 1 is an inertia weight determining how
much of the particle’s previous velocity is preserved, c1 and c2
are two positive acceleration constants, r1, j and r2, j are two
uniform random sequences sampled from U(0, l), yi is the
personal best position found by the i th particle and ŷ is the
best position found by the entire swarm so far. The following
relation should hold in order for the PSO to converge [31]:

c1 + c2

2
− 1 < ω. (3)

However, the standard PSO is not guaranteed to converge on
a local extremum, but most of the recent PSO algorithms
converge to the global optimum.

Employing a Pauli master equation-based description of
electronic transport in QCLs along with the multi-objective
PSO strategy, a framework is developed for maximizing laser
gain with simultaneous desirable instability operation. In this
framework one starts from a reference design. In the next iter-
ations the well and barrier thicknesses and the applied electric
field are modified until maximum gain and laser operation
below the instability threshold are achieved. The analytical
linear stability model introduced in Ref.[11] is employed to
analyze the instability threshold of the studied QCL. In this
model, the criteria for RNGH instability is expressed in terms
of the parametric gain g(�) as a function of the resonance
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Fig. 2. (a) The PSO results for different particles searching the search space and (b) gain spectra and instability thresholds for the reference and optimized
structures.

frequency �

g(�) =− c

2n
Re

[
l0

(�T1 + i)�T2 − 2(p f − 1)

(�T1 + i)(�T2 + i) − (p f − 1)

+γ h̄2(p f − 1)

μ2T1T2

(�T1 + i)(3�T2 + 2i) − 4(p f − 1)

(�T1 + i)(�T2 + i) − (p f − 1)

]
,

(4)

where p f is the pumping factor, T1 is the gain recovery time,
T2 is the dephasing time, l0 is the linear cavity loss, μ is
the matrix element of the lasing transition, and γ is the
SA coefficient. The derivation of Eq.4 is presented in detail in
the appendix. Based on this analysis each mode, which is iden-
tified by the resonance frequency �, is stable if the parametric
gain is negative, otherwise it is unstable. At each iteration of
the optimization loop, for a set of geometrical parameters and
the applied electric field, the parameters T1, T2, and μ are
extracted and the parametric gain (Eq. 4) is evaluated. If the
stability condition is not satisfied, a new set of parameters is
selected for the next iteration. The flow chart of the developed
framework is described in Fig. 1.

III. RESULTS AND DISSCUSION

We consider the laser gain as a figure of merit and define
the instability criterion to satisfy stability conditions. Using the
scattering times and calculating the dipole matrix elements, the
gain coefficient g can be estimated for each structure as [33]:

g = τ3

(
1 − τ2

τ32

)
4π e μ2

λ0ε0neff Lp

1

2γ32
, (5)

where λ0 is the wavelength in vacuum, ε0 the vacuum
dielectric constant, e the elementary charge, neff the effective
refractive index of the mode, Lp the length of one period
including active region and injector, and 2γ32 is the full width
at half maximum value of the luminescence spectrum.

In fact, the optimization framework changes the geometrical
parameters which affect the lifetimes and matrix elements.
Simulation results indicate that two key parameters modified
in optimized designs are the matrix element μ and the upper
laser level lifetime τ3 (≈ T1 in Eq. 5). The gain coefficient

Fig. 3. The conduction band diagram and the wavefunctions of (a) the
reference design and (b) the optimized structure. The lasing subbands are
indicated with bold solid/bold dashed lines.

increases with these two parameters (see Eq. 5). The para-
meters of the reference design are mentioned in Ref. [33].
The layer sequence of the In0.52Al0.48As/In0.53Ga0.47As for
the optimized structure, starting with the injection barrier is:
3.74 /2.36/1.50/7.45/1.63/5.63/2.15/4.43/3.86/3.85/ 3.15/3.18/
4.40/2.79/2.67/2.46 nm, where the barrier layers are in bold
and underlined layers are n-doped with Si at 2 × 1017cm−3.

Figure 2(a) shows the PSO results for different particles
searching the search space. Most points (samples) are located
at the right-side of vertical dashed-line which represent unsta-
ble laser operation. The samples at the left-side of vertical
dashed-line and upper of the horizontal dashed-line are the
ones we are looking for.

The instability threshold behavior and gain spectrum for
the reference design and two obtained optimized designs are
exhibited in Fig. 2(b). The first structure is optimized at the
same wavelength as the reference design and the second one
is optimized at a higher wavelength but with a larger gain.
Our developed framework has the advantage of optimizing
the reference structure for a specific wavelength. We focus on
the first optimized structure which has the same wavelength
as the reference structure.

The conduction band diagram and the associated
wave-functions of the reference design and optimized
structure is shown in Fig. 3. As shown in Fig. 3(b), the
active region of the optimized structure is a three-well (3QW)
vertical-transition design which provides high optical gain
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Fig. 4. The parametric gain g(�) as a function of the resonance frequency �
at various (a) SA coefficients and (b) pumping strengths.

TABLE I

THE PARAMETERS USED FOR THE INSTABILITY

ANALYSIS OF THE OPTIMIZED STRUCTURE

and concomitant robustness for laser action. The upper laser
level for the optimized structure is delocalized which results
in an increase at the upper laser level lifetime τ3 and the
laser gain consequently (see Eq. 5). The parameters extracted
for the instability analysis of the optimized structure are
shown in Table I. Fig. 4(a) indicates that the instability
threshold decreases uniformly with the SA coefficient, for
example γ ≥ 3 m/V2 triggers the instability for the optimized
structure at a relatively low pumping strength (p f = 2).
As reported in [11], a saturable absorber always favours a
multimode regime to a single mode one, which explains why
the instability threshold decreases with γ in the optimized
design. As discussed later, this instability results in Rabi
sidebands around the cw lasing frequency.

The parametric gain of the optimized structure at various
pumping strengths is shown in Fig. 4(b). A larger pumping
strength broadens the instability characteristics and decreases
the instability threshold. The results are consistent with
previous works [11].

The active-region of the current studied QCL is based on
a 3QW vertical-transition design which is separated from the
injection/relaxation region by a tunneling barrier [33]. Here,
we present the optimization results for a reference QCL with
a superlattice (SL) active-region [34].

The instability characteristics for the 3QW and SL active-
regions are compared in Fig. 5(a). Because of the larger
matrix element (μ) and longer upper laser state lifetime (τ3),
which is approximately equal to the gain recovery time (T1),
the SL active-region QCL indicates more stable operation
and higher instability threshold (see Fig. 5(a)). However, as
we mentioned earlier, the matrix element and lifetimes of
the lasing transition, which are the key parameters in linear
stability analysis, are proportional to optical gain (see Eq. 5).

Fig. 5. (a) The parametric gain g(�) as a function of the resonance
frequency �. (b) The pumping ratio p f at which the RNGH instability sets
in as a function of the SA coefficient. Inset: Optical gain spectra obtained for
two optimized active-region QCLs.

As it is indicated in the inset of Fig. 5(b), 3QW QCL exhibits
larger optical gain at nearly the same wavelength. The optical
gain of 3QW structure is maximized by delocalizing the lasing
states which increases the lifetimes (τ3) and (τ2). Because of
the bound states in SL active-region, there is no significant
lifetime variation, however, due to the larger matrix element,
better instability condition is achieved.

The linear stability analysis, however, predicts only the
instability threshold and does not describe the dynamics
of the laser. To investigate the dynamics of QCLs above
the instability threshold, the Maxwell-Bloch equations are
solved numerically. The effect of the SA is modeled as the
intensity-modulated optical field amplitude in the standard
Maxwell-Bloch equations [9]:

∂t E = − c

n
∂z E − c

n

iμP

h̄l0 Dth
− c

2n
(l0 − γ̄ |E |2)E, (6)

∂t P = iμ

2h̄
DE − P

T2
, (7)

∂t D = Dp − D

T1
+ iμ

h̄
(E∗ P − c.c.). (8)

E and P are the envelopes of the normalized electric field and
polarization, respectively, D represents the normalized aver-
age population inversion, Dp is the normalized steady-state
population inversion, Dth is the lasing threshold value of Dp
for γ = 0, proportional to the pumping factor p f (p f ≥ 1),
l0 is the linear cavity loss, and γ̄ = h̄2γ /μ2.

We employ a finite-difference discretization scheme to find
the evolution of electric field, polarization, and population
inversion in the spatial and time domain. A periodic boundary
condition is applied to model a ring cavity.

The number of mesh points play an important role in
preventing unreasonable results and achieving consistency.
There should be large enough number of grids to make sure
there is not any un-inspected variation. The x − t plane is
divided into a m × n mesh points. The number of mesh
points are m = 500 and n = 105 which correspond to the
gird sizes of 
x = 12 μm and 
t = 120 fs, respectively.
The periodic boundary conditions for the dynamical variables
of the QCL (electric field E , polarization P , and population
inversion D) are E(0, n) = E(L, n), P(0, n) = P(L, n), and
D(0, n) = D(L, n).
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Fig. 6. The spectra of the optical intensity in logarithmic scale for (a) no SA
coefficient (b) SA coefficient at the instability threshold, and (c) SA coefficient
at the instability threshold and a larger pumping factor.

For the parameters corresponding to the optimized QCL
including the SA, the lasing instability appears as the rise of
the side modes with the increase of the SA coefficient. The
energy in the Rabi sidebands can change either discontinu-
ously or continuously at the RNGH instability threshold [11].
In lasers with slow gain recovery time, the transition in the
Rabi sidebands is discontinuous [35], however, because of the
fast gain recovery time in QCLs, Rabi sidebands continuously
grow around the central cw mode, see Fig. 6. Furthermore,
more Rabi side modes appear with the increase of the pumping
strength.

IV. CONCLUSION

An optimization framework is developed to maximize the
gain of the laser with regard to the instability threshold.
Optimized structures exhibit a larger gain and operate below
the instability threshold in comparison with the reference
design. The dynamics of the optimized design above the
threshold instability is numerically analyzed by solving
Maxwell-Bloch equations. The results indicate that the lasing
instability, which appears as side modes in the optical
spectrum, occurs with the increase of the SA coefficient even
at low pumping strength. The increase of the SA coefficient
and pumping strength reduce the instability threshold whereas
the instability characteristics is broadened by the pumping
strength.

The developed optimization framework is flexible enough
to incorporate other criteria such as wavelength specification,
sheet doping density, strain, and so forth performing a com-
prehensive study. This optimization scheme and the presented

results are useful for further advancement in designing QCLs
operating under a desirable instability conditions.

APPENDIX

LINEAR STABILITY ANALYSIS

The standard Maxwell-Bloch equations with a SA added
can be rewritten as [9]:

∂t E = − c

n
∂z E − c

n

iμP

h̄l0 Dth
− c

2n
(l0 − γ̄ |E |2)E, (9)

∂t P = iμ

2h̄
DE − P

T2
, (10)

∂t D = Dp − D

T1
+ iμ

h̄
(E∗ P − c.c.). (11)

The dynamics of a two-level QCL gain medium with ring
cavity can be described using the Maxwell-Bloch equations.
After transformation of the variables, the Maxwell-Bloch
equations can be simplified to:

∂t E = − c

n
∂z E − c

n
i P − c

2n

(
l0 − γ̄ |E |2

)
E, (12)

∂t P = − i

2
DE − P

T2
, (13)

∂t D = p f l0

T1T2
− D

T1
+ i

(
E∗ P − c.c.

)
. (14)

To proceed with the linear stability analysis, we express
each of the variables as the sum of the steady-state value and
the small perturbations δE, δP , and δD.

The steady state solution can be found by setting the
left-hand sides of the Eqs. (12)-(14) to zero. The steady state
solutions has the form E = Ē , P = P̄ , and D = D̄ are
constants in time and space satisfying:

D̄ = l0

T2
− γ̄ Ē2

T2
, (15)

P̄ = i

2

(
l0 − γ̄ Ē2

)
Ē, (16)

p f + 1 =
(

1 − γ̄ Ē2

l0

) (
1 + Ē2T1T2

)
. (17)

The resulting equations regarding the fluctuations are

∂tδPI = 1

2

(
D̄δER + δDĒ

] − δPI

T2
, (18)

∂tδD = −T2 D̄ Ē∂ ER − 2ĒδPI − δD

T1
, (19)

∂tδER = c

n

[
−∂zδER + δPI −

(
l0 − 3γ Ē2

) δER

2

]
, (20)

∂tδPR = −1

2
D̄δEI − δPR

T2
, (21)

∂tδEI = c

n

[
−∂zδEI − δPR −

(
l0 − γ Ē2

) δEI

2

]
. (22)

The two sets of equations, (18)-(20) and (21)-(22), are
decoupled, and translationally invariant. Thus their eigenfunc-
tions are the plane waves [11]. Therefore, it holds δPI (z, t) =
δPI (t)eikz , and similarly for δD and δER . The stability of the
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cw solution is determined by the eigenvalues of the matrix⎛
⎜⎜⎜⎜⎜⎜⎝

−T −1
2

1

2T2

(
l0 − γ̄ Ē2

) 1

2
Ē

c

n

c

n

(
−1

2
l0 + 3

2
γ̄ Ē2 − ik

)
0

−2Ē γ̄ Ē3 − l0 Ē −T −1
2

⎞
⎟⎟⎟⎟⎟⎟⎠
. (23)

If all eigenvalues have a negative real part, the cw solution is
stable.

For l0 = 0 and γ̄ = 0, the eigenvalue with the greatest
real part is λ0(K ) = −ick/n. Putting λ(K ) = λ0(K )+λ1(K )
into the characteristic polynomial of M and equating the parts
which are first order in l0, γ̄ , and λ1(K ), one arrives at

λmax = −i� − l0c

2n

(�T1 + i)�T2 − 2(p f − 1)

(�T1 + i)(�T2 + i) − (p f − 1)

+γ h̄2(p f − 1)

μ2T1T2

(�T1 + i)(3�T2 + 2i) − 4(p f − 1)

(�T1 + i)(�T2 + i) − (p f − 1)
,

(24)

where p f = Dp/Dth and � = kc/n. Taking the real part of
Eq. 24 one obtains Eq. 4.
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