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a b s t r a c t
We use a two-band k  p Hamiltonian to describe the subband structure in strained silicon thin ﬁlms. The
model describes the dependence of the transversal effective mass on strain and ﬁlm thickness. However,
it is found that the two-band k  p model is unable to describe recently observed large valley splitting.
Therefore a generalization of the model is necessary. To go beyond the k  p theory, an auxiliary tightbinding model deﬁned on a lattice of sites containing two localized orbitals is introduced in such a
way that it reproduces the bulk dispersion obtained from the two-band k  p model. Corresponding dispersion relations including strain are obtained. We discuss an alternative mechanism to create and control the valley splitting by applying shear strain. The valley splitting increases with increased shear strain
and decreasing ﬁlm thickness and can be larger than the spin splitting. This makes silicon-based quantum
devices promising for future applications in quantum computing.
Ó 2008 Elsevier Ltd. All rights reserved.

1. Introduction
Downscaling of MOSFETs as institutionalized by Moore’s law is
successfully continuing because of innovative changes in the technological processes and the introduction of new materials. The
45 nm MOSFET process technology recently developed by Intel
[1] involves new hafnium-based high-k dielectric/metal gates
and represents a major change in the technological process since
the invention of MOSFETs. Although alternative channel materials
with a mobility higher than in Si were already investigated [2,3], it
is believed that strained Si will be the main channel material for
MOSFETs beyond the 45 nm technology node [3].
A multi-gate MOSFET FinFET architecture is expected to be
introduced for the 22 nm technology node. Combined with a
high-k dielectric/metal gate technology and strain engineering, a
multi-gate MOSFET appears to be the ultimate device for highspeed operation with excellent channel control, reduced leakage
currents, and low power budget. Conﬁning carriers within thin Si
ﬁlms reduces the channel dimension in transversal direction,
which further improves gate channel control. The quantization energy in ultra-thin Si ﬁlms may reach a (few) hundred(s) meV. The
parabolic conduction band approximation usually employed for
subband structure calculations of conﬁned electrons in Si inversion
layers may turn out to be insufﬁcient in ultra-thin Si ﬁlms. A recent
study of subband energies in (0 0 1) and (1 1 0) oriented thin Si ﬁlms
* Corresponding author. Tel.: +43 1 58801 36033; fax: +43 1 58801 36099.
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reveals that even the non-parabolic isotropic dispersion is not sufﬁcient to describe experimental data, and a direction-dependent
anisotropic non-parabolicity must be introduced [4].
The two-band k  p model [5–8] provides a general approach to
compute the subband structure, in particular the dependence of the
electron effective masses on shear strain. In case of a square potential well with inﬁnite walls, which is a good approximation for the
conﬁning potential in ultra-thin Si ﬁlms, the subband structure can
be obtained analytically [9]. This allows an analysis of subband
energies and dispersion on ﬁlm thickness for arbitrary stress conditions. On the other hand, the traditional k  p method has shortcomings when describing the subband structure in strained Si ﬁlms. The
most obvious limitation is the inability to address the splitting between the subbands belonging to equivalent valleys. Indeed, due to
the valley degeneracy, the unprimed subbands in (0 0 1) Si ﬁlms remain two-times degenerate within the k  p approach. However, an
experimental observation of valley splitting larger than the spin
splitting was reported recently [10]. It is therefore necessary to go
beyond the k  p theory by restoring some of the important properties of the periodic Bloch amplitude, which is ignored in a k  p
treatment, because the Bloch amplitudes enter into the k  p theory
only in integral form via parameters of the model.
In the following we brieﬂy review the main ideas behind the twoband k  p model for a valley in the conduction band of Si. We will
shortly analyze the unprimed subband structure in (0 0 1) ultra-thin
Si ﬁlms, stressing the advantages of the subband description based
on the two-band k  p model and discussing its limitations. Then
the Bloch amplitude will be introduced into the envelope wave
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function of an electron in the conduction band. The Bloch amplitude
is deduced from a tight-binding model with two orbitals per site,
which mimics dispersion relations of the underlying two-band
k  p theory. The total wave function including the Bloch amplitude
describes the energy splitting between the two unprimed subband
ladders generic to the two equivalent conduction band valleys in
an ultra-thin Si ﬁlm. Lifting degeneracy between the two valleys reduces scattering and improves the coherence time in Si-based spin
qubits, which makes silicon-based quantum devices promising for
future applications in quantum computing [10]. We demonstrate
that the valley splitting in (0 0 1) Si ﬁlms can be controlled and signiﬁcantly enhanced by applying stress in [1 1 0] direction.
2. Uniaxial stress and conduction band structure
From symmetry consideration it follows that the two-band k  p
Hamiltonian of a [0 0 1] valley in the vicinity of the X-point of the
Brillouin zone in Si must be in the form [6]:

H¼

!
!
2 2
z
2 2
2
2
 kz h ðkx þ ky Þ
h
h kx ky
h kk
I þ Dexy 
þ
rz þ z 0 ry ;
2mt
2ml
M
ml

ð1Þ

where ry,z are the Pauli matrixes, I is the 2  2 unity matrix, mt and
ml are the transversal and the longitudinal effective masses,
k0 = 0.15  2p/a is the position of the valley minimum relative to
the X-point in unstrained Si, exy denotes the shear strain component
1
in physics notations, M1  m1
t  m0 , and D = 14 eV is the shear
strain deformation potential [5–8]. The two-band Hamiltonian
results in the following dispersions [6]:
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2mt
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where the negative sign corresponds to the lowest conduction band,
2

2

2

d ¼ ðDexy  h kx ky =MÞ :

ð3Þ

We stress that the kz moment as well as energies in (2) are
counted from the X-point of the Brillouin zone. The usual parabolic
approximation is obtained from (2), when coupling between the
two conduction bands described by the parameter d is neglected.
Coupling between the bands is small, when the wave vectors |kx|,
|ky| << k0 (M/ml)1/2 and shear stress exy = 0. Due to band coupling
the dispersion (2) becomes non-parabolic in stressed Si, if the shear
strain component is non-zero, and/or at higher energies. In order to
verify the accuracy of (2) we have carried out numerical band
structure calculations with the empirical pseudo-potential method
(EPM) with parameters from [7,11]. Excellent agreement between
the two-band k  p model (1) and the EPM results was conﬁrmed
up to energy 0.5 eV.
Tensile stress in [1 1 0] and compressive stress in orthogonal
[1 1 0] direction of 150 MPa are applied resulting in only a nonzero exy shear strain component. Shear strain exy substantially modiﬁes the energy dispersion of the [0 0 1] valleys even at small energies making the dispersion relation anisotropic [5–8]. Shear strain
also modiﬁes the kz dispersion as shown in Fig. 1 for several values
of shear strain. The valley minimum moves both in energy and position, approaching the X-point of the Brillouin zone for larger
2 2
h k0 =ðml DÞ. At the same time kz dispersion becomes
strain exy 6 
highly non-parabolic.
The relation (2) is valid in a larger range of energies compared
to parabolic dispersion with isotropic non-parabolic correction
and can be used to determine the subband structure in thin Si
ﬁlms. The subband energies can be found analytically for an inﬁnite square well potential which is a good approximation for an ultra-thin Si ﬁlm. The dispersion of the unprimed subbands in a
[0 0 1] thin Si ﬁlm of thickness t is [9]:

Fig. 1. Dispersion as it follows from (2). With strain increased the gap opens
between the two bands at the X-point, and dispersion becomes highly nonparabolic.

2 2

En ðkx ; ky Þ ¼ E0n ðkx ; ky Þ  d2 ml =½2h k0 ð1  q2n Þ;
where qn = (pn)/(tk0)and
bands:
2

E0n ðkx ; ky Þ ¼

E0n

ð4Þ

is the subband dispersion for parabolic

2

2

2
2 2
h
 p2 n2 h ðkx þ ky Þ h k0
þ

:
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2mt
2ml
2ml t

(4) is valid when
4 4

ð1  q2n Þ2 > d2 m2l =h k0 :

ð5Þ

Dispersion (4) describes the subband quantization energy correction due to strain with respect to the valley minimum:

DEn ðexy Þ ¼ 

p2 n2 ðDexy ml Þ2
2 4
2ml t2 h
 k0 ð1  q2n Þ

ð6Þ

:

(6) is obtained after taking into account the strained induced valley
2 2
h k0 Þ and the depenminimum energy shift DEðexy Þ ¼ ðDexy Þ2 ml =ð2
dence of the longitudinal mass ml on strain [7,8]:


1
4 4
ml ðexy Þ ¼ ml 1  ðDexy ml Þ2 =h k0
(4) also describes corrections to the transversal mass mt due to
strain exy, thickness t, and subband number n:

mn ¼ mt 1 

Dexy ml mt 1
2 2
2
h k0 M 1  qn

!1
:

ð7Þ

Here m
t is the effective mass along the direction [1 1 0] of tensile strain. In thin ﬁlms the effective mass depends not only on
strain but also on ﬁlm thickness. (7) is compared to the corresponding dependence in bulk silicon in Fig. 2. The thickness dependence of the last term in (7) leads to a more pronounced anisotropy
in the transversal mass than in bulk semiconductor.
A comparison of the dispersion relation (4) to the parabolic
approximation with transversal masses (7) is shown in Fig. 3 (unstrained ﬁlm) and Fig. 4 (strain exy = 1%). Deviations from the parabolic approximation become large for electron energies above
20 meV. Therefore, to compute the carrier concentration and mobility in thin Si ﬁlms the dispersion relation (4) should be used instead
of a parabolic approximation at higher carrier concentrations.
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pz ¼ k0 1  ðdml =
h k0 Þ2 =ð1  q2n Þ:

Fig. 2. Strain-modiﬁed subband effective mass (solid lines). Strain dependence of
the transversal mass in bulk silicon is shown by dashed lines and symbols (results
of pseudo-potential calculations).

(4) is valid only when the condition (5) is satisﬁed. The quantization energies obtained by setting kx, ky = 0 are shown in Fig. 5
and Fig. 6 by circles. In unstrained Si the kz dispersion is parabolic
with the minima pz = ±k0, and the subband energies are obtained
from the equation:


pn 
pn
¼ E pz þ
;
E pz 
t
t

ð8Þ

where E(kz) is determined by (2). For non-zero strain the gap at the
X-point between the two conduction bands opens, and the kz dispersion becomes non-parabolic. This results in the dependence of
pz on strain, thickness, and subband number:
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ð9Þ

The two signs in (9) correspond to two sets of subband ladders.
We notice that, according to (2), (8), within the two-band k  p theory the subband energies are the same, so the two subband ladders
are degenerate. Therefore, the two-band k  p theory is unable to
describe the splitting between the two subband ladders from different valleys. This splitting was described theoretically [12] and
conﬁrmed by several numerical calculations [13,14]. It was recently demonstrated experimentally that the splitting is quite
large [10]. One important limitation of the two-band k  p theory
is that it cannot describe this splitting.
Another shortcoming of the k  p theory can be illustrated as
follows. If the condition (5) is not fulﬁlled, (8) is satisﬁed only
with pz = 0. It results in a subband dispersion obtained from (2)
with kz = pn/t. These solutions shown by crosses in Fig. 6 are
clearly different from those described by (9) with non-zero pz.
In reality, however, a smooth transition between them is anticipated when the parameters, in particular strain which regulates
the gap, are gradually changing, and the two types of solutions
will be related. However, within the k  p theory even the number
of subbands is not conserved. Indeed, with the gap increased, a
pair of degenerate subbands eventually reaches the maximum of
the dispersion curve at the X-point, where it enters into the gap
and becomes the only subband with pz = 0, marked by crosses in
Fig. 6. One subband becomes missing, since there is only a single
solution with pz = 0 within the gap. In order to accurately resolve
the crossover between the two types of solutions and describe the
valley splitting correctly one has to go beyond the two-band k  p
theory.
3. Beyond the k  p model
We introduce an auxiliary tight-binding model deﬁned on a lattice of sites each containing two localized orbitals a (z) and b (z).

Fig. 3. Subband dispersion (4) (solid) as compared to the parabolic approximation (dotted), for ﬁlm thickness t = 5.4 nm. Spacing between lines is 10 meV.
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Fig. 4. Subband dispersion (4) (solid) as compared to the parabolic approximation (dotted), for a strained ﬁlm of thickness t = 5.4 nm. Tensile strain of exy = 1% is applied along
[1 1 0] direction. Spacing between lines is 10 meV.

Fig. 5. Subband energies in unstrained Si ﬁlm from the two-band k  p theory.

The Bloch functions corresponding to the bands considered within
the two-band k  p theory are expressed via the two orbitals as

uðzÞ ¼

1
X
n¼1

aðz  na=2Þ; vðzÞ ¼

1
X

ibðz  na=2Þ:

ð10Þ

n¼1

For an arbitrary wave kz vector the Bloch function is written as
[15]

wðz; kz Þ ¼ eikz z ðaðkz ÞuðzÞ þ bðkz ÞvðzÞÞ;

ð11Þ

Fig. 6. Same as in Fig. 5 in a stressed Si ﬁlm. The gap at the X-point leads to nonparabolic dispersion.

where the coefﬁcients a(kz) and b(kz) are determined from the twoband k  p Hamiltonian (1), which was rotated for convenience:

0

 2 k2z
h
B 2ml

@

þ

h2 ðk2x þk2y Þ
2mt
kz k0
ml

dE

1


C aðkz Þ
¼ 0:
A
2
2
2
h ðkx þky Þ
h2 k2z
bðkz Þ
þ
þdE
kz k0
ml

2ml

2mt

ð12Þ
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Here the eigenenergies E are determined by (2). We note that
for d = 0 the coefﬁcients a(kz) and b(kz) are independent on kz and
equal in absolute value. We will use this fact later.
Using (10) we can now rewrite the wave function (11) in the
form

wðz; kz Þ ¼

1
X

eikz na=2 ðaðkz Þa0ðz  na=2Þ þ ibðkz Þb0ðz  na=2ÞÞ:

n¼1

ð13Þ
The primed orbital functions in (13) are related to the ones in
(11) by

a0ðz  na=2Þ ¼ eikz ðzna=2Þ aðz  na=2Þ; b0ðz  na=2Þ
¼ eikz ðzna=2Þ bðz  na=2Þ:
However, we neglect this difference under the assumption that
the orbitals are strongly localized and the localization radius r satisﬁes the condition r/a << 1.
For the dispersion relation (2) for a particular energy E there exist two pairs of real roots kz = ±k1, ±k2 for subbands with pz > 0 and
a pair of real kz = ±k1 and a pair of imaginary roots kz = ±i|k2| for the
subbands with pz = 0. Then the wave functions for a ﬁnite array of
2N sites are

w ðz; EÞ ¼

N
X X

C i expðiki na=2Þðaðki Þaðz  na=2Þ

i¼1;2 n¼N

þ ibðki Þbðz  na=2ÞÞ  C:C:;

ð14Þ

where C.C. stands for complex conjugate. Each pair of the solution
enters with its own coefﬁcient. Within each pair kz = ±kj symmetric
and asymmetric combinations are allowed. This is taken into account by the plus/minus sign in (14). In writing (14) we have assumed that both roots k1 > k2 are real. In case when the root k2 is
imaginary, the coefﬁcient b(k2) is also imaginary. This corresponds
to the solutions of the second type shown by crosses in Fig. 6.
Taking into account strong on-site localization of orbitals and
their mutual orthogonormality, the condition that the wave function is zero at the ﬁlm interfaces z = ±t/2 results in two sets of
equations (k2 is real) corresponding to the minus sign in (14) [13]:

C 1 aðk1 Þ sinðk1 t=2Þ þ C 2 aðk2 Þ sinðk2 t=2Þ ¼ 0;

ð15aÞ

C 1 bðk1 Þ cosðk1 t=2Þ þ C 2 bðk2 Þ cosðk2 t=2Þ ¼ 0;

ð15bÞ

and to the plus sign in (14):

C 1 aðk1 Þ cosðk1 t=2Þ þ C 2 aðk2 Þ cosðk2 t=2Þ ¼ 0;

ð16aÞ

C 1 bðk1 Þ sinðk1 t=2Þ þ C 2 bðk2 Þ sinðk2 t=2Þ ¼ 0:

ð16bÞ

(15) results in the following dispersion relation:





t
aðk2 Þ bðk1 Þ
t
¼
;
tan k1
tan k2
2
bðk2 Þ aðk1 Þ
2

ð17aÞ

while (16) gives:





t
aðk2 Þ bðk1 Þ
t
¼
:
cot k1
cot k2
2
bðk2 Þ aðk1 Þ
2

ð17bÞ

can be analyzed analytically. We investigate the solutions close
to the transition between the two types of subbands discussed
above. This transition occurs when k2 is very close to the X-point
and is therefore extremely small. As an example we consider the
situation when both k1 and k2 correspond to the branch with a
minus sign in (2), when the energy E is approaching the gap from
below. For small k2t << 1

aðk2 Þ k2 k0
;

bðk2 Þ 2dml

tanðk2 t=2Þ  k2 t=2;

and (17) is written as



2
t
bðk1 Þ k2 k0 t

tan k1
! 0;
2
aðk1 Þ 4dml


t
bðk1 Þ k0

:
cot k1
2
aðk1 Þ tdml

ð18aÞ
ð18bÞ

When k2 goes to zero, (18a) gives k1 = 2pn/t. The solution of
(18b) depends on the system parameters. In weakly stressed thin
ﬁlms, where the parameter 
h2k0/(tdml) >> 1, (18b) gives k1 = 2pn/
t, and the subbands (18b) are nearly degenerate with those given
by (18a). In the opposite limiting case 
h2k0/(tdml) << 1 (18b) provides the usual complimentary solution k1 = 2p(n + 1/2)/t corresponding to odd subbands.
When the subband energy lies in the gap and k2 is imaginary,
equations for k1 take the form:



t
aðk2 Þ bðk1 Þ
t
tan k1
¼
tanhðjk2 j Þ;
2
jbðk2 Þj aðk1 Þ
2
t
aðk2 Þ bðk1 Þ
t
cothðjk2 j Þ;
cotðk1 Þ ¼
2
jbðk2 Þj aðk1 Þ
2

ð19aÞ
ð19bÞ

In contrast to Eq. (18), the (19) contain the hyperbolic functions
in the right-hand side as well as the absolute values of the complex
valued functions k2 and b(k2). However, in the limit k2t << 1 the
(19) have exactly the same asymptotic behavior of the solutions
as (18). Therefore, Eqs. (18)and (19) are able to continuously describe the transition between the two types of subbands when
the solution enters into the gap. Since the number of subbands is
conserved, the theory based on the wave function (14) is free of
this limitation of the k  p model discussed above.
It is interesting to recover results corresponding to a single parabolic band from the two-band expressions (19). The single para2 2
bolic band is obtained from (2) when the limit d
h k0 =ml is

pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
taken. In this limit we get from (18) 
hk2 ¼ 2 ml d, and it then follows from (19):



t
bðk1 Þ hk0
pﬃﬃﬃ ! 0
tan k1

2
aðk1 Þ dml


t
bðk1 Þ hk0
pﬃﬃﬃ ! 0:

cot k1
2
aðk1 Þ dml

ð20aÞ
ð20bÞ

Therefore, for large d we obtain from (20) the well-known quantization result k1 = pn/t for subbands in an inﬁnite potential square
well with a single parabolic band.

Since k1 and k2 are the solution of the dispersion relation (2) for the
same energy E, they are related by:

4. Strain-induced valley splitting

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u
u 2 d2 m2
2
2
k2 ¼ k1 þ 4  4tk1 þ 4 4l :
h k0

In order to describe the valley splitting, it is convenient to introduce a new variable yn = (k1k2,)/(2k0). The dispersion Eq. (18) are
then written as

ð18Þ

Substitution of (18) into (17) results in the equations for k1
alone. When the solutions for k1 are found, the subband energies
are computed using the dispersion relation (2).
Eqs. (17) and (18) are highly nonlinear and can only be solved
numerically. However, the asymptotic behavior of their solutions


k0 t
sinðyn k0 tÞ ¼  pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ ;
ð1  y2n Þð1  g2  y2n Þ

gyn sin



1g2 y2n
1y2n

ð21Þ

where dimensionless strain g = mlDexy/(
hk0)2 is deﬁned. This equation represents the main result and is analyzed below.
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is currently used to enhance performance of modern MOSFETs,
where it is introduced in a controllable way. Therefore, the valley
splitting (23) can be controlled by adjusting strain and thickness t.
5. Conclusion
Limitations of the two-band k  p model used for electron subband description in thin Si are discussed. One important shortcoming is the inability of the model to describe the experimentally
observed valley splitting. A generalization of the two-band k  p
model is suggested based on a wave function introduced with help
of a tight-binding model. Dispersion relations obtained with help
of this wave function are free from all limitations of the two-band
k  p model and describe valley splitting in strained Si ﬁlms. An
alternative way to induce a large controllable valley splitting in ultra-thin Si ﬁlms by applying uniaxial stress is proposed. For small
stress values the splitting is shown to depend linearly on shear
strain. Valley splitting rapidly increases with decreasing Si thickness and can be larger than the spin splitting.
Acknowledgement

Fig. 7. The valleys are two-fold degenerate (ﬁlled circles) without strain. For nonzero shear strain the degeneracy is lifted.

It follows from (21) that in unstrained ﬁlms g = 0, when the dispersion is purely parabolic, the right-hand side of (21) is zero.
Therefore, for parabolic dispersion the valley splitting is exactly
zero for arbitrary ﬁlm thickness. Similar results could have been
obtained directly from (18): as discussed, for g = 0 the coefﬁcients
a(kz) and b(kz) are equal in absolute value and cancel out from the
equations, after which the standard quantization condition

yn ¼ qn ¼ pn=ðk0 tÞ

ð22Þ

is recovered from both Eq. (18).
In strained ﬁlms g – 0, the right-hand side of (21) is shown in
Fig. 7, together with the left-hand side of (21). Due to the ± sign
in the right-hand side a two-fold degenerate solution (22) for yn,
which corresponds to an unstrained ﬁlm, splits into two nonequivalent roots for g – 0 and non-parabolic bands. Eq. (21) is nonlinear and can be solved only numerically. However, for small g the
solution can be sought in the form yn = qn ± f, where f is small.
Substituting yn = qn into the right-hand side of (21) and solving
the equation with respect to f, we obtain for the valley splitting:

DEn ¼ 2



pn

k0 t

2

Dexy
sinðko tÞ:
k0 t

ð23Þ

In accordance with earlier publications [12–14], the valley splitting is inversely proportional to the third power of k0 and the third
power of ﬁlm thickness t. The value of the valley splitting oscillates
with ﬁlm thickness, in accordance with [13,14]. In contrast to previous works, the subband splitting is proportional to the gap d at
the X-point, and not at the C-point. Since the parameter g, which
determines non-parabolicity, depends strongly on shear strain,
the application of uniaxial [1 1 0] stress to [0 0 1] ultra-thin Si ﬁlm
generates a valley splitting proportional to strain. Uniaxial stress
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