S

7
;ﬁ% 4%/ COMPUTERS
IN SIMULATION

ELSEVIER Mathematics and Computers in Simulation 62 (2003) 453—461

www.elsevier.com/locate/matcom

Monte Carlo algorithms for stationary device simulations
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Abstract

The stochastic method used to simulate the stationary transport in semiconductor devices is revised in terms of
the numerical Monte Carlo theory. A mathematically based approach has been used to derive the basic simulation
algorithms, previously devised from physical considerations. The approach reveals novel properties of the method.
It is shown that the method can be interpreted as a regenerative stationary process. The ergodicity of the process is
proved and the random variable whose realizations are independent is identified.
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1. Outline of the mathematical method

In the semi-classical transport theory, the distribution funcfios determined by a Fredholm integral
equation of the second kind.

fx) = / FONK G, x)dx' + fo(x) 1)

where the kerneK describes the propagation of the particles in the phase space of momeatodh
positionr, while the free ternyy accounts for boundary and initial conditions. The variabsands for

(k, r) in the steady-state case. Substitutjigrecursively into itself presents the solution as an iteration
series, known as the Neumann series.

F= 0% = f fPONKE, s Q@) = folx) @)

Instead of a direct evaluation gfa weak formulation can be used, defining an inner prodycta) =
J f(x)A(x) dx, whereA is some physical quantity. The inner product can be calculated by either by using
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(2) or alternatively by the conjugate equation:
g(x’) = fg(X)K(X’,X) dx + A(x") 3

Multiplying (1) by g(x) and(3) by f(x’), and integrating over andx’, respectively results in the
equality(f, A) = (g, fo). In this way the task has been reformulated in evaluation of the inner product
of g with the free term of1). The given functionA has to be used as the free term of the conjugate
equation. In the framework of the stochastic approach, the terms of the Neumann series are evaluated b
numerical methods for Monte Carlo (MC) integration. In the basic idea of MC methods, integration is
briefly reviewed1] in the following. A way of computing the integral

b b
sz ¢(x)dx=/ p(x)0(x) dx (4)

is to represent it as an expected value of some random variable. Consider a factogizatipf, where

p is a density function, that ig; is non-negative and satisfigfaﬁ p(x)dx = 1. Integral(4) becomes the
expected value of the random variablel = E{6}. From the densityp, a samplexy, ..., xy of the
random variable is generated and the sample mean is computed which is an estimate of the expecte
value.

1 N
I~0==) 0 5
v ; (xi) (5)

In addition to the resulf, the MC method gives an estimate for the error, which is obtained via the
sample variance. Since the factorization is not unique, different random variables can be introduced
depending on the choice of the density All of them have the same expectation value, but different
variance and higher moments.

2. Integral form of thetransport equation

Under steady-state conditions, when the electric flelahd all material properties are independent of
time, the carrier transport is governed by the stationary Boltzmann equation:

[v(k) - Ve + F(r) - Vil f(k,r) = Q[ f](k, 1) (6)

whereF = g E/handr € D. This equation which is posed in the simulation dom&ins supplemented

by boundary conditions modeling the interaction of the device with the environment. The presentapproach
relies on the assumption for a linear scattering oper@tevhen many-body effects such as carrier—carrier
scattering and degeneracy are neglected

L1k, r) = / FKPSK k. r) Ak — Ak, r) f k. 1) @

wherex(k,r) = [ S(k, k', r)dk’ denotes the total scattering rate. The integral form of the equation is
obtained by using the method of characteristics.
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Characteristics of the differential operator(&) are the classical trajectories. A trajectory is initialized
by a phase space poi(k, r) and a timey

K(t;t0,k, 1) =k+/ F(R(y;-))dy; R(t; 10, k, 1) =r+f v(K(y;-))dy (8)

fo fo

Eq. (8)can be read as the phase space position of a particle at tithat passes throughandr at

time 7. The order offy and is irrelevant. Provisionary, a trajectory is called forward if the evolution
time is greater than the initialization time:> . Otherwise, the trajectory is called backward. Then the
limits of the time integration ir{8) can be exchanged by changing the sign of the integrals. To describe

a time-invariant system, an absolute time scale is not needed. Only the time difference between two
consecutive events is important. Invariance under time translation can be proven

Kit+t,t0+71,k,r)=K(@;10,k,r); Rt+t;t0+7t,k,r) =R 10, k, 1) 9)

This property will be used to adjust conveniently the time referenee0 for each trajectory. A short-cut
notationK (t) = K(¢; 0, k, r) andR(t) = R(¢; 0, k, r) can be introduced. A particularly useful relation
can be obtained frorn®)

0 T
/dk dr/ dep(k,r, K(t), R(t)) = /dk’dr’/ dtp(K'(t), R'(t), k', 1) (10)
-T 0

whereK (1), R(t) is a backward trajectory initialized b, r, while K'(¢), R'(¢) is a forward trajectory
initialized byk’, r’. The relation is proved by introducing new integration variakles K (¢;0,k,r)r' =
R(;0,k, r). Then,

k=K@O;t,k',r'y=K(—t;0,k',r'); r=RO;t,k r')=R(—t;0,k',r)

According to the Liouville theorem, the phase volume is invariant under this transformafiodrt=
dkdr. The last step is to reverse the time by switching the sign of

To obtain the integral form of the stationary Boltzmann equation, we consider a given phase space point
k, r. This point determines uniquely a phase space trajedaey,andR (r) in backward parametrization.
The left hand side of6) represents the total time derivativeﬁ(t) = f(K(t), R(t)). The Boltzmann
equation can be multiplied by an integrating factor efgoi(y) dy) and rewritten as an ordinary differ-
ential equation of first order

d t n R 1 n n
g (oo [imd) fo) =en( [imdr) a0 1)

This equation can be integrated straight forwardly. The upper bound of integration shauid beo

obtain (0) = f(k, r), the value off at the given phase space point. The lower time bound has to be
chosen such that the functiokqr) and R () take on values at which the distribution function is known.

In the steady state, the distribution function is known only at the domain boundary. An appropriate lower
time bound is therefore the time, sgy, at which the trajectory crosses the simulation domain boundary.
Apparently, this time depends on the pointr under consideration. For trajectories closedinthe

time, is —oo. Integration of(11) in the time bounds discussed above results in the integral form of the
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stationary Boltzmann equation,

0
fk,r) = /dt’dk// fK', R(#)) SKk', K, R(t"))

p (k.r)

0
X eXp(—[ MK (y), R(y)) dy) + fo(k,r)

0
folk, r) = fo(K(t, (k,r)), R(1, (k, r)))eX|0<—/ A(K(y), R(y)) dy) (12)
t, (k,r)
where f,, denotes the boundary distribution.
Using the notation ofection 1 the conjugate equation has the same kernel as the integral equation,
but integration is carried out over the unprimed variables. To apply this rule, the integral form of the BE
first has to be transformed into the standard form

fk,r) :/dk//dr/f(k’, rYK& ,r' k,r)+ fo(k,r) (13)

The required’ integration is introduced by augmenting the kernel to
0 0
K r' k,r) =/ dr’ S(k', K(t), r') x exp(—/ A(K(y), R(y)) dy) S(r'=R())op(r') (14)
—00 t
The indicator function of the simulation domalp ensures the proper lower bougid k, r) of the time
integral. In the obtained equation, the integration variables are changedftok® = K('; 0, k, r)
and fromr tor” = R(¢'; 0, k, r). Using the steps leading {@0), the conjugate equation can be stated
explicitely

gk, r") :/dka/ dr S(k', k., r)
0

X eXp(—/O ALK (y), R(y))dy) g(K(7), R(@)Op(r') + Ak, 1) (15)

The forward trajectory(K (¢), R(¢)) is initialized byk,, r’. The equation has the desired property that
integration is carried out over final states and that the time variable is positive. The iteration sgirfgs of
will be used to obtain forward MC algorithms.

The mean valuéA) of a physical quantity is defined as an integral in the simulation domain.

(A) :/ dr/dkA(k, rfk,r) (16)
D

It is transformed intd fy, g) by means of the equalityf, A) = (g, fo)

0
{(4) =/ dr’ /dk/ Jo(K(1,), R(1)) eXp(—/ )»(K(y),R(y))dy> gk, 1) (17)
D t,

b

wherer, and the backward trajectody (r) and R(r) are initialized byk’, r'. Since ;, is defined only at
the boundand D, a transformation is needed that leads from a volume to a boundary integral. A phase
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space pointk’, r') is bijectively mapped ontoK (1), rp = R(1p), t,), Wherery € aD, if t, > —o0. This
prompts that the transformation must replace one of the space integrals by a time integral. We consider
the subspace@, of points (k’, r’) having finiter,. Fortunately this is the relevant subdomain for the
integral (17), since in the complementary subspace the integrand vanishes. The required time integral
is introduced as follows. The domain boundary can be defined implicitelg(dy = 0. This gives an

implicit definition of the boundary time as a root BfR(¢')) = 0. Then the equality

3(t" — ) = S(B(R(t') |V, B(rp)||v.i (K ()]

can be used to augme(it7) by a time integral on’ in the limits (0, —oco). Here, v, is the velocity
component normal to the domain boundary in the crossing point with the trajectory. The obtained equation
can be processed using the same steps leadif@Sjo The variablegk’, r’) are changed tgk, =
K@{;0,k,r"), r" = R(';0,Kk',r")). Ther” integral is transformed with the aid of the delta function

¢ (rp)
|VrB(rp)|

whereg is a test functionkEq. (17)is transformed into

(4) = f do (ry) / / diolvL (k)| foks. o)
9D K.i(rp) JO

X eXp(—/o A(Kp(y), Rp(y)) dy) g(Ky(to), Rp(10)) (18)

fDS(B(r”)W(F”) dr” = do (rp)

The accomplished change from volume to boundary integration is a key step in the treatment of the
boundary value problem. It proves that knowledge of the boundary distribution is sufficient to determine
arbitary volume integrals defined I{{t6) and therefore to determing uniquely. Note that only the
subspaceK , of boundary stateky, having inward directed velocity component appear in(18) and
thus determine the boundary condition. The complementary part is unknown and comes out as a result
of the simulation. Introduced for the purpose of normalization are the integrals

prw = [ dkui®lptery.  To=¢ i) (19)
K, (r) aD
which represent the normal component of the incident particle current density and the total incident
particle current.

3. TheMonte Carlo method

Substituting the Neumann series of the conjugate equatien o g, into (18) results in a series
for the mean value

(A) =) (A); (20)

i=0

As an instructive example, the term of second order is discussed. An explicite decomposition into a
probability densityp, and a random variabl® according td4) is pursued ir{21). The densityp, appears
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as a product of conditional probability densities, which are enclosed in curly brackets. The normalization
is ensured by factors which are additionaly introduced. They cancel each other so that the mean value
(A), remains unchanged.

<A>2:rgy§ do/ dkb/mdto/ dklfoodtlf de/OOdtzx jl(’b)}{'”l(kb,)'fb(kb’ ’b)}
aD K. 0 0 0 I'p J1(rp)

{S(Kb(fo), k1, Ry(t0)) }
AL(Ky(t0), Ry(t0))

{S(Kl(tl), k2, R1(t1)) }
MK (1) R1(11))

X {)»(Kb(to), Ry (70)) eXp(—/O M Kp(y), Rp(y)) dy)

X {)L(Kl(tl)le(tl))eXp(_/(; )»(Kl()’),Rl(y))dy>

X exp(—/o A(K2(y), R2(y)) dy) Op (Ry(10))0p (R1(11))0p (R2(12)) A(K2(12), R2(12))
(21)

The densityp determines a numerical trajectory which is built up by pieces of classical trajectories. The
probability densities in the first two curly brackets select the boundary gtatg which initializes the
first classical trajectorK,(y), Ry(y). The next two terms are the well-known densities used in the MC
transport simulation, namely the distribution of the free flight time= A exp(— [ 1) and that of the
after-scattering statgp, = S/A [2]. After being selectedy and k; determine the initialization point
k1, Ry(1p) of the next piece of classical trajectoks (y), R1(y). The real space part of the numerical
trajectory is continuousRy(zp) = R1(0). Similarly, the next two terms initializ& >(y), R2(y). The
integrand in the last line denoted Bhyis separated into two parts. The first part is assigned tehile the
second is the random variatsle This can be done in two different ways, leading to eithesynehronous
ensemble method or theéime-integration method of average recording.

The first option is to multiply and dividé by A to obtain a product op, andf,

7]

A(K2(y), Ra(y)) dy)}

+ + + A(K2(12), Ra(12))
x H (tyy — to) H(t); — t1) H (t,, — t2) N Ko2). Rat2) (22)

A new piece of classical trajectory with end poKit(z2), R»(z2) is added to the numerical trajectory by
the third free flight probability density,. The last line displays the random variable An equivalent
formulation off, is used by substituting the domain indicatés$R; (¢;)) by unit step functionﬂ(tg —1),
wherez, is the forward boundary time of theth trajectory. If the numerical trajectory lies entirely in
D, 6, takes valued /A evaluated at the third free flight end point.

A second option is to process theintegral in(21) by integration by partsL becomes a product of a
free flight densityp,, the same as i(22), and a random variabk

L= {)»(Kz(lz), Rz(lz))eXp(—/o

12

L = {)»(Kz(fz), Rz(fz))EXp<—/o MK2(y), R2(y)) dy)}

x H(tj — to) H (1 — tl)/o H(t, — 1) A(K2(t), Ra(7)) dr (23)
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The value of9; in this expression is identified as the path integral avef 7, < 1,5, the r-integration
is performed until the next scattering event occurs, otherwise until the boundary is reached. Assume
to be the domain indicator of some subdom&nA = 6q(k, r). According to(16), (A) is the mean
particle number in2. The path integral then records the time spen®iduring the third free flight.

In principle, one can obtain the mean vali by evaluating the separate terms in the sef&y
by means of5). One peculiarity of the single-particle MC (SPMC) method is that the sample for the
iteration term of ordei is not generated independently from that for the term of oiderl. Instead,
a realization ofp; is generated by adding to the realizationppf, another after-scattering stateand
another free flight time. The following considerations aim at obtaining the single-particle MC algorithm
and to find that random variable whose realization is independent from each ott#), ve designate
the multi-dimensional integration variable.gs the probability density as,, and random variable &s,
such that{A), = [ dxapa(x2)02(x2), where

x2 = (rp, kp, to, k1, t1, k2, 12) (24)
p2(x2) = {jo/TpHvr fo/iHp HpiHp H P pe) (25)
O2(x2) = HoH1HA/A O 02(x2) = H0H1/ HyA (26)

If 62(xy) is replaced by (x1) = HoH1A/A (Or 61(x1) = Hof H,A) in (21), the equation recovers the
mean value fofA); since the integrals ovér andr, give unity. Thus, the trajectory generatedgycan
be used for evaluation @fA); and in the same way @fd)q. This result can be utilized to express) as
one multiple integral of infinite order

(A) = lim / P ()0 () (27)

using the Iabekf.’ = K;(;) for thei-th before-scattering state and the recursive definitions

Xp = (xn—l, kns tn) (28)
S kb ’ kﬂ In

Pn = Pn-1 X # {A(Kn(tn» exp(— f MK, () dy)} (29)

)\(kn_]_) 0
T Ak}, 1)
plrl — gln=1 Ht — gy 2 30
L =07 59
or

n—1 t

ol = o+ [THG, — 1)) / H(t), — 1)A(K (1), R, (7)) dr, (31)
j=0 0

To evaluate(27) by MC integration one has to generaterealizations of the random variahig,.
Each realization comprises a trajectory construction, which begins as described above and continues by
consecutive use of the scattering and free fight densities. In principle, this process should be infinite.
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However, if in the course of numerical trajectory construction a time 7, is generated, the unit step
function in(31) evaluates to zero. The random variable keeps its value

-1 b -1 ) +
A, 1)) g Iy

0; = —— or 60, = Adr+f Adr, 32

=X 5w =3 / 0 @2

and the construction process can be terminated. This value is the output of one realization of the randorn
variablex.,. Thed; given by the sunf32)are summed up in the sample mé&j This gives a double sum
which can be replaced by one sum over all free flights (aff) that have been generated in the simulation.

1 A", r?)
Z alw.r)

1 N
(A) DN; DB

1
= FDN§/A(K(f),R(f))dr (33)

aff

The normalization constarif, need not be evaluated from the theoretical defini{i®). Instead, by
settingA = 1, a relation betweel, and the total number of particléép is obtained Ny is usually
known, for instance from the constraint of total charge neutrality in the device.

1 1
473N = I'p D oAt = I T (34)
aff

whereT is the total time the particle has been followed during the simulation.

4. Discussions and conclusions

The described procedure contains all basic steps known from single-particle MC (SPMC) algorithm.
Theinitial state is generated from a velocity-weighted boundary distributiofy, This state is the starting
point of a numerical trajectory which is built up according to the semi-classical model for carrier transport
in semiconductors. The free flight time and the after-scattering state are generated from the gensities
and p,. In this sense, the constructed numerical trajectories coincide with the real trajectories of the
semiconductor carriers. The two SPMC methods for average recording are recovered. The well-known
formula_ ¢ AL~1/ Y.« A1 for computing the mean value per particle can be obtained {B3yand
(34). The physics-based way of deriving the SPMC assumes ergodicity of the transport process in order to
replace the ensemble average by a time average. Here, the ergodicity of the transport process as implie
by the time averaging method comes out as a result of the numerical approach. Particularly, the mean o
the distribution function in a subdomain is obtained from the simulation time spentshdivided by
the total simulation timd".

The SPMC method can be interpreted to simulate a regenerative stationary p8pcafier a trajec-
tory leaves the domain the process is renewed by the next trajectory starting from the boundaries. An
independent realization of the random variabigidentified as a complete numerical trajectory that starts
and terminates at the boundary. This allows to supplement the SPMC method with event biasing scheme:
[4] and variance estimates of the numerical Monte Carlo theory. The variance estimates are considerec
in another contribution to this issue.
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