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Abstract
We present a continuum modeling approach to simulate anisotropic wet etching of single-
crystal sapphire employing mixtures of sulfuric acid and phosphoric acid. Wet etching of
sapphire leads to the formation of crystal facets with high Miller–Bravais indices. The resulting
complex three-dimensional topographies can be exploited to optimize the patterning of sapphire
substrates which are employed for gallium nitride based light-emitting diodes. Due to the strong
impact of the three-dimensional sapphire topography on the light extraction efficiency of the
final device, precise control over the wet etching process, in particular etchant mixture, etch
time, and temperature, is highly important. We present our model in the context of process
technology computer-aided design, where we use the level-set method to track the evolution of
the three-dimensional etch profile over time. In order to describe the intricate anisotropy of wet
etched sapphire, we propose a flexible interpolation method for the etch rate distribution, which
incorporates experimentally characterized crystal facets and deduces local extrema in the
distribution based on local convexity/concavity considerations. The developed model has been
calibrated and evaluated based on scanning electron microscopy and atomic force microscopy
characterizations from the literature. Our model enables accurate sapphire etching simulations,
where the emerging and disappearing crystal facets show a good agreement with experimental
observations for several etchant mixtures and temperatures.

Supplementary material for this article is available online

Keywords: anisotropic wet etching of sapphire, patterned sapphire substrates, continuum
modeling of etching processes, crystallographic anisotropy, level-set method

(Some figures may appear in colour only in the online journal)

1. Introduction

Anisotropicwet etching of single-crystal sapphire has received
much attention in the field of light-emitting diode (LED)

Original Content from this work may be used under the
terms of the Creative Commons Attribution 4.0 licence. Any

further distribution of this work must maintain attribution to the author(s) and
the title of the work, journal citation and DOI.

manufacturing due to its ability to generate the necessary
complex topographies. In particular, gallium nitride (GaN)
based LEDs most commonly utilize patterned sapphire
substrates (PSS) to enhance the light extraction efficiency
(LEE) of the final device [1]. The LEE is strongly impacted
by the surface geometry of the PSS [2, 3], which provides
a pathway to enhancing the device performance by optim-
izing the patterning of the sapphire substrates. A variety of
geometries, e.g. hemispheres [4] and pyramids [5], have been
manufactured. Due to its reliability and simplicity, anisotropic
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wet etching of single-crystal sapphire is utilized to engin-
eer the surface topography [6, 7]. Although recent research
investigates potassium hydroxide (KOH) [8], the most com-
monly employed wet etchants consist of mixtures of sul-
furic acid H2SO4 and phosphoric acid H3PO4 [9–14]. The
resulting etch profiles are complex geometries with high
Miller–Bravais-index crystal facets. The crystallography has
been experimentally characterized by several research groups,
using atomic force microscopy (AFM) and scanning electron
microscopy (SEM) [10, 13]. The time evolution of the etch
profile shows distinct emerging and disappearing crystal facets
and zones, contributing to a high geometric complexity of the
observed sapphire topography. Due to the strong impact on
the LEE of the final LED, precise control over the resulting
three-dimensional topography is essential.

We present a geometry-focused modeling and simulation
approach based on the level-set method, in order to facilit-
ate the optimization of the wet etching step with respect to
etch time, temperature, and etchant mixture. Our approach
is based on a continuum description of the wet etching pro-
cess, which is, as will be shown, well suited to describe the
emergence of facets with high crystal quality and enables the
simulation of large three-dimensional structures. This is in
contrast with atomistic or molecular approaches, where micro-
scopic surface features are studied [15–17]. By making use of
the surface tracking capability of the level-set method [18],
the complex geometric evolution of the substrate during etch-
ing can be described and semiconductor fabrication steps can
be optimized with an engineering-focused process technology
computer-aided design (TCAD) workflow [19, 20]. The level-
set method allows for convenient and efficient treatment of
topographical changes in three dimensions and for interfacing
with other process simulation (e.g. mask formation, dry etch-
ing, doping) and device simulation (e.g. LED characteristics)
workflows [21]. Rapid incorporation of our model into estab-
lished TCAD workflows is thus enabled, allowing for further
computational investigations.

In the past, the level-set method has been employed for the
simulation of wet etching of silicon (Si) with etchants such
as KOH or tetramethylammonium hydroxide (TMAH) [22–
24]. In these studies, the wet etching process has been
modeled by defining an etch rate distribution function that
has been specifically tailored to the cubic symmetry of Si
and the characteristic low-index planes observed in etching
experiments.

Whereas the wet etching of Si is well studied, the etch
rate anisotropy of single-crystal sapphire is still being invest-
igated. Several studies measured the etch profile evolution
and characterized the crystal facets observed in the experi-
ment [11, 14, 25–28]. In these studies, only a small num-
ber of etch rate/crystal direction pairs have been identified,
due to the limited number of distinct crystal facets emerging
during the etching process. Strikingly, these reported pairs
are not consistent throughout these studies. Recently, Xing
et al presented a comprehensive characterization of etch rates
for various etching solutions and temperatures [7], provid-
ing additional insights into the etching anisotropy of sap-
phire. Most importantly, these studies show that the etch

rate anisotropy of sapphire is significantly more intricate
compared to Si.

Due to the intricate anisotropy, the etch rate distribution
functions specifically defined for Si cannot be straightfor-
wardly transferred to sapphire if the number of identified crys-
tal direction is small. Thus, there are two options to achieve
high-accuracy level-set models for anisotropic wet etching
models of sapphire. The first option is to incorporate elaborate
experimental characterization techniques into the model cal-
ibration process. This approach has been presented by Zhang
et al [29], who employ hemisphere etching experiments and,
thus, effectively generate a large number of identified pairs of
crystal direction and etch rate. In the second approach, it is
desired to only use standard characterization data stemming
from a limited number of SEM images and AFM measure-
ments. Consequently, more flexible methods to incorporate
the etch rates of a given small set of identified characteristic
crystal facets and the corresponding etch rates are required
to account for the intricate anisotropy of sapphire. In this
study, we focus on the second approach and present a con-
tinuum level-set modeling methodology which results in cal-
ibrated models with a small number of model parameters, but
still enables high-accuracy three-dimensional simulations of
anisotropic wet etching of sapphire.

This work is organized as follows. In section 2, we present
a general interpolation methodology which enables practical
modeling of highly anisotropic processes with trigonal sym-
metry by a level-set method. In section 3, we give a short over-
view of a comprehensive series of experiments conducted by
Shen et al [26–28]which lay the groundwork for validating our
model. In particular, we show that insights into the etch rate
anisotropy can be deduced from geometrical considerations,
even if a full characterization of the etchant is not available. In
section 4, we employ our recently developed level-set method
for multi-material wet etching and non-planar selective epi-
taxy [20] to conduct three-dimensional simulations for several
etchant mixtures and temperatures and compare the results to
the experiments presented in section 3, demonstrating good
agreement.

2. Modeling anisotropic wet etching

Wet etching of single-crystal sapphire results in topograph-
ies characterized by crystal facets. Due to the emergence of
high-index facets, complex three-dimensional structures are
formed. Even though the microscopic surface morphology
depends on the crystallographic orientation [7], the overall sur-
face quality of wet etched sapphire is typically high compared
to alternative processing techniques (e.g. plasma etching [30]).
Furthermore, the surface topography on the micrometer scale
strongly impacts the total internal reflection at the sapphire-
GaN interface of the fabricated LED. Continuum modeling of
the wet etching process is well suited to describe the evolution
of the complex surface topography.

Anisotropic wet etching strongly depends on crystal qual-
ity and etchant concentration/mixture ratios. The etching pro-
cess is controlled by the kinetics of the reaction, resulting in
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significant temperature dependence of the etch rates [31–33].
In the particular case of sapphire etched with mixtures of
H2SO4 and H3PO4, Shen et al have reported high activa-
tion energies (87.0–108.3 kJmol−1), supporting the reaction-
limited characteristics of the etching [28]. Thus, the impact of
reactant diffusion can be neglected and the etching reaction
can be characterized with the orientation dependence of the
etch rate [7], i.e. by assigning every possible crystal direction
an unambiguous etch rate for a certain constant temperature.

Within the level-set method we can define a crystal
direction-dependent etch rate, represented by a continuous
function V(⃗n) for every possible direction n⃗ on the unit sphere.
V(⃗n) is incorporated into the level-set equation [18]:

∂ϕ

∂t
+V(⃗n)∇⃗ϕ= 0, (1)

which determines the time evolution of the wafer surface (i.e.
surface topography). The topography is implicitly described
via the level-set function ϕ=ϕ(x, y, z, t), which is a function of
the spatial coordinates and time. After the starting topography
(e.g. conically shaped sapphire substrates) is set via the ini-
tial value of the level-set function ϕ(x, y, z, t0), the discretized
version of equation (1) is solved with given V(⃗n) to calculate
the evolved topography ϕ(x, y, z, t0+∆t). Numerical details of
the discretization are discussed in [20], where a stable and
robust level-set method for anisotropic fabrication processes
is presented. With this numerical method, modeling the aniso-
tropic wet etching of sapphire is possible by constructing V(⃗n)
based on experimental data.

Typically, only a limited number of precisely identified etch
rates is available from experiments. This is due to the small
number of dominating facets appearing during etching. These
facets are the only source for reliable measurements of etch
rates for a given crystal direction. In order to define a continu-
ous V(⃗n), an interpolation scheme has to be employed. Most
importantly, V(⃗n) is required to respect the crystal symmetry
of the material to be etched (trigonal symmetry in the case
of sapphire). In the following, an approach to account for the
symmetry is presented.

2.1. Incorporating trigonal symmetry

Due to the symmetry of single-crystal materials, crystallo-
graphically equivalent planes show the same etch rates [34].
As a consequence, the etch rate model V(⃗n) has to reflect the
crystal symmetry. While the well-established Si crystal shows
hexoctahedral symmetry in the cubic crystal system, sapphire
exhibits ditrigonal scalenohedral symmetry in the trigonal sys-
tem (crystal class D3d in Schönflies notation or, equivalently,
3m in Hermann–Mauguin notation) [35, 36].

In order to reflect the crystal symmetry, we consider the
fundamental domain F of the crystal symmetry, which is a
subset of crystal directions [37]. If the etch rate is known for
every direction n⃗F in the fundamental domain, the etch rate for
every possible direction n⃗ on the unit sphere can be inferred.
For a given general n⃗, symmetry operations associated with the
crystal class can be employed to map n⃗ to the crystallograph-
ically equivalent n⃗F residing in the fundamental domain. The

Figure 1. Crystal directions and fundamental domain of the crystal
class D3d illustrated on the unit sphere. The crystal directions
indicated with C, L1, S1, S3, S4, S5, and S6 indicate characteristic
directions related to the wet etching of sapphire and reside within
the fundamental domain. We choose the nomenclature of crystal
directions based on [26] to simplify the discussion in section 4. The
general direction ‘a’ can be reduced to the crystallographically
equivalent direction ‘b’ within the fundamental domain by
employing a series of D3d symmetry operations.

Figure 2. Flowchart of the algorithm to reduce a general direction
n⃗ to the equivalent direction n⃗F residing in the D3d fundamental
domain. The employed coordinate system is shown in figure 1. nCz
refers to the z component of the Cartesian representation of n⃗ and
nSφ denotes the polar angle of n⃗ in spherical coordinates.

mapping n⃗→ n⃗F is referred to as reduction to the fundamental
domain in the following. The fundamental domain of sap-
phire (crystal class D3d) is the spherical triangle illustrated
in figure 1 [37]. Thus, the crystal symmetry is incorporated
by applying a sequence of symmetry operations to map all
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Figure 3. Visualization of an etch rate distribution constructed with
equation (2). The model parameters are calibrated to reflect the
etchant solution H2SO4:H3PO4 = 3:1 at 503 K (further discussed in
section 4). The crystal directions corresponding to the facets C, S1,
etc are shown and their significance for sapphire etching is
discussed in section 3.2.

directions to F. For sapphire’s D3d symmetry we employ a
reduction algorithm, which is illustrated in figure 2 and is
based on a combination of point inversion, 2π/3-rotation about
the c-axis, and reflection at the σ-plane3. After the reduction
procedure, all directions on the unit sphere are mapped to F.
Therefore, it is sufficient to define the etch rate distribution
on F. As a consequence, the etch rate interpolation is facilit-
ated, as described in the following section.

2.2. Interpolation method

An interpolation method to reconstruct the continuous etch
rate distribution V(⃗n) is required, because typically only a
limited number of defined crystal facets are experimentally
characterized [10, 13]. The standard approach is to perform
trilinear interpolation between the experimental data points
[33, 38]. However, this approach requires a large number of
known etch rates for given crystal directions tomodel an intric-
ate distribution with several local minima and maxima as it is
prevalent for sapphire etching [7]. Figure 3 shows the typical
V(⃗n) constructed based on experiments by Shen et al [26] with
distinct local maxima and minima.

We employ an interpolation approach based on the para-
metrization:

V(⃗n) = V0 +
∑
i

αi⟨⃗n, m⃗i⟩ωiH(⟨⃗n, m⃗i⟩) , (2)

which is structurally similar to the parametrization proposed
by Siem and Carter in the context of thermodynamic surface
free energy calculation [39] and has also been used in the
field of phase-field growth simulation [40, 41]. V0 refers to
an isotropic distribution, which is extended by a sum of power
cosine distributions, each centered around a given crystal dir-
ection m⃗i, where H is the Heaviside function and ⟨·, ·⟩ indic-
ates the scalar product. Thereby, spatially confined extrema

3 The σ-plane is spanned by
[
1100

]
and [0001].

determined by the coefficients αi and ωi > 0 are constructed.
αi can be calculated from given etch rates Ri by solving the lin-
ear system V(m⃗i) = Ri. The distribution presented in figure 3
is generated with this parametrization and is characterized by
a combination of an isotropic contribution and several min-
ima/maxima added at specific crystal directions indicated by
S1, S3, etc. Compared to the trilinear interpolation approach,
equation (2) enables control of the extrema even for a small
number of known etch rate/crystal direction pairs. Further-
more, as no triangulation is required, it is not necessary to
include supplemental rates at the boundary of the fundamental
domain4. In summary, equation (2) enables reconstruction of
the etch rate distribution, particularly in presence of a limited
number of characterized crystal facets.

3. Anisotropic wet etching of sapphire

In this section, we focus on the practical aspects of model-
ing the anisotropic wet etching of PSS, employing the tech-
niques presented in section 2. A comprehensive study by Shen
et al [26–28] serves as the experimental reference for our mod-
eling approach. First, we discuss the experimental setup and
the implications for modeling the etching process. Second, we
present a method to construct the etch rate distribution based
on the characterization information provided by typical sap-
phire etching experiments.

3.1. Experimental setup

Shen et al presented a study of the geometric evolution of PSS
during an anisotropic wet etching step [26–28]. The c-plane
substrate was pre-patterned to fabricate an array of cones with
hexagonal symmetry (3.2 µm pitch). The base diameter of the
individual cones was 2.93 µm. The array served as the initial
topography which was etched with several mixtures of H2SO4

and H3PO4 at various temperatures. The etchant solutions
were referred to as MX-Y, where X-Y indicates a volume ratio
of H2SO4:H3PO4 = X:Y. The topography was characterized
with SEM and AFM. The several crystal facets that appeared
during the etching process were identified and their Miller–
Bravais indices were determined. The evolution of topography
was documented for a plethora of etch times, with one example
shown in figure 4 (originally published in [27]). Addition-
ally, high activation energies of the etching reaction were con-
firmed, indicating reaction-limited reactions [26–28].

The reaction-limited nature of the etching process motiv-
ates our main modeling assumption: The etch rate depends
only on the crystal facets locally exposed to the etchant. There-
fore, an etch rate distribution V(⃗n) can be defined and is
valid for a processing temperature T and an etchant mix-
ture MX-Y. However, for the various processing conditions
only three to four reliably identifiable crystal facets appearing
during the etching process were characterized. Nevertheless,

4 This ensures that the fundamental domain is fully covered with triangles,
which is necessary to perform trilinear interpolation for every point in the
fundamental domain.
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Figure 4. SEM images of the topography of sapphire during wet etching employing H2SO4:H3PO4 = 3:1 at 503 K, as published by Shen
et al [27] (figure 2) under Creative Commons Attribution 4.0 License (http://creativecommons.org/licenses/by/4.0/).

the geometric features during the evolution of the topography
enable the reconstruction of V(⃗n) with high accuracy, as
presented in the following section.

3.2. Constructing the etch rate distribution

Figure 4 shows SEM images of the typical topographical evol-
ution of the PSS during wet etching. Starting with the initial
cone shape (S0), a crystal facet S1 with very high etch rates
immediately emerges near the apex (a). After 8 min a slower
etching facet S3 can be observed at the base. As etching pro-
ceeds, S3 fully replaces S1 (d). However, there is another facet
S4 emerging at the top of the structure, eventually dominat-
ing (f) before the entire initial topography is etched away. All
experiments presented by Shen et al show a similar sequence
of facets appearing at the apex and the base, until the c-plane
wafer surface becomes predominant again.

We can use the information of the topographical evolu-
tion to predict structural properties of the etch rate distribution
V(⃗n). In particular, the local convexity of the topography is
significant. Figure 5 shows an illustration of the cross-section
of the experiment for several etch times. The cone’s apex loc-
ally constitutes a convex region, whereas the base forms a
concave region. In a convex region the rapidly etching facets
(‘fast planes’) dominate the topography evolution and in a con-
cave region the slowly etching facets (‘slow planes’) define
the geometry [42]. Equivalent geometric properties have been

Figure 5. Illustration of the etch profile evolution for a highly
anisotropic etching process. In locally convex regions fast etching
planes dominate, whereas in locally concave regions slowly etching
planes remain and become observable.

studied in the context of kinetically-limited anisotropic crys-
tal growth [43]. We can thus deduce that facets appearing in a
convex region are etched faster than all neighboring facets with

5

https://creativecommons.org/licenses/by/4.0/ 


Semicond. Sci. Technol. 36 (2021) 045016 A Toifl et al

similar Miller indices. V(⃗n) has necessarily a local maximum
at the corresponding direction. Analogously, a facet appearing
in concave region requires V(⃗n) to have a local minimum at
this facet’s normal vector n⃗. Therefore, the etch rates of facets
S1 and S4 constitute local maxima in V(⃗n), while facet S3 is a
local minimum (see figure 3). The incorporation of this struc-
tural information greatly facilitates the calibration process of
the etching model n⃗ and enables high-quality initial guesses of
etch rates for crystal facets, even if the exact rate has not been
determined.

4. Results and discussion

In this section, we employ our modeling approach to simulate
and analyze the sapphire topography evolution investigated in
the experiments presented by Shen et al [26–28]. This set of
SEM images and AFM data has been chosen since all experi-
mental results originate from the same setup. Additionally, the
data set features a broad range of etchant mixtures, etch tem-
peratures, and times. Our approach has been implemented into
the TCAD process simulator Silvaco Victory Process [44] and
the etching simulation presented here is based on the Stencil
Lax-Friedrichs method [20] which enables numerically stable
simulations of strongly anisotropic processes. Furthermore,
in order to focus on the wet etching step, we have set up
the pre-patterned cones based on the AFM data presented by
Shen et al [26].

Due to the reaction-limited nature of the wet etching pro-
cess we employ an etch rate distribution V(⃗n), valid for a cer-
tain process temperature T and etchant mixture of H2SO4 and
H3PO4. Additionally, we assume stable process conditions
such that V(⃗n) does not change over time. In the following
sections, we present the calibration and validation procedure
for V(⃗n) (section 4.1) and discuss the results of our simulation
study (section 4.2).

4.1. Model calibration and verification

In the first step, the basic properties of V(⃗n) are determined
by following the approach described in section 3.2. Here, the
crystal directions n⃗ which constitute the local extrema of V(⃗n)
are identified using the experimental facet characterization by
Shen et al In particular, theMiller–Bravais indices of the emer-
ging crystal facets (S1, S3, S4, S5, and S6) have been determ-
ined by Shen et al and serve as the foundation for our model.
The Miller–Bravais indices (i j k l) of a facet are converted to
the Cartesian representation of the facet normal vector [45]:

n⃗= ha⃗1 + k a⃗2 +(−h− k) a⃗3 +
3
2
a2

c2
l c⃗, |⃗a{1,2,3}|= a,

|⃗c|= c, (3)

where we assume the lattice constant ratio c/a as
12.991 Å/4.785 Å. a⃗1, a⃗2, and a⃗3 reside within the c-plane
and c⃗ is perpendicular to the c-plane. Additionally, the tri-
gonal symmetry is incorporated by employing the approach
discussed in section 2.1. In the second step, V(⃗n) is fine-tuned

Table 1. Summary of etch rate experiments conducted by Shen
et al [26–28], which are the reference experiments for the
calibration of our model. The symbol × denotes that Shen et al have
presented SEM images and the symbol ⃝ indicates that a set of
AFM profiles consisting of multiple etch times is available.

Temperature (K)

Etchant 473 503 523 543

M5-1 × × × ×
M3-1 ×⃝
M1-1 ×
M1-3 ×
M0-1 × × × ×

by calibrating the free model parameters (see also section 2.2)
with respect to AFM data and SEM images presented by Shen
et al [26–28]. Table 1 visualizes all combinations of process
temperatures and etchant mixtures (referred to as etching
experiments in the following) which have been investigated
by Shen et al. While SEM images are available for eleven
etching experiments, a set of AFM profiles consisting of mul-
tiple etch times is only presented for M3-1 at 503 K. For all
etching experiments, multiple SEM images are provided for
several etch times. Thus, the calibration target is to achieve
the best possible visual congruence between the simulation
result and the SEM images for all available etch times. Addi-
tionally, we analyze the local surface normals of our level-
set topography description to confirm the emergence of the
correct crystal facets in our simulations. Importantly, since
the SEM images show the topography from a top view, the
etch rate of the c-plane substrate cannot be unambiguously
determined. We, therefore, use the experimentally measured
c-plane etch rates [27] as a reference in order to ensure that
in our model the c-plane etches with the correct rate. The
c-plane etch rates have been measured by Shen et al with
high accuracy using the technique of masked plane sapphire
substrates [27].

We demonstrate and validate the calibration procedure
with the etching experiment M3-1 at 503 K. In the exper-
iments, Shen et al have characterized three crystal facets:
S1 {1105}, S3 {45138}, S4 {11012}. Based on the topo-
graphical information, as discussed in section 3.2, we deduce
that V(⃗n) necessarily needs to have a local minimum along
S3 and local maxima along S1 and S4. The experimentally
observed topography evolution (figure 4) shows the imme-
diate formation of S1. This implies that the etch rate of S1
(R1) is greater than or equal to the etch rate of S4 (R4),
because otherwise S4 would emerge near the top of the cone.
With these boundary conditions, we calibrate the model para-
meters based on the congruence of SEM image and sim-
ulation results. The resulting parameters for the calibrated
model are shown in table 2. We achieved the best congru-
ence for the entire etch profile evolution by broadening the
maximum along S1. In particular, the broadening is essen-
tial for the formation of the subsequently appearing facet S3.
In the experimental study by Xing et al [7] broadened max-
ima have been reported for etchants M1-1 and M3-1 as well
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Table 2. Model parameters for etchant mixtures M3-1, M1-1, and M1-3. The columns refer to the directions which are used in the
parametrization equation (2) and also include the isotropic component V0.

M3-1 T = 503 K Directions

C S1, L1 S3 S4 S5 V0

Weights ω 200 100 60 100 100
Etch rates R (nmmin−1) 24 59 36 57 39 8

M1-1 T = 503 K Directions

C S1, L1 S3 S4 S5 V0

Weights ω 200 100 60 100 100
Etch rates R (nmmin−1) 18 60 37 52 36 7

M1-3 T = 503 K Directions

C S1, L1 S3 S4 S5 V0

Weights ω 200 100 60 100 100
Etch rates R (nmmin−1) 16 62 39 51.5 34 8

Figure 6. Comparison of the SEM images (top) with the simulation results (bottom) for different etch times and etchant mixtures. (a) M3-1
at 503 K, (b) M1-1 at 503 K, (c) M1-3 at 503 K. Similar comparisons are provided for all available etch times and temperatures as
supplemental material (available online at stacks.iop.org/SST/36/045016/mmedia). The SEM images were published by Shen
et al [27] (figures 2, 5 and 6) under Creative Commons Attribution 4.0 License (http://creativecommons.org/licenses/by/4.0/).

at the slightly different etching temperature of 509 K. Thus
confirming that the broadening is an essential physical effect
which needs to be reflected in our models. In order to com-
ply with our objective to keep the model complexity at a min-
imum, the broadening is implemented by incorporating only

one additional direction L1 which corresponds to a {45122}
facet. The associated etch rate is set to RL1 = R1, i.e. no
additional rate parameter is introduced. The contributions of
the two terms corresponding to S1 and L1 in equation (2)
superposeto create the broadened maximum shown in the
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Figure 7. Comparison of AFM data [26] and simulation results for
the etchant M3-1 at 503 K. On the left half of the illustrated cone
profile the crystal facets S1, S3, and S4 can be observed, while the
right half outlines ridges of the topography where two
crystallographically equivalent topography zones coincide.

visualization of V(⃗n) in figure 3. Furthermore, we include a
direction corresponding to S5 {11037}, which is a facet that
has been characterized by Shen et al for M5-1 experiments
and ensures that the c-direction [0001] constitutes a local min-
imum. This is motivated by the fact that all other facets are
eventually etched away and the c-plane remains. Additionally,
the inclusion of S5 is again consistent with the characterization
presented in [7].

The resulting etching simulations for etchant mixture M3-
1 are compared with SEM images in figure 6(a), indicat-
ing congruence over the entire range of available etch times
4–28 min). In order to validate the modeling approach, we
consider the two-dimensional etch profiles of the PSS along[
1100

]
(see figure 7). Good agreement of the simulated pro-

files with the experimental observations is demonstrated. Con-
sequently, we conclude that optimization of visual congru-
ence and incorporating the experimental values for RC results
in suitable expressions for V(⃗n). We thus repeat the calibra-
tion procedure to construct V(⃗n) for etchant mixtures M1-1
and M1-3 at 503 K. The corresponding parameters and sim-
ulation results are presented in table 2, and figures 6(b) and
(c), respectively. Most importantly, the resulting models are
characterized by the same set of directions and the exact same
values for the weights ωi.

The etch experiments for M0-1 and M5-1 are particularly
interesting, because Shen et al have presented SEM images
for several temperatures (473, 503, 523, and 543 K). The
experiments exhibit a structural difference between the H3PO4

solution (M0-1) and the mixture M5-1 [28]. The former res-
ults in the formation of a facet S6 {1108} instead of S3,
whereas the latter exhibits a topography evolution which is
similar to the etchants discussed above. For the H3PO4 solu-
tion, S4 facets have not been observed for any of the invest-
igated temperatures. By resorting to the topography evolution

argument, we conclude that the corresponding R6 constitutes
a local minimum, where the R6 is only slightly smaller than
the local maximum R4. As a result, S6 is etched away before
S4 evolves from the convex top of the structure. Based on this
premise, the calibrations result in high accuracy models with
parameters summarized in table 3 and topography comparis-
ons depicted in figures 8(a) and (b).

With V(⃗n) calibrated for four different temperatures, we
investigate the temperature dependence of the model etch
rates Ri and the isotropic component V0. Figure 9 shows the
etch rate distributions and the etch rates in a semi-logarithmic
Arrhenius plot. First, we achieved accurate results by using
the same set of weights ωi for all temperatures. This indic-
ates that there is a fundamental temperature-independent form
V(⃗n). Second, the M5-1 model is characterized by the same
ωi as the M3-1, M1-1, and M1-3 models. Third, the etch rates
of M0-1 and M5-1 exhibit a temperature dependence that is
properly captured by an Arrhenius law

R= Aexp

(
− Ea

kBT

)
, (4)

where R is the etch rate (also including the isotropic compon-
ent V0), A is a pre-exponential coefficient, Ea is the activation
energy in eV, kB is the Boltzmann constant, and T is the etch-
ing temperature. The Arrhenius plots depicted in figures 9(b)
and (d), respectively, show that all Ri and V0 follow an
Arrhenius law. The pre-exponential coefficients and activation
energies are determined employing standard Arrhenius law fit-
ting and the resulting values are given in table 3.

4.2. Discussion

We assembled continuum sapphire etchingmodels for all etch-
ing experiments indicated in table 1 by employing the cal-
ibration procedure presented in the previous section. In this
section, we examine the temperature dependence and discuss
the applicability of our models.

The etch rates ofmixturesM0-1 andM5-1 are characterized
by high activation energies Ea > 0.85 eV in the temperat-
ure range [473, 543 K]. This is consistent with the assump-
tion of reaction-limited etching and solidifies the modeling
approach with a crystal orientation-dependent etch rate dis-
tribution V(⃗n). As evident from figure 9, the etch rate values
of the defining crystal directions S1, S3, etc are all in the same
order of magnitude (for constant temperature). At the same
time the etch rate distribution is complex, due to the mul-
tiple local extrema. Additionally, the defining crystal direc-
tions all reside in a section that is smaller than a quarter of
the fundamental domain (see figure 1). As a consequence, the
evolving crystal facets have similar Miller–Bravais indices,
which contributes to the intricate etch anisotropy of sapphire.
The determined Arrhenius parameters for all etch rates enable
high-quality etching models for etchants M0-1 and M5-1 for
any temperature within [473, 543 K].

Furthermore, with the exception of the isotropic compon-
ent V0, the activation energies of the defining crystal rates are
differing less than 10%. Due to the small difference, the order
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Table 3. Model parameters for etchant mixtures M0-1, and M5-1. The columns refer to the directions which are used in the parametrization
equation (2) and also include the isotropic component V0. The etch rates are modeled using the Arrhenius law equation (4) with parameters
A and Ea.

M0-1 Directions

C S1 S4 S5 S6 V0

Weights ω 200 100 100 100 100
A (nmmin−1) 5.296× 1010 4.897× 1010 6.953× 1010 1.407× 1010 8.894× 1010 3.236× 1011

Ea (eV) 0.962 0.882 0.909 0.862 0.923 1.054

M5-1 Directions

C S1, L1 S3 S4 S5 V0

Weights ω 200 100 60 100 100
A (nmmin−1) 1.667× 1011 7.551× 1011 5.378× 1011 6.444× 1011 9.042× 1011 5.444× 1012

Ea (eV) 0.974 1.018 1.021 1.011 1.039 1.152

Figure 8. Comparison of SEM images (top) with the simulation results (bottom) for different etch times and etchant mixtures. (a) M0-1 at
503 and 543 K, (b) M5-1 at 473 and 523 K. Similar comparisons are provided for all available etch times and temperatures as supplemental
material. The SEM images were published by Shen et al [28] (figures 1, 3 and 7) and [27] (figure 7) under Creative Commons Attribution
4.0 License (http://creativecommons.org/licenses/by/4.0/).

of appearing and disappearing crystal facets remains the same
for different temperatures. Accordingly, our model does not
show intersections of the Arrhenius line in temperature range
[473, 543 K]. However, in the case of M5-1, extrapolation
below 473 suggests a crossing of etch rates, which implies a
reordering of etch rate values and, consequently, affects the

local extrema. Based on the discussion in section 3.2, the local
extrema strongly impact the topography evolution. Thus, it is
beneficial to identify these crossing points which is now pos-
sible with our model.

The details of the presented models (i.e. crystal facets,
trigonal symmetry, etch rates and weight coefficients)

9
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Figure 9. Schematic illustration of the etch rates are along a path illustrated in the inset for etchant mixture (a) M0-1 and (c) M5-1. The
etch rates follow Arrhenius law equation (4) and are depicted on a semi-logarithmic scale for etchant mixture (b) M0-1 and (d) M5-1.

are specific for sapphire and the corresponding mixture
M0-1 or M5-1. However, the general methodology consist-
ing of identifying characteristic crystal directions, deducing
information from considering the convexity and employ-
ing parametrization equation (2) can also be transferred to
reaction-limited wet etching of other materials. If a substrate
material with a different crystal structure is considered, the
details of the algorithm reduction to the fundamental domain
have to be adapted to account for the applicable crystal sym-
metry. If wet etching of sapphire with other etchants is con-
sidered, the set of crystal facets and the corresponding model
coefficients are potentially different (see table 3), but the gen-
eral methodology of sections 2 and 3 can also be applied in
this case.

As has been shown, the topographies resulting from an
etching process not only depend on the properties of the
etchant, but also on the initial topography configuration (e.g.
initial cone structures or presence of etching masks). Cal-
ibrated continuous etch rate distribution functions V(⃗n) are
advantageous from an engineering point of view, because
they can be directly incorporated into the level-set method,

ultimately enabling the investigation of the resulting etching
profiles as a function of etch mixture, time, temperature, and
initial sapphire and etching mask topographies. Furthermore,
the geometry-based modeling approach allows for optimiza-
tion of the device structures which are based on PSS. In partic-
ular, the impact of the three-dimensional sapphire topography
on the LEE of GaN-based LEDs can be investigated.

5. Summary

We presented an accurate continuum modeling approach for
wet etching of sapphire, which considers the intricate aniso-
tropy of sapphire. Our approach enables the construction of
etch rate distribution models when only a limited number
of etch rates for specific crystal directions is available. This
is achieved by integrating basic topographical observations
of crystal facets emerging in locally convex and concave
regions of the substrate. The applicability of the approach
has been demonstrated by predicting the evolution of the
three-dimensional etch profiles for a PSS etching experiment

10
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presented by Shen et al [26–28]. Our modeling of the etch rate
distribution enables high-accuracy simulation results, where
the emerging and disappearing crystal facets show a good fit
with the experimental observations for several etchant mix-
tures and temperatures. Notably, the model features distinct
minima and maxima in the etch rate distribution, which are
consistent with recently published experimental characteriz-
ations [7]. Furthermore, we have determined Arrhenius laws
for the etch rates of the etchant mixture H2SO4:H3PO4 = 5:1
and H3PO4 solution. Thus, our model enables the prediction
of the etch rate magnitude for the topography-defining crys-
tal facets in a range of etching temperatures. The continuum
model presented in this work enables TCAD-based optimiz-
ation of PSSs, being particularly important for tuning LED
design and fabrication workflows with respect to the required
three-dimensional final geometry, etchant mixture, etch time,
and temperature.
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