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Abstract

In this paper a new numerical model for the three-
dimensionalsimulationof thermaloxidationof silicon is
presented.The modeltakes into accountthat the diffu-
sionof oxidants,thechemicalreaction,andthevolumein-
creaseoccursimultaneouslyin a so-calledreactivelayer.
This reactivelayer hasa spatial �nite width, in contrast
to thesharpinterfacebetweensilicon andsilicon dioxide
in the convential formulation. The oxidation processis
numericallydescribedwith a coupledsystemof equations
for reaction,diffusion,anddisplacement.In orderto solve
thenumericalformulationof theoxidationprocessthe�-
nite elementschemeis applied.

1. Intr oduction

If asurfaceof asiliconbodyhascontactwith anoxidizing
atmosphere,thechemicalreactionof theoxidant(oxygen
or steam)with silicon forms silicon dioxide. The parts
of silicon which shouldnot be oxidizedaremasked by a
layerof siliconnitride.
If a silicon dioxide domainis alreadyexisting, the oxi-
dantsdiffuse throughthe oxide domainand reactat the
interfaceof oxideandsiliconto form new oxidesothatthe
oxidedomainis penetrated.This reactionconsumessili-
con andthe newly formedsilicon dioxide hasmorethan
twice thevolumeof theoriginal silicon.
Thermaloxidationis a complex processwherethe three
subprocessesoxidant diffusion, chemical reaction, and
volume increaseoccur simultaneously. The volume in-
creaseis themainsourceof mechanicalstressandstrain,
andthesecausedisplacement[1].
Fromthemathematicalpoint of view theproblemcanbe
describedby acoupledsystemof partialdifferentialequa-
tions,onefor thediffusionof theoxidantthroughtheox-
ide, the secondfor the conversionof silicon into silicon
dioxide at the interface,and a third for the mechanical
problemof theSi–SiO2 – Si3Ni4 –body.
Novel in our model is that all subprocessesarecoupled
simultaneouslyandtheoxidationprocessis simulatedin
threedimensions.Earlieroxidationmodelsdecouplethem
into a sequenceof quasi-stationarysteps.
Wewill restrictthefollowing explanationto themostsim-
ple physicalmodelof linear oxidantdiffusionandlinear
elasticdisplacementof theSi–SiO2 –Si3Ni4 –body.

2. Model

Analogouslyto [2] we usea normalizedsilicon concen-
tration

� (~x; t) =
CSi (~x; t)

C0Si
(1)

whereCSi (~x; t) is thesilicon concentrationat time t and
point~x (x; y; z) andC0Si is theconcentrationin puresili-
con.So� is 1 in puresiliconand0 in puresilicondioxide.
Theoxidantdiffusionis describedby

D � C(~x; t) = k(� )C(~x; t): (2)

HereD is thediffusioncoef�cient andk(� ) is thestrength
of a spatialsink and not just a reactioncoef�cient at a
sharpinterfacelike in thestandardmodel[3].k(� )C(~x; t)
de�neshow many particlesof oxygenperunit volumere-
actin aunit time interval to silicondioxide.
Thechangeof � is describedby

@� (~x; t)
@t

= �
1
�

k(� )C(~x; t)=N1 (3)

where� is the volumeexpansionfactor (= 2.25) for the
reactionfrom Si to SiO2 andN1 is thenumberof oxidant
moleculesincorporatedinto oneunit volumeof SiO2.
We de�ne in (4) thatk(� ) is linearly proportionalto �

k = � (~x; t)kmax : (4)

Thechemicalreactionof siliconandoxygencausesavol-
umeincrease.The normalizedadditionalvolume,where
weassumethattheoxidantconcentrationC is constant,is

V add
r el =

� � 1
�

� t k(� )C(~x; t)=N1: (5)

We assumethat the Si–SiO2 –body deformselastically.
In thetheoryof linearelasticitywith smalldisplacements
~� (x; y; z) = f u(x; y; z) v(x; y; z) w(x; y; z)g andstrains
" ij (i; j standsfor x, y or z), thestraintensor~" is

~" = L D
~� (6)

where~� is thedisplacementvectorandL D is adifferential
operator, sothate.g." xx = @u

@x and" xy = 1
2 ( @u

@y + @v
@x ).

Assuminga linearmaterial,thestresstensor~� is givenby

~� = D ~" (7)

whereD is a (6x6) materialmatrix of elasticcoef�cients
which are linear functions of Young's Modulus E and
Poisson's ratio � of thematerials.
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The most important part is that the volume expansion
causesdisplacement.The normalizedadditionalvolume
from (5) canbewrittenas

V add
r el = " x + " y + " z (8)

For an isotropicmaterialthestraincomponentsareequal
sothat

" x = " y = " z =
1
3

V add
r el (9)

With (6) and(9) therelationshipbetweenthevolumeex-
pansionandthedisplacementis fully determined.

3. Discretization

3.1. WeakFormulation
Before we start with the discretizationwe considerthe
weakformulationon(2) and(3). After usingtheGalerkin
methodwith linear testfunctionsNk (~x) on thediffusion
equation(2) andapplyingGreen's theoremwe obtain

kmax

Z

V

� C Nk dV = � D
Z

V

r C r Nk dV (10)

Theapplicationof theGalerkinmethodwith thesamelin-
eartestfunctionsNk (~x) to thedistribution functionfrom
(3) leadsto

Z

V

@�
@t

Nk dV = kmax

Z

V

� C Nk dV : (11)

3.2. Oxidant Diffusion
In order to solve (2) and(3) on a three-dimensionaldo-
mainwith thevolumeVglobal , wesplit thedomainup into
tetrahedralelementswith thevolumeV andperforma �-
nite elementdiscretization.The spatialdiscretizationfor
C(~x) and� (~x) ona singletetrahedralelementis

C(~x; t = tn ) =
4X

i =1

c( t n )
i N i (~x) (12)

� (~x; t = tn ) =
4X

i =1

� ( t n )
i N i (~x) (13)

wherec( t n )
i is the oxidantconcentrationand� ( t n )

i is the
normalizedsilicon concentrationat node i and discrete
time tn . N i (~x) is thelinearform functiononnodei.
If wereplaceC(~x; t) and� (~x; t) in (10)with (12)and(13)
we obtain

� D
Z

V

� 4X

i =1

c( t n )
i r N i r Nk

�
dV =

kmax

Z

V

� � 4X

i =1

� ( t n )
i c( t n )

i N i
�

Nk

�
dV

(14)

With thefollowing substitution

M k i =
Z

V

Nk (~x) N i (~x)dV (15)

K k i =
Z

V

r Nk (~x) r N i (~x)dV (16)

(14) is simpli�ed to

4X

i =1

�
D K k i c( t n )

i + kmax M k i c( t n )
i � ( t n )

i

�
= 0 (17)

which is a non-linearequationsystem(k is the equation
index) with theconstantsD , K k i , kmax andM k i andwith
theunknown variablesc( t n )

i and� ( t n )
i for oneelement.

3.3. Changeof �
Thespatialdiscretizationfor C(~x) and� (~x) on (3) is the
samelike in the last subsectionandis alreadydescribed
by (12)and(13). Thetimediscretizationof @� (~x;t )

@t is per-
formedwith thesimpleBackward-Eulermethodas

@� (~x; t = tn )
@t

�=
� (~x; tn ) � � (~x; tn � 1)

� t
(18)

wheretn andtn � 1 aretwo successivediscretetimes.
If we replaceC(~x; t), � (~x; t) and @� (~x;t )

@t in (11) with the
discreteexpressions(12),(13) and(18),we obtain

1
� t

Z

V

� 4X

i =1

�
� ( t n )

i � � ( t n � 1 )
i

�
N i Nk

�
dV =

kmax

Z

V

�
(

4X

i =1

�
� ( t n )

i c( t n )
i

�
N i Nk

�
dV

(19)

With thesubstitution(16) thelastequationis simpli�ed to
anon-linearequationssystem(k is theequationindex)

4X

i =1

�
M k i

�
� ( t n )

i � � ( t n � 1 )
i � kmax c( t n )

i � ( t n )
i

� 1
� t

�
= 0

(20)
with the unknown variablesc( t n )

i and� ( t n )
i andwith the

constantsM k i , kmax and 1
� t for one�nite element.The

valuesfor � ( t n � 1 )
i arealreadydeterminedat theprevious

timestep.

3.4. Mechanics
The �nite elementdiscretizationfor a mechnicalsystem
hasbeenalreadyoftendescribed,e.g. by [4]. Becauseof
this factwewill restrictthissubsectiononly to somesteps
whichareimportantfor theoxidationsimulation.
After discretizationof thecontinuum,therelationshipbe-
tweenstrainanddisplacement(6) canbewrittenas

~"e = B ~de = [B i ; B j ; B m ; B p ] ~de (21)

in which ~" e is thestraintensor, ~de is thedisplacementvec-
tor (12x1)andB i is the(3x3)submatrixfor thenodei.
Theentireinnervirtual work ona �nite elementis

Winner =
Z

V

f ~"egT � edV (22)
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in which thetransposedstraintensoris

f ~"egT = ~de
T

B T (23)

andthestresstensor(7) canbewrittenas

� e = D ~" e = D B ~de : (24)

Thatleadsto thefollowing equationfor Winner

Winner = ~de
T

Z

V

B T DB ~de dV : (25)

Theoutervirtual work on a �nite element,causedby the
nodeforcesis

Wouter = ~de
T ~f e: (26)

On anelementthe innerwork mustbeequalto theouter
work, thatleadsto

~de
T

Z

V

B T DB ~de dV = ~de
T ~f e (27)

With thesubstitution

K e =
Z

V

B T DB dV (28)

whereK e is theso-calledstiffnesmatrix,weobtaina lin-
earequationsystemfor themechanicalproblem

K e ~de = ~f e: (29)

Themostimportantpart is, how thevolumeincrease(5),
causedby thechemicalreactionof silicon to silicondiox-
ide, loadsthedisplacementproblem.
Dueto (9) weobtainthecomponents" e

x , "e
y and" e

y for the
straintensor~" e andwith

~f e
i = � B T

i D ~"e V (30)

the relationshipbetweenthe volume expansionand the
nodeforcesis given,andwith (29) and(30) thedisplace-
mentson thenodesis fully determined.

By coupling(17), (20), and(29) a local equationsystem
for one �nite elementis given, which is a completenu-
mericalformulationof theoxidationprocessat any time.

4. Simulation Procedure

In the �rst stepof the simulationprocedure,we perform
a �nite elementdiscretization. With this aim in view
we split up theSi–SiO2 –bodyinto tetrahedralelements.
The sizeof the tetrahedronsand,asa resultof that, the
numberof �nite elementscanbein�uencedby themesh-
ing module.
In the next stepwe set the initial valuesfor the oxidant
concentrationC andthenormalizedsilicon concentration
� on the grid nodes.For example� mustbe 1 in a pure
silicon domain.

As shown in Fig. 1, we iterateoverall �nite elementsand
build thelocal equationsystemfor oneelementfor every
actualdiscretetime. The local systemdescribestheoxi-
dationprocessnumericallyfor oneelement.
In orderto describetheglobaloxidationprocesswe need
a global coupledequationsystem. The componentsof
the global equationsystemareassembledfrom the local
equationsystemby usingthesuperpostitionprinciple. In
ourcase”global” hasaspatialmeaningandstandsfor the
wholediscretizeddomain.

Startsimulation

Createa tetrahedralgrid

Initialize thegrid valuesfor C and�

setactualsimulationtime= 0
�

time = time+ timestep

�

Make thelocalequationsystemfor
one®nite element

Assemblethecomponentsform the
local to theglobalequationsystem

all elements?
No

Yes

Solve theglobalequationsystem

Updatethevaluesfor C, � and
displacementon thegrid nodes

max.sim. time?
No

Yes

Endsimulation

Figure1. Simulationprocedure

After theiterationoverall elementsis �nished, theglobal
assembledequationsystemis also completed. Now the
global non-linearequationsystemcanbe solved andwe
obtain the resultsfor the C, � and displacementvalues
for theglobaldiscretizedoxdidationprocessfor theactual
timestep.
With theseresultswe updatethevaluesfor C, � anddis-
placementon the grid nodesandso thesevaluesareal-
wayskeptpacewith theactualsimulationtime.
When the above describedprocedureis �nished, we in-
creasetheactualsimulationtimeandstartwith theassem-
bling loop again. The sameassemblingandsolvingpro-
cedureis repeatedfor eachtime stepuntil thedesiredend
of thesimulation.
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5. A DemonstrativeExample

As examplea Si–Si3Ni4 –bodyasshown in Fig. 2 is ox-
idized. In this exampleonly theuppersurfaceof theSi–
Si3Ni4 –bodyhascontactwith theoxidizing atmosphere.
The upperlayer is a silicon nitride maskthatpreventthe
oxidantdiffusionon thesubjacentsilicon layer.
For thesimulationthefollowing parameterswerechosen:

C� = 3 � 107 [ part :
� m3 ], D = 0:08[ � m2

s ], kmax = 40[ 1
s ].

As shown in Figs.2–4 the bottom surfaceis �x ed, the
lateralsurfacescanonly moveverticallyandon theupper
surfacea freemechanicalboundaryconditionis applied.
In theFigs.2–4 theangelof view is alwaysthesameand
theproportionsof thebodygeometryarealsoright,sothat
the displacementeffects causedby the volume increase
canbeobservedcorrectly.
Thecolor in thesilicon layershows thevalueof thenor-
malized silicon concentration. This meansthat blue is
puresilicon dioxideandred is puresilicon andtheother
colorsarethereactionlayer.

Figure2. Initial Si { Si3Ni4 { body before oxidation.

6. Conclusion

A three-dimensionaloxidationmodelwhich is basedon
the �nite elementtechniquehasbeenproposed. In this
modelit is assumedthat theinterfacebeweensilicon and
oxideisareactionlayerwith �nite width insteadof asharp
interface.In this layerthereis amixtureof thethreecom-
ponentssilicon,oxidants,andoxide.
The numericalformulationof thecompletephysicaloxi-
dationprocess,consistingof a coupleddifferentialequa-
tion system,takesinto accountthat theoxidantdiffusion,
the chemicalreaction,andthe volumeincreaseoccursi-
multaneously. Sothis modelenablesa realisticandaccu-
ratesimulationof thewholeoxidationprocess.
As demonstratedon a numericalexample,this modelis a
powerful tool to simulatethewholeoxidationprocesson
three-dimensionalsemiconductorstructures.

Figure 3. Deformation and silicon dioxide distribution
(blue region) at sometime t 1.

Figure 4. Deformation and silicon dioxide distribution
(blue region) at time 2 � t 1.
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