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We use the two-dimensional, time-dependent, Wigner MC method.
We simulate the evolution of a Gaussian wave packet moving in a realistic channel potential.
We include the kernel of a scattering center in the channel.
We compare the Wigner results with the Boltzmann results.
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abstract
We present a numerical study of the evolution of a wave packet in a nanoscale MOSFET
featuring an ‘atomistic’ channel doping. Our two-dimensional Monte Carlo Wigner
simulation results are compared against classical Boltzmann simulation results. We show
that the quantum effects due to the presence of a scattering center are manifestly non-local
affecting the wave propagation much farther than the geometric limit of the center. In
particular the part of the channel close to the oxide interface remains blocked for transport,
in contrast to the behavior predicted by classical Boltzmann propagation.
© 2013 Elsevier B.V. All rights reserved.

1. Introduction
With shrinking transistors dimensions down to nanometric size, the device electrical behavior starts to be dominated by
both the granularity of matter [1–10] and quantum mechanical effects [11,12]. In order to preserve accuracy and reliability
at the nanoscale regime, device simulation approaches have, on one hand, to depart from treating the doping as a continuum,
within the Poisson equation only, and, on the other hand, to improve the traditional semi-classical modeling of transport
to properly take into account the particle–wave duality. The particle-based Wigner Monte Carlo (MC) approach has been
recently shown to efficiently deal with the simulation of full quantum transport [13]. In particular a Wigner MC method,
based on particle’s sign, for stationary cases [14] has been recently generalized for time-dependent simulations [15]. This
method is general enough to deal with multi-dimensional domains. In this work we apply it to simulate two-dimensional
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electron evolution in the channel of a nanoscale MOSFET in the presence of a single discrete dopant. The evolution problem
is posed by an initial condition, there are no injecting boundaries as in the stationary problems posed by boundary
conditions [16].
Our simulation results are, first of all, validated against two one-dimensional (1D) benchmarks based on the ballistic
Boltzmann equation for the case of a constant applied electric field and the solution of the Schrödinger equation for the case
of an idealistic potential barrier. Then, two-dimensional (2D) full quantum results are compared with results of the classical
Boltzmann MC approach for a realistic device potential. Due to the non-local quantum effects, the discrete scattering center
affects the wave propagation even when not directly interacting with it, blocking the charge propagation in the region
close to the channel interface. These results are manifestly in contrast with the behavior predicted by classical Boltzmann
propagation and demonstrate the importance of full quantum approaches for studying the electron dynamics in nanoscale
devices.
2. Numerical methodology
In order to obtain a realistic potential profile of a nanoscale device, we have performed three-dimensional (3D) TCAD
simulations of a well-scaled 25 nm MOSFET device using the GSS ‘atomistic’ simulator GARAND [17]. A vertical slice of
the 3D device is then extracted and used to perform a 2D Wigner simulation of the charge transport in the presence of a
discrete dopant. For the sake of simplicity, we account for the long range Coulombic nature of the impurity, calculated by a
self-consistent Drift–Diffusion simulation, and focus on the internal kernel modeled by a rectangular potential barrier.
Concerning the quantum transport, the GNU package Archimedes [18] has been enhanced to implement the Wigner MC
method, as formulated below for an initial condition. The method can actually be included in every MC platform, since it does
not depend on the particular instance of the implementation. The model, a reformulation of the density matrix formalism,
reads
1
∂ fW
+ ∇k ϵ(k) · ∇x fW = Q [fW ]
∂t
h̄
where Q [f ] is a quasi-distribution functional defined as

Q [fW ](x, k, t ) =
dk′ VW (x, k − k′ , t )fW (x, k′ , t ).
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where d = 1, 2, 3 is the dimensionality of the problem; V = V (x, t ) is a potential defined over the spatial domain and can
be time dependent.
The Monte Carlo technique exploits the semi-discrete nature of the phase-space in accordance to the principles of
quantum mechanics [15]. The main purpose of this method is to evaluate an expectation value ⟨A⟩(t ), expressed as an
iterative series, of a macroscopic physical quantity A = A(x, k), defined over the Wigner phase-space
∞
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with
x′ (y) = xi (y) = xi +

h̄m′ 1k
m∗

y;

x′ = x′ (t ′ ) = xi (t ′ );

dx′ = dxi .

The functions fi = fi (x, m) and g = g (x(t ), m, t ) are, respectively, the initial quasi-distribution function and the solution
of the adjoint equation [14], the kernel of which reads

Γ (x, m, m′ ) = Vw+ (x, m − m′ ) − Vw+ (x, −(m − m′ )) + γ (x)δm,m′ .

(5)

Finally, the quantity γ (x) is defined as

γ (x) =

∞


Vw+ (x, m),

(6)

m=−∞

where Vw+ takes the values of Vw if Vw > 0 and 0 otherwise.
Then the estimator of the expectation value (which can be considered also as a functional of the solution) can be expressed
as weights of values of Vw at points taken in accordance with the transition probabilities. Details of the algorithm are given
in Ref. [19] as well as in Ref. [20]. We also do not consider the problem of convergency. The analysis of convergency is
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Fig. 1. Left: at times corresponding to Newton’s law, the peaks not only reappear but also the nonphysical oscillations are dampened to a minimum.
Right: comparison of Wigner and Schrödinger evolution of a Gaussian wave packet interacting with a 1D potential barrier at 30 fs. The barrier is shown in
normalized scale (dashed line) with a thickness of 6 nm and a height of 0.3 eV.

similar to the analysis of Neumann series convergence proved in Section 10.3.3 of Ref. [19] for the Levinson and Barker–Ferry
equations. The approach used in our study is based on the iterative Monte Carlo method for integral operators and has an
optimal rate of convergence with reduced variance. For more details, see Ref. [19].
However, a physical interpretation of (5) can be given. If we consider the quantity γ = γ (x) as a normalization factor,
(5) describes a generation process, where an initial particle provided with a sign (represented by the δ function) creates a
pair of particles, one with a positive and the other with a negative sign. In other words, if an initial particle with sign s and
wave-vector n generates, with a rate V + (l), a pair of particles with signs s, −s and momenta n′ = n + l, n′ = n − l, it
continues its free flight evolution until a given time T .
One final note about this method must be given. In contrast to classical particles driven by the first derivative of the
electric potential, quantum particles feel all other derivatives, as can be shown by the Taylor series expansion of the Wigner
potential [14,15,21]. This is a manifestation of the non-locality of the quantum electron-potential interaction. Instead of a
classical acceleration over Newton trajectories by the local field inherent for the device Monte Carlo approach, the action of
the Wigner potential on the quantum particles representing a single electron is by generation of particles with opposite sign,
locally in the position and following certain rules in the momentum component of the phase space. Thus signed particles
evolve over field-less Newton trajectories and contribute to the values of the physical averages by their sign. The timedependent evolution of the Wigner quasi-distribution happens only by creation and annihilation of particles which replace
the acceleration due to Newtonian forces [15].
3. Simulation results
We started our analysis validating our full quantum Wigner MC approach against two benchmark models based on
the Boltzmann and the Schrödinger equations [13,15,22,23]. We would like to emphasize that the Wigner MC method is
intrinsically three-dimensional so that the validation process makes sense independent of the dimensionality of the selected
benchmark test. For the sake of simplicity we report the validation results against 1D problems. In the first case an initial
δ -function is defined in the phase-space with a constant electric field. Asymptotically, the Wigner solution must be equal
to the Boltzmann one and must correspond to a peak moving in the phase-space at a constant pace [15]. The left plot of
Fig. 1 shows the time dependent evolution of the peak at 0.01 and 0.99 ps respectively. Note that the ballistic Boltzmann
solution corresponding to Newtonian acceleration is completely reconstructed only by an annihilation–creation process. In
the second case an idealized 1D square barrier is used as a benchmark test. The barrier is in the middle of a 200 nm domain
and has a 6 nm thickness and is 0.3 eV high. A Gaussian wave packet is evolved in time with both Wigner and Schrödinger
approaches until 30 fs. As shown in the right plot of Fig. 1, there is good agreement despite the fact that the two numerical
methods are very different—indeed the approach based on the Wigner equation is a MC-based method while the Schrödinger
equation is solved by an implicit finite difference method [23].
Fig. 2 (left) shows the Wigner simulation results for the evolution of a 2D Gaussian wave packet:
fW0 (x, m) = Ne

−

(x−x0 )2
σ2

2 2
e−(m1k−k0 ) σ ,

(7)

representing the initial electron quantum state, where N , k0 , x0 , and σ are a constant of normalization, the initial wave
vector, the initial position, and the width of the wave packet. Its initial position is close to the barrier with an initial energy
of 0.15 eV and an initial velocity oblique to the direction of the silicon oxide interface. The value of σ is 1 nm. A high barrier
is placed at the interface between the channel and the oxide with an energy of 1.5 eV so that the packet can eventually
tunnel towards the gate contact. The scattering barrier given by the discrete dopant is approximated by a 2D square barrier
with energy 0.5 eV and width 0.3 nm and distance 0.4 nm from the oxide interface. This impurity potential together with
the channel potential give rise to the Wigner potential (3) responsible for the evolution of the wave packet. Indeed, one can
observe that the wave packet starts to interact with the scattering center before entering directly in contact with it (middle
plot). This is a typical phenomenon of a quantum regime. Eventually, the initial superposition of pure states is dephased
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Fig. 2. Full-quantum Wigner (left) and classical Boltzmann (right) evolution of a 2D Gaussian wave packet in a 25 nm MOSFET in the presence of a discrete
dopant in the channel. The electron dynamics is shown at 2 fs (top), 4 fs (middle), and 8 fs (bottom). The colormap corresponds to arbitrary units (red is
high, blue is low). (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

(bottom plot) and the packet scatters back. Due to the non-locality one also observes that the wave packet never reaches
the oxide. In fact, note that in the bottom plot, which corresponds to 8 fs evolution, the packet becomes local (narrower
peak) and it is already bouncing back.
Furthermore, Fig. 2 (right) shows the Boltzmann simulation results in the same situation and at the same times as the ones
reported for the Wigner MC method. The dynamics is classical, here the wave packet is interpreted as an initial statistical
distribution. For this simulation non-local effects are absent: those electrons from the packet, which have energies below
the barrier height are directly scattered from the surface of the scattering center. Indeed, the spread of the packet is more
pronounced with respect to the Wigner dynamics and, eventually, the charge reaches the oxide barrier totally surrounding
the scattering center. In particular, one observes a current flow between the oxide and the scattering center in contrast to
the full-quantum evolution.
Classical MC simulation results reported in Refs. [24,25] have identified the scattering due to discrete dopants in the
channel as an additional source of drain current variability to be taken into account with respect to the only random dopantinduced electrostatic potential fluctuations. Our results show that these effects are amplified by the non-locality affecting
the charge carriers dynamics through the channel, when transport is not in a classical regime.
4. Conclusions
We have studied the evolution of a wave packet in a nanoscale MOSFET featuring discrete channel dopants. Our 2D
MC Wigner simulation approach is able to capture both the quantum and the transient nature of charge carrier dynamics
in the presence of scattering centers. In particular, the scattering process is strongly non-local due the quantum effects
dominating the packet evolution in the nanometric domain. Contrary to what predicted by classical Boltzmann evolution,
the propagation of carriers is dramatically suppressed in the part of the channel between the scattering center and the
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interface, when the full-quantum Wigner formalism is adopted. These non-local scattering effects on transport give an
additional contribution to the drain current variability with respect to what is captured in classical MC simulations.
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