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Abstract

Scaling spin-transfer torque magnetoresistive random access memory (STT-MRAM)
to sub-20nm dimensions poses major challenges for thermal stability, switching
reliability, and energy efficiency. As devices shrink, the macro-spin approximation
breaks down, requiring a rigorous treatment of non-uniform magnetization dynamics
and transport phenomena. This thesis presents a computational framework for
modeling and optimizing ultra-scaled, multi-layered magnetoresistive random access
memory (MRAM) devices.

First, a three-dimensional micromagnetic solver based on finite element method
(FEM) is developed. To address the computationally expensive demagnetization field
in complex geometries, a hybrid finite element-boundary element method (FE-BEM) is
used. Numerical stiffness from the exchange interaction is handled by a tangent-plane
time integration scheme, which reformulates the nonlinear Landau-Lifshitz—Gilbert
equation as a linear saddle-point problem. This approach is benchmarked against
adaptive higher-order backward differentiation formula (BDF) and implicit-explicit
(IMEX) methods, demonstrating superior stability and efficiency for the stiff dynamics
of ultra-scaled magnetic elements.

Central to this work is the extension of the micromagnetic framework to include a
coupled spin and charge drift-diffusion formalism. Unlike standard models that assume
continuity of spin currents, this work derives and implements specialized boundary
conditions. These are used to rigorously describe spin filtering across magnesium oxide
(MgO) tunnel barriers and spin dephasing at metallic interfaces. Furthermore, a novel
numerical approach for interlayer exchange coupling (IEC) is introduced. This leverages
an interface-mapping algorithm to efficiently simulate synthetic antiferromagnet (SAF)
without the prohibitive computational cost of volumetric meshing of angstrom-scale
spacers.

Applying this unified solver reveals that reliability issues in ultra-scaled devices,
such as back-hopping, are deterministic consequences of the inter-segment torque
hierarchy within composite free layers. They are not stochastic thermal effects.
Crucially, this thesis demonstrates that by engineering the relative tunnel barrier
polarizations and free layer geometry, this instability can be either suppressed for
reliable binary switching or deliberately exploited. This allows realization of multi-
level cell (MLC) capable of storing multiple bits per physical cell through distinct
intermediate magnetization configurations. Additionally, double-spin torque magnetic
tunnel junction (ds-MTJ) architectures are investigated. In these, the cooperation
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between giant magnetoresistance (GMR) and tunneling magnetoresistance (TMR)
torques enables sub-nanosecond switching. When IEC is introduced in advanced multi-
layer stacks, it emerges as a unifying design parameter. Specific coupling windows
govern the stability of the SAF-enhanced reference layer. Hybrid free layers with
metallic spacers exploit the spacer material’s spin-flip length to enhance switching
speed. The joint optimization of spacer material and thickness determines write
efficiency.
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Kurzfassung

Die Skalierung von Spin-Transfer Torque Magnetoresistive Random Access Memory
(STT-MRAM) in den Sub-20 nm-Bereich bringt tiefgreifende Herausforderungen hin-
sichtlich thermischer Stabilitat, Schaltzuverlassigkeit und Energieeffizienz mit sich.
Mit schrumpfenden Bauteilabmessungen wird die Makro-Spin-Néherung unzureichend,
was eine rigorose Behandlung der raumlich nicht-uniformen Magnetisierungsdynamik
und Transportphéanomene erfordert. Diese Arbeit prasentiert ein umfassendes compu-
tergestiitztes Framework fiir die Modellierung und Optimierung von ultra-skalierten,
mehrschichtigen MRAM-Bauteilen.

Zunéchst wird ein dreidimensionaler mikromagnetischer Loser basierend auf der
Finiten-Elemente-Methode (FEM) entwickelt. Um das rechenintensive Entmagnetisie-
rungsfeld in komplexen Geometrien aufzulésen, wird eine hybride Finite-Elemente-
Randelemente-Methode (FE-BEM) eingesetzt. Der numerischen Steifheit, die der Aus-
tauschwechselwirkung inhérent ist, wird durch die Implementierung eines Tangential-
ebenen-Zeitintegrationsschemas begegnet, welches die nichtlineare Landau—Lifshitz—
Gilbert Gleichung als lineares Sattelpunktproblem neu formuliert. Dieser Ansatz
wird gegen adaptive Backward Differentiation Formulas (BDF) hoherer Ordnung und
implizit-explizite (IMEX) Methoden verglichen und zeigt iiberlegene Stabilitdt und
Effizienz fiir die steife Dynamik ultra-skalierter magnetischer Elemente.

Im Zentrum dieser Arbeit steht die Erweiterung des mikromagnetischen Frame-
works um einen gekoppelten Spin- und Ladungs-Drift-Diffusions-Formalismus. Anders
als Standardmodelle, die eine Kontinuitdt der Spinstrome annehmen, leitet diese
Arbeit spezialisierte Randbedingungen her und implementiert diese, um die Spinfil-
terung durch Magnesiumoxid (MgO)-Tunnelbarrieren und die Spindephasierung an
metallischen Grenzflachen rigoros zu beschreiben. Dariiber hinaus wird eine neuartige
numerische Behandlung der Interlayer Exchange Coupling (IEC) eingefiihrt, die einen
Algorithmus zur Grenzflichenabbildung nutzt. Dies ermdglicht die effiziente Simulation
von Synthetic Antiferromagnets (SAF) ohne den prohibitiven Rechenaufwand einer
volumetrischen Vernetzung von Abstandshaltern im Angstrém-Bereich.

Die Anwendung dieses vereinheitlichten Losers zeigt, dass Zuverlassigkeitsprobleme
in ultra-skalierten Bauteilen, wie etwa das ,Back-Hopping", deterministische Kon-
sequenzen der Inter-Segment-Torque-Hierarchie innerhalb zusammengesetzter freier
Schichten sind und nicht auf stochastische thermische Effekte zuriickzufiihren sind.
Entscheidend ist der Nachweis, dass diese Instabilitdt durch gezielte Abstimmung
der relativen Tunnelbarrieren-Polarisationen und der Geometrie der freien Schicht
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entweder fiir zuverléssiges bindres Schalten unterdriickt oder gezielt ausgenutzt werden
kann, um Multi-Level Cells (MLC) zu realisieren, die tiber unterschiedliche interme-
didre Magnetisierungskonfigurationen mehrere Bits pro physischer Zelle speichern
konnen. Zusétzlich werden Double Spin-Torque (dsMTJ)-Architekturen untersucht,
bei denen die Synergie zwischen Giant Magnetoresistance (GMR) und Tunneling Ma-
gnetoresistance (TMR) Torques ein Schalten im Sub-Nanosekundenbereich erméglicht.
Wird Interlayer Exchange Coupling (IEC) in fortgeschrittenen Mehrschichtstrukturen
eingefiihrt, erweist es sich als vereinheitlichender Designparameter: Spezifische Kopp-
lungsfenster bestimmen die Stabilitdt SAF-verstéarkter Referenzschichten, hybride freie
Schichten mit metallischen Spacern nutzen die Spin-Flip-Léange des Spacer-Materials
zur Verbesserung der Schaltgeschwindigkeit, und die gemeinsame Optimierung von
Spacer-Material und -Dicke bestimmt die Schreibeffizienz.
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Sazetak

Skaliranje Spin-Transfer Torque Magnetoresistive Random Access Memory (STT-
MRAM) u podruéje ispod 20 nm donosi duboke izazove u pogledu termalne stabilnosti,
pouzdanosti prebacivanja i energetske ucinkovitosti. Kako se dimenzije uredaja
smanjuju, aproksimacija makro-spina postaje nedostatna, sto zahtijeva rigorozan
tretman prostorno neuniformne dinamike magnetizacije i transportnih fenomena. Ova
disertacija predstavlja sveobuhvatan rac¢unalni okvir za modeliranje i optimizaciju
ultra-skaliranih, viseslojnih MRAM uredaja.

Prvo, razvijen je trodimenzionalni mikromagnetski rjesavac¢ temeljen na metodi
kona¢nih elemenata (FEM). Za rjeSavanje racunalno zahtjevnog polja demagnetizacije
u slozenim geometrijama koristi se hibridna metoda konac¢nih elemenata i rubnih
elemenata (FE-BEM). Numericka krutost svojstvena interakciji izmjene rjesava se
implementacijom sheme vremenske integracije u tangentnoj ravnini, koja reformulira
nelinearnu Landau-Lifshitz—Gilbertovu jednadzbu kao linearni problem sedlaste tocke.
Ovaj pristup usporeden je s adaptivnim formulama diferencijacije unatrag (BDF) viSeg
reda i implicitno-eksplicitnim (IMEX) metodama, pokazujuci superiornu stabilnost i
ucinkovitost za krutu dinamiku ultra-skaliranih magnetskih elemenata.

Sredisnji dio ovog rada je prosSirenje mikromagnetskog okvira ukljuc¢ivanjem spreg-
nutog formalizma drifta i difuzije spina i naboja. Za razliku od standardnih modela
koji pretpostavljaju kontinuitet spinskih struja, ovaj rad izvodi i implementira spe-
cijalizirane rubne uvjete za rigorozan opis filtriranja spina kroz tunelske barijere od
magnezijevog oksida (MgO) i defaziranja spina na metalnim suceljima. Nadalje, uveden
je novi numericki tretman za Interlayer Exchange Coupling (IEC), koristeci algoritam
mapiranja sucelja koji omogucuje uc¢inkovitu simulaciju sintetickih antiferomagneta
(SAF) bez prohibitivnog racunalnog troska volumetrijskog umrezavanja razmacnika
na razini angstrema.

Primjena ovog objedinjenog rjesavaca otkriva da su problemi pouzdanosti u ultra-
skaliranim uredajima, poput ,back-hoppinga", deterministicke posljedice hijerarhije
inter-segmentnih momenata unutar kompozitnih slobodnih slojeva, a ne stohastickih
termalnih efekata. Klju¢no je da ova teza pokazuje kako se preciznim podesavanjem
relativnih polarizacija tunelskih barijera i geometrije slobodnog sloja ova nestabilnost
moze ili potisnuti za pouzdano binarno prebacivanje ili ciljano iskoristiti za realiza-
ciju vigerazinskih ¢éelija (MLC) sposobnih za pohranu vise bitova po fizickoj celiji
putem razli¢itih intermedijarnih konfiguracija magnetizacije. Dodatno, istrazene su
arhitekture Double Spin-Torque (dsMTJ), gdje sinergija izmedu momenata divovskog
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magnetootpora (GMR) i tunelskog magnetootpora (TMR) omogucuje prebacivanje
ispod jedne nanosekunde. Kada se Interlayer Exchange Coupling (IEC) uvede u
napredne viseslojne strukture, on postaje objedinjujuci projektni parametar: speci-
ficni prozori vezanja odreduju stabilnost SAF-pojac¢anih referentnih slojeva, hibridni
slobodni slojevi s metalnim razmacnicima iskoristavaju duljinu spin-flipa materijala
razmacnika za poboljSanje brzine prebacivanja, a zajednicka optimizacija materijala i
debljine razmacnika odreduje uc¢inkovitost zapisivanja.
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Introduction 1

The relentless demand for faster, smaller, and more energy-efficient digital storage
and processing technologies continues to drive advances in spintronics. This field uses
electron spin rather than its charge for information storage and manipulation. This
need has been further intensified by the rise of big data and artificial intelligence,
which require rapid data writing, high-density storage, and reduced energy consump-
tion [1]. In particular, the ability to store information reliably and access it quickly
while minimizing power usage has become critical for both embedded and large-scale
computing systems.

Since the invention of the transistor |2, 3], several breakthroughs have shaped
the evolution of computing and memory systems. Among these, the introduction
of complementary metal oxide semiconductor (CMOS) technology more than 50
years ago [4] enabled the transition from magnetic-core memories [5]| to charge-based
transistor memories like static and dynamic random access memory (RAM). Flash
memory further extended the capabilities of non-volatile storage. These developments
led to the establishment of a hierarchical memory system, where each level is optimized
for speed, power, cost, and location (see Figure 1.1).

However, the scaling of silicon CMOS is approaching its physical and economic
limits [6,7]. As energy efficiency becomes a key constraint, particularly for mobile,
wearable, and edge computing devices, alternative technologies are under active explo-
ration. A crucial characteristic for energy saving is non-volatility: the ability to retain
data even when power is off. This is especially important in devices that remain idle
for extended periods, as well as in high-performance systems such as supercomputers
and data centers, where improving energy efficiency without compromising speed or
endurance is essential.

Several types of non-volatile memory (NVM) technologies have been proposed,
including variants of RAM such as resistive RAM (RRAM) [8], ferroelectric RAM
(FeRAM) [9], phase-change RAM (PCRAM) [10], and magnetoresistive random access
memory (MRAM). Each offers a unique balance of speed, endurance, scalability, and
energy efficiency, but also faces distinct challenges. Among these, MRAM has emerged
as a particularly promising candidate [11,12,13] due to its non-volatility, fast operation,
and excellent endurance.

Unlike conventional charge-based memories, MRAM exploits the quantum-mechan-
ical degree of freedom associated with electron spin. The core storage element is the
MTJ, which consists of a thin insulating barrier, typically magnesium oxide (MgO),
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Figure 1.1: Schematics of different existing memory types (gray pyramid) and prospec-
tive spintronic technologies based on magnetic tunnel junctions (MTJs) that could
replace them (colored pyramid). L1-L4 denote various cache levels; static random
access memory (SRAM) and dynamic random access memory (DRAM) represent
static and dynamic random-access memory, respectively; and hard-disk drive (HDD)
represents magnetic hard disk drives. Mechanisms for writing bit information in MTJ
devices include the Oersted field, spin-orbit torque magnetoresistive random access
memory (SOT-MRAM), spin-transfer torque magnetoresistive random access memory
(STT-MRAM), and domain-wall (DW) motion.

sandwiched between two ferromagnetic layers, such as cobalt iron boron (CoFeB). One
layer has a fixed magnetization and serves as a reference, while the other (the free
layer) can switch its magnetization direction. Binary information is encoded in the
relative alignment of these magnetizations: the parallel (P) configuration results in
low resistance, and the anti-parallel (AP) configuration yields high resistance. This
difference, known as the tunneling magnetoresistance (TMR) effect |14, 15,16, 17],
enables simple, reliable electrical readout of the stored bit.

Early generations of MRAM relied on magnetic fields for data writing, in Stoner-
Wohlfarth magnetoresistive random access memory (SW-MRAM), for instance, cur-
rents driven through orthogonal lines produced Oersted fields that switched the
magnetization of the free layer. While functional, this method faced limitations in
scalability and write selectivity. Toggle MRAM enhanced stability and improved write
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margins, yet it remained dependent on external fields, making large-scale integration
into standard semiconductor processes challenging.

A major leap was the development of STT-MRAM [18,19,20]. In STT-MRAM, a
spin-polarized current is passed directly through the MTJ, allowing the magnetization
of the free layer to be switched without external magnetic fields. This simplified the
cell architecture and improved scalability. STT-MRAM also features fast switching
and endurance on par with SRAM or DRAM [21]. However, its shared read/write
current paths lead to tunnel barrier wear and write disturbances, particularly at high
operating frequencies. Despite this, refined device designs have demonstrated pulse
switching as short as 0.3 ns [22], highlighting its potential for ultra-fast operation.

MRAM is therefore positioned to function both as an embedded memory technology
and as a candidate for universal memory. It offers a unique balance of speed, non-
volatility, low power, and endurance, and can complement or replace other memory
types across various levels of the memory hierarchy. As illustrated in Figure 1.1,
MTJ-based MRAM can be deployed from last-level cache to system memory, bridging
the gap between volatile and non-volatile storage in conventional architectures, and
even enabling in-memory computing [23,24].

The success of MRAM has been driven in part by material innovations. The
CoFeB/MgO/CoFeB system, owing to its high TMR [25,26] and interfacial perpendic-
ular magnetic anisotropy (PMA) [27,28], has become a standard for MTJ design. It
enables efficient switching, strong thermal stability, and excellent scalability, which
are critical for both embedded and high-density applications.

Complementing experimental developments, the rapid progress in MRAM has
been supported by advanced computational modeling. Simulation tools are essen-
tial for designing and optimizing devices with high efficiency and reliability. The
Landau—Lifshitz—Gilbert (LLG) equation, extended with spin-transfer torque terms,
provides the theoretical foundation for modeling magnetization dynamics in MTJs.
Standard numerical methods include the finite difference method (FDM), known
for parallelization efficiency, and the finite element method (FEM), which excels at
handling complex geometries and material boundaries [29,30].

As device dimensions shrink to the sub-20 nm regime, the assumptions underlying
simple macro-spin models break down [31]. Nonuniform current distributions arise from
the angle-dependent tunneling conductance of the MgO barrier, leading to spatially
varying spin torques that spatially averaged treatments cannot capture. Composite
free layers introduce additional interfaces whose spin-filtering and spin-dephasing
properties must be modeled explicitly [32]. Moreover, the increasing adoption of
synthetic antiferromagnet (SAF) structures and interlayer exchange coupling (IEC)-
mediated multilayers |33, 34| demands numerical frameworks capable of resolving
the coupling across ultrathin nonmagnetic spacers without resorting to prohibitively
fine volumetric meshes. Addressing these challenges requires a unified computational
approach that couples three-dimensional micromagnetic solvers with self-consistent
spin and charge transport models [35].

This thesis develops such a framework and applies it to investigate the switching
dynamics, reliability phenomena, and design optimization of next-generation STT-
MRAM devices. By combining a FEM-based micromagnetic solver with a coupled
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drift-diffusion transport formalism, the work provides physical insights into ultra-scaled
device behavior that are inaccessible to conventional macro-spin or one-dimensional
analytical models.

1.1 Outline of the Thesis

This thesis focuses on the development and application of advanced computational
techniques to analyze and optimize the behavior of modern STT-MRAM devices.
Specifically, it addresses the modeling of various torque contributions and their impact
on magnetization switching dynamics, leveraging simulation frameworks built on C++
libraries. The thesis is organized as follows.

Chapter 2 provides a concise overview of the evolution, current architectures, and
key operating principles of MRAM technologies, with particular emphasis on STT-
MRAM cells. The magnetoresistance phenomena underlying device readout, including
giant magnetoresistance (GMR) and TMR, are reviewed, and the physical mechanisms
governing thermal stability and spin-transfer torque switching are discussed.

Chapter 3 introduces the micromagnetic modeling framework employed to simulate
magnetization dynamics in spintronic devices. Central to this approach is the LLG
equation, whose derivation and physical interpretation are outlined in detail. The
chapter discusses the primary contributions to the effective magnetic field, including
exchange, anisotropy, demagnetization, IEC, and external fields. It presents simplified
expressions for spin-transfer torques (STTS) as they arise in both spin valve structures
and MTJs.

Chapter 4 presents two numerical methods for spatially discretizing the computa-
tional domain in magnetization dynamics simulations: the FDM and the FEM. The
chapter begins by introducing the principles underlying both approaches and illus-
trates how the effective magnetic field components are discretized. Special emphasis is
placed on the computation of current density redistribution in MTJs with nonuniform
magnetization, which significantly influences the spin-transfer torque. Furthermore,
the in-house FDM-based solver is discussed in detail, including its implementation of
the LLG equation.

Chapter 5 addresses the numerical time integration of the spatially discretized LLG
equation. The key challenges of stiffness, the unit-sphere constraint, and geometric
structure preservation are identified. Three classes of time-stepping schemes are
developed and compared: adaptive higher-order backward differentiation formula
(BDF) methods, implicit-explicit (IMEX) schemes that treat the exchange interaction
implicitly, and a tangent-plane formulation that recasts the nonlinear constrained
problem as a sequence of linear saddle-point systems. Verification is carried out using

the uMAG Standard Problem 4.
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Chapter 6 extends the micromagnetic framework to include a coupled spin and
charge drift-diffusion formalism for computing spin-transfer torques in ultra-scaled
MRAM cells. Specialized boundary conditions are derived to describe spin filtering
at MgO tunnel barriers and spin dephasing at metallic interfaces. A novel numerical
treatment of IEC is introduced via an interface-mapping algorithm, enabling efficient
simulation of SAF structures and composite free layers without volumetric meshing of
angstrom-scale spacers.

Chapter 7 applies the complete simulation framework to investigate three inter-
connected phenomena in next-generation STT-MRAM devices. First, the switching
dynamics in ultra-scaled cells with composite free layers are analyzed, revealing the
role of sequential switching and interface effects. Second, the back-hopping phe-
nomenon is shown to be a deterministic consequence of composite torque dynamics,
and its deliberate exploitation for multi-level cell (MLC) operation is demonstrated.
Third, advanced device architectures incorporating double spin-torque MTJs and
SAF-enhanced reference layers are systematically investigated, and quantitative design
thresholds for reliable operation are identified.

Chapter 8 summarizes the principal contributions of this work, presents the main
conclusions, and discusses directions for future research, including the advancement of
the numerical methods themselves toward higher-order finite elements, parallel-in-time
integration, and fully coupled space-time formulations.

1.2 Research Setting

The research described in this work was carried out as part of the Christian Doppler
Laboratory for Nonvolatile Magnetoresistive Memory and Logic (NOVOMEMLOG).
The Christian Doppler Association fosters collaboration between research institutions
and companies engaged in application-oriented basic research. In this laboratory, a
partnership was established between the Institute for Microelectronics at TU Wien
and Silvaco Inc.. This company develops and provides electronic device automation
and software tools for technology computer aided design (TCAD).
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Spin-Transfer Torque Magnetic 2
Random Access Memory

2.1 Introduction to Magnetoresistive Random Access
Memory

Magnetoresistive random access memory (MRAM) is a non-volatile memory technology
that stores binary information through the orientation of magnetic moments rather
than electrical charge [12|. Each memory cell typically consists of a magnetoresistive
element, either an magnetic tunnel junction (MTJ) or a spin valve, composed of two
ferromagnetic (FM) layers: a fixed reference layer (RL) and a switchable free layer (FL),
separated by a thin spacer layer. The electrical resistance of the cell depends on the
relative alignment of these magnetic layers: parallel (P) alignment yields low resistance,
while anti-parallel (AP) alignment results in high resistance [12,36]. These states
correspond to logic 0" and "1’. Data retention relies on an energy barrier provided
by magnetic anisotropy, whereas readout operations exploit magnetoresistive effects.
Write operations are predominantly performed using spin-transfer torque (STT), while
device designs incorporating synthetic antiferromagnet (SAF) structures are also
gaining interest. SAFs suppresses stray magnetic fields and dipolar coupling between
layers, thereby improving scalability and enabling denser cell integration. Moreover,
their intrinsic stability and reduced sensitivity to external perturbations enhance
device reliability, making them particularly suitable for large-scale complementary
metal oxide semiconductor (CMOS) integration [33,37].”

With advantages such as non-volatility, high endurance, rapid access times, and
compatibility with existing CMOS technologies, spin-transfer torque magnetoresistive
random access memory (STT-MRAM) is increasingly considered a promising can-
didate to replace traditional dynamic random access memory (DRAM) and static
random access memory (SRAM) in future memory systems [36,37,38|. This chapter
outlines the fundamental principles of MRAM, describes its historical progression, and
examines physical mechanisms, including magnetoresistance, thermal stability, and
STT switching |39, 40].
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8 Chapter 2. Spin-Transfer Torque Magnetic Random Access Memory

2.1.1 Historical Context

The development of random access memory began in the mid-20th century, initially
storing bits as electrically charged spots on cathode-ray tubes [41]. Magnetic memory
technologies significantly advanced in the 1950s with magnetic core memory, where
information was stored in the magnetization orientation of ferrite rings [42]. This
robust form of non-volatile memory was extensively employed until it was superseded
by semiconductor-based technologies such as DRAM and SRAM, offering superior
scalability, integration density, and ease of manufacturing [43].

Interest in magnetic memory resurged following the discovery of giant magnetoresis-
tance (GMR) in 1988, independently reported by Fert et al. [44] and Griinberg et al. [45].
GMR introduced substantial resistance variations based on the relative magnetization
alignment of multilayer structures, fundamentally altering magnetic storage readout
techniques and catalyzing the advent of spintronics [45, 46].

Further advancements were achieved through the discovery of tunneling magnetore-
sistance (TMR) in MTJs, which featured electron tunneling through insulating barriers.
Significant TMR effects were first observed in junctions involving aluminum oxide
barriers |47,48|. Later, crystalline magnesium oxide (MgO)-based MTJs significantly
enhanced TMR ratios, enabling practical and scalable MRAM technology [25,26,49,50].

Early MRAM devices required external magnetic fields for switching, which limited
scalability and device density. This limitation was overcome by introducing STT,
enabling purely electrical magnetization reversal within the MTJ. Since switching relies
only on charge currents delivered through standard access transistors and interconnects,
STT-MRAM is inherently compatible with conventional CMOS fabrication processes,
while also offering improved scalability and potential for faster switching [39,51,52].

Contemporary MRAM research continues to evolve, exploring innovations such as
perpendicular magnetic anisotropy (PMA), SAF, and interlayer exchange coupling
(IEC), promising further improvements in storage density, power efficiency, and
integration capability [53,54,55,56,57].

2.2 Magnetoresistance Phenomena

2.2.1 Giant Magnetoresistance

GMR is a quantum mechanical magnetoresistive effect observed in metallic multilayer
structures composed of alternating FMs layers separated by nonmagnetic conducting
spacers. The electrical resistance of such stacks depends on the relative alignment
of the magnetizations in the ferromagnetic layers. When the magnetizations are
aligned P, majority-spin electrons traverse the structure with minimal scattering,
resulting in lower resistance. In contrast, spin-dependent scattering increases in the
AP configuration, leading to higher resistance. This type of structure is commonly
referred to as a spin valve |58|.
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The magnitude of the effect is characterized by the GMR ratio, which can be
expressed in terms of resistance, resistivity, or conductivity:

Rap — R -
AP P _Pap—pp _ 0P 1, (2.1)

GMR =
Rp PP OAP

where Rp and Rap are the resistances in the P and AP states, p the respective
resistivities, and o the corresponding conductivities.

In the simplest model, electron transport occurs via two parallel spin channels,
spin-up and spin-down, each experiencing different scattering probabilities [59]. When
the magnetizations of adjacent FM layers are aligned, the majority-spin channel
experiences reduced scattering and can travel relatively unhindered, yielding low
resistance. In the AP configuration, both spin channels are subject to frequent
scattering events in at least one of the layers, resulting in higher resistance [15].

This spin-dependent scattering mechanism underpins the GMR effect, visually
summarized in Figure 2.1. The phenomenon was independently discovered in 1988 by
Fert et al. [44] and Griinberg [45], who demonstrated significant changes in resistance
in Fe/Cr and Fe/Cu multilayers, respectively. Their pioneering work earned Albert
Fert and Peter Griinberg the Nobel Prize in Physics in 2007.

The discovery of GMR sparked a revolution in spintronics and magnetic data
storage. It was rapidly adopted in hard disk drive read heads in the 1990s, dramatically
increasing areal storage density. The underlying principles later inspired magnetore-
sistive memory concepts such as GMR-based MRAM [60]|. Nevertheless, due to the
limited resistance contrast achievable with metallic multilayers, GMR spin valves were
eventually superseded by MTJ-based architectures that offer higher signal-to-noise
ratios and better scalability.

Anti-parallel (AP) Parallel (P)

FM1 NFM FM2 FM1 NFM FM2

Figure 2.1: Hlustration of spin-dependent electron scattering in a metallic multilayer
structure demonstrating the GMR effect. Red arrows represent spin-up electrons,
blue arrows denote spin-down electrons, and black arrows indicate the magnetization
direction. In the AP configuration (left), both spin channels experience greater
scattering, leading to higher resistance. In the P configuration (right), majority-spin
electrons encounter less scattering, resulting in lower resistance.
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2.2.2 Tunnel Magnetoresistance

TMR is a magnetoresistive phenomenon observed in MTJs, where a thin insulating
barrier, most commonly crystalline MgO, separates two FMs electrodes. The junction
resistance depends on the relative alignment of the magnetization in the ferromagnetic
layers, analogous to the GMR effect. In the P configuration, spin-polarized electrons
can tunnel more efficiently due to the matching density of states (DOS) at the Fermi
level in both layers, resulting in higher conductance and lower resistance. In contrast,
when the magnetization is AP, the spin states become misaligned, reducing the
tunneling probability and thus increasing the resistance.

TMR can be understood as the counterpart of the GMR effect, observed when
the metallic spacer layer in a spin valve is replaced with a thin insulating tunnel
barrier, forming an MTJ. The phenomenon was initially discovered by Julliére in 1975
using Fe/GeOy /Co junctions, where a conductance change of approximately 14 % was
observed at 4.2 K [14]. Due to its limited magnitude, the effect initially attracted little
attention. However, after the discovery of GMR, TMR was revisited, and significantly
stronger effects (10-20 % at room-temperature) were soon reported using amorphous
Al,O3 barriers between Co or CoFe ferromagnetic layers [48,61]|. For comparison,
modern MTJs based on ferromagnets typically exhibit TMR ratios between 50-200 %
at room-temperature, with record values exceeding 600 % [53].

The key functional element of a MRAM cell based on the TMR effect is the
MTJ. In such junctions, spin-dependent tunneling occurs because the probability of
an electron tunneling through the barrier depends on the availability of the same
spin states in the destination layer. Since electron spin is conserved mainly during
tunneling, electrons can only tunnel into electronic states of the same spin orientation
(see Figure 2.2). A transition from the P configuration (Figure 2.2 (left panel)) to the
AP configuration (Figure 2.2 (right panel)) effectively inverts the spin bands in one
electrode, leading to a mismatch in the spin-resolved DOS between the two layers. As
a result, the overall tunneling current is reduced, leading to a measurable change in
resistance.

The theoretical foundation of TMR was first described by Julliere [14], who
proposed a simple model based on two key assumptions:

(i) The electron spin is conserved in the tunneling process. This implies that the
tunneling of spin-up and spin-down electrons is an independent process, and
that the carriers tunnel from the first film are accepted by empty states of the
same spin orientation in the second film.

(ii) The tunneling conductance Gp and Gap are proportional to the product of the
spin-resolved density of states of the two ferromagnetic layers.

Based on these assumptions, the conductance in the P and AP configurations are
expressed as:

Gp x NJNJ + NYN§ =1 — N — N] + 2N NT, (2.2)
Gap x NJN} + N{NJ = N| + N — 2N]NT, (2.3)
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Parallel state (P) Anti-Parallel state (AP)

DOS < DOS

> DOS > DOS

Ferromagnet Tunnel Ferromagnet Ferromagnet Tunnel Ferromagnet.
barrier barrier
- ) ) h ) a
High current (low resistance) Low current (high resistance)

Figure 2.2: Tllustration of spin-dependent tunneling responsible for the TMR effect. In
the P configuration (left), spin-polarized electrons tunnel into available states of the
same spin orientation in the second ferromagnetic layer, resulting in high conductance.
In the AP configuration (right), spin mismatch reduces the tunneling probability,
leading to low conductance.

where NT and N+ =1 — NT are the spin-up and spin-down fractions of the density
of states at the Fermi level, and subscripts 1 and 2 refer to the first and second
ferromagnet, respectively.

Introducing the spin polarization of the conduction electrons as:

P="— " =2N" -1, (2.4)

we can write the TMR ratio as:

Gp—Gap Rap—Rp 2P P

TMR = = = : 2.5
GAP RP 1 - P1P2 ( )
For symmetric junctions where P, = P, = P, this simplifies to:
2P?
TMR = ——. 2.
R=1"m (2.6)

While Julliére’s model provides intuitive insight into the spin-filtered nature of
tunneling, it assumes incoherent tunneling and does not account for band symmetries.
In practice, the tunneling process significantly depends on the symmetry of the electron
wavefunctions. In MTJs with amorphous Al;O3 barriers, tunneling is incoherent, and
Julliére’s model is applicable. However, for crystalline barriers such as MgQO, only
electrons with specific Bloch state symmetries (e.g., A;) contribute to tunneling. This
symmetry filtering effect strongly suppresses conductance in the AP state and leads
to much higher TMR ratios [62].
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This behavior is reflected in the angular dependence of the conductance, modeled
by Slonczewski [63]:

G(0) = Gp+Gar  Gp—Cap g CrtCar (1 4 IMR_ 9) . (27)

2 5 2 2+ TMR

where 6 is the angle between the magnetizations in the two ferromagnetic layers.
Maximum conductance is achieved at § = 0 (P), and minimum at 6 = 7 (AP) [36,64,65].

Although discovered before GMR, practical applications of TMR became viable only
in the mid-1990s. In 1995, Moodera et al. [48] and Miyazaki et al. [66] independently
demonstrated room-temperature TMR in junctions with amorphous Al,O3 barriers,
achieving TMR ratios of 20-30 % [61]. This milestone catalyzed extensive research
into MTJ-based memory devices. Further improvements in materials and deposition
processes enabled TMR values of up to 70.4 % with Al,O3 barriers [67].

A major theoretical breakthrough came in 2001, when Butler et al. [49] and
Mathon et al. [50] predicted that coherent tunneling through crystalline MgO barriers
could yield TMR ratios exceeding 1000 %. These predictions were experimentally
validated in 2004 by Parkin et al. [25] and Yuasa et al. [26], who reported room-
temperature TMR values of 180-220 % in epitaxial Fe/MgO/Fe junctions. Subsequent
work highlighted the critical role of Ar pressure during MgO sputtering, which affects
barrier crystallinity and overall performance [68|. Continued optimization of interface
engineering and thermal annealing led to record-breaking TMR values of 410 % [69] and
604 % at room-temperature (and up to 1144 % at 4.2 K) in CoFeB/MgO stacks [53].

Today, MgO-based MTJ structures are central to commercial STT-MRAM tech-
nologies due to their high TMR, scalability, and CMOS compatibility.

2.3 Spin-Transfer Torque Switching

MRAM cells are built around an MTJ, which consists of a pinned RL and an FL,
separated by a thin insulating tunnel barrier (TB), typically MgO. The magnetization
orientation of both the FL. and RL can either lie in-plane or perpendicular to the film
plane due to PMA, as illustrated in Figure 2.3. When both magnetic layers exhibit
perpendicular anisotropy, the device is referred to as a perpendicular magnetic tunnel
junction (pMTJ), while in-plane magnetized structures are called in-plane magnetic
tunnel junction (iMTJ).

The first MTJs used amorphous Al,O3 barriers and achieved modest TMR values
in the double digits. However, theoretical predictions [18,19] and experimental
demonstrations [39, 70| of crystalline MgO-based MTJs showed a dramatic increase
in TMR, reaching up to 600 % at room-temperature under optimized laboratory
conditions. Today, typical TMR values in perpendicularly magnetized M'TJs range
between 100 % and 200 % [71].

Data retrieval from MTJs is performed by applying a small bias voltage (typically
0.1-0.2 V) and measuring the resulting resistance across the junction. Operating at
such low bias avoids disturbing the stored magnetization state and ensures that the
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Figure 2.3: Illustration of magnetization orientations in MTJs, showing the difference
between in-plane (iMTJ) and perpendicular (pMTJ) configurations.

TMR remains high. The TMR is highest at low bias and decreases with increasing
voltage [49].

The thermal stability of MRAM cells, critical for ensuring data retention over

years, is characterized by the dimensionless factor:
& oM HyV
keT — 2kpT
where &g is the energy barrier separating the P and AP states for out-of-plane
magnetized films, V' is the volume of the free layer, kg is the Boltzmann constant,
T the absolute temperature, and Hy, = 2K.g/(poMs) is the effective anisotropy field.
The effective anisotropy Keg = K, — poM? /2 accounts for the reduction of the intrinsic
uniaxial anisotropy K, by the demagnetizing field H; = M, of the thin film. To ensure
reliable retention over ten years, A values of 40-60 are typically required [72,73].

The energy barrier is estimated by:

_ poMsHgV
N
where pio is the vacuum permeability, Mg the saturation magnetization, Hy the
anisotropy field, and V the volume of the FL. Optimization of Hx and the FL
geometry are thus key to MRAM scaling [28].

STT was independently proposed by Slonczewski and Berger in 1996 [18, 19|,
enabling purely electrical switching in MTJs. The first experimental demonstration
followed in metallic spin valves [39] and later in MTJs [70].

Electrons flowing from the RL to the FL generate a spin-polarized current. Due to
exchange interaction, spins align with the magnetization of the FL, and conservation
of angular momentum causes the transverse spin component to exert a torque on
the FL, known as STT [18,19]. Reversing current direction induces AP switching
via reflected minority spins [35]. Since STT depends on transverse spin components,
no torque is exerted when the magnetizations are collinear, leading to an incubation
delay. Thermal fluctuations are then needed to initiate switching, and if the current
pulse duration is shorter than the delay, write errors may occur [74,75].

The critical current at 7' = 0 is:

_ 2ea puoMsHgV
= . 5 :

A:

(2.8)

&p (2.9)

Lo (2.10)
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and the corresponding current density:

Io 2ea pogMsHgtrr,
Jo= -2 = . , 2.11
= AT Ty 5 (2.11)
where A is the cross-sectional area, tgy, is the FL thickness, a is the Gilbert damping
factor, and 7 is the STT efficiency parameter [72,76].
In addition to the switching current, data retention in STT-MRAM is governed by

the thermal stability factor:

Ex :NOMSHKV
kT 2kpgT

A= (2.12)
where & is the energy barrier separating stable magnetization states P or AP, kg is the
Boltzmann constant, and T is the absolute temperature. A larger A ensures long-term
retention by suppressing the thermally activated switching. However, increasing A
also raises the required switching current, creating a trade-off between writability and
data retention.

Early MRAM relied on in-plane magnetic anisotropy (IMA), with shape anisotropy
in elliptical FLs [11,77]. In these devices, switching involves out-of-plane precession,
as the reversal trajectory does not follow thermal fluctuations directly [78]. In-plane
devices were typically larger than 60 nm to maintain thermal stability, which limited
scaling [79]. Furthermore, both the anisotropy field Hx and the demagnetizing field
H, must be overcome for switching, increasing energy requirements [80]:

J(%AA = 2};;@ . ,UOMS (|Hext| + |HK| + @) tFL- (213)
n 2
Additionally, stronger in-plane demagnetizing fields oppose magnetization changes,
necessitating higher switching currents |72]. These drawbacks hindered scalability and
energy efficiency.

PMA structures, dominated by interfacial anisotropy (e.g., CoFeB/MgO), mitigate
these challenges by eliminating H; and orienting magnetization perpendicular to the
film plane, allowing for more energy-efficient STT switching [81]. PMA devices also
support cylindrical layouts with better scaling and enhanced thermal stability. The
corresponding critical current density simplifies to:

JC%MA == ﬂ . IJJOMSHKtFL‘ (214)
ha
Ikeda et al. [28,53] demonstrated robust PMA in MgO/CoFeB stacks, a pivotal advance-
ment in the development of scalable and high-performance MRAM [82]|. Annealing
also significantly impacts both TMR and anisotropy optimization [83].

Further improvements arise from engineering multilayered FLs, SAF RLs [84,
85, 86], and tailored interfaces. SAF designs use two antiferromagnetically coupled
ferromagnetic layers (often separated by Ru) to cancel dipolar stray fields on the FL,
enhancing write symmetry and error tolerance [34]. Advanced strategies include ionic
liquid gating to modulate Rudderman—Kittel-Kasuya—Yosida (RKKY) coupling [87]
and re-doped Ru spacers for thermal robustness during CMOS backend processing [88].
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Micromagnetic Modelling 3

The theory of micromagnetism, first formalized by William Fuller Brown Jr. in the
mid-20*" century [89], provides a semi-classical framework for modeling magnetization
dynamics in ferromagnetic materials. It bridges classical field theory and quantum
mechanics by incorporating quantum-derived effects, such as the exchange interaction,
into a continuum description [90]. This approach is particularly suitable for modern
spintronic devices, such as STT-MRAM, where atomistic ab initio simulations are
computationally infeasible due to the device scale, and macroscopic models fail to
resolve magnetization behavior on the required length and time scales.

The central assumption of micromagnetism is that, on length scales larger than
the exchange length [, = \/2A/(puoM?2), where A is the exchange stiffness constant,
the discrete distribution of atomic magnetic moments S; can be approximated by a
continuous magnetization vector field M(x). This approximation is justified when
averaging over spatial regions {2 whose volume is much greater than the characteristic
exchange volume )3, since in such areas the exchange interaction enforces near-uniform
alignment of the magnetic moments:

D Siw / QM (x)dx. (3.1)

As a result, micromagnetics enables the simulation of complex magnetization patterns
in real devices by using continuous field variables rather than tracking individual spins.
Another fundamental assumption of the micromagnetic model is that magnetization is
a constant norm throughout space and time. The magnetization vector is thus written
as:

M(x) = M;m(x) with |m(x)|=1, (3.2)

where m(x) is a unit vector field representing the direction of the local magnetization,
and M; is the saturation magnetization.

Micromagnetic models are effective for simulating time-dependent magnetization
dynamics, which are crucial in applications such as magnetic sensors, memory elements,
and spin-torque oscillators. In these systems, the magnetization is not static but
evolves in response to external fields, spin-polarized currents, or thermal fluctuations.
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3.1 Landau-Lifshitz-Gilbert Equation

The dynamics of the magnetization vector M(x,t) are governed by the Landau—
Lifshitz—Gilbert (LLG) equation, a semi-classical differential equation incorporating
both precessional motion and damping. The origins of this equation can be traced
to fundamental work on magnetic moments and torque. A magnetic moment p
experiences a torque 7 in an external magnetic induction field B, described by:

T=uxB. (3.3)
This torque induces rotational motion according to Newton’s second law for rotation:

dL
— =T, 3.4
o (3.4)
where L denotes angular momentum. For an electron, the magnetic moment is related
to its angular momentum by:

p =L, (3.5)

~ being the electron’s gyromagnetic ratio. Combining these expressions yields the
classical equation of motion for an individual magnetic moment:

£~y puxB. (3.6)

Equation (3.6) describes the precessional motion of a discrete magnetic moment.
In micromagnetism, however, the magnetization is treated as a continuous field rather
than discrete moments. Assuming uniform spin density and constant magnitude, this
continuous magnetization is expressed as:

M(x,t) = M;m(x,t), |m(x,t)]=1, (3.7)

where m is a unit vector indicating magnetization direction.

In this continuous framework, the magnetic induction B is replaced by an effective
magnetic field Heg, incorporating external fields and internal contributions such as
exchange, anisotropy, and demagnetization (see Section 3.2). Introducing the rescaled
gyromagnetic ratio 79 = —7yup, the pure precession equation for the normalized

magnetization becomes:
dm

dt
which corresponds to constant-energy precession around the effective field, as illustrated
in Figure 3.1 (a). Historically, a time-dependent model describing undamped precession
was first introduced by Bloch in 1932 [91].

Experimental observations, however, indicate that magnetization dynamics inher-
ently involve energy dissipation. Although the microscopic mechanisms behind this
dissipation remain unclear, they can be modeled effectively through phenomenological
damping terms.

= —yom x Heg, (3.8)
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H. ¢ Heq H.s

(a) (b) (c)

Figure 3.1: Magnetization dynamics on the unit sphere. (a) Pure precession: m
rotates around Heg at constant polar angle (no damping, o = 0). (b) Pure damping:
m relaxes directly toward Heg along a meridian (no precession). (¢) Combined motion:
damped precession spirals toward equilibrium.

In 1935, Landau and Lifshitz [92] introduced a damping term proportional to the
component of Heg perpendicular to m, leading to the Landau-Lifshitz (LL) equation:

dm
—p = omx Heg — 70 A m x (m x Heg), (3.9)
where A > 0 is a phenomenological damping parameter. This equation describes the
combined effects of precession and damping (see Figure 3.1 (c)).

In 1955, Gilbert [93] proposed an alternative damping formulation by introducing
a viscous-type damping proportional to the time derivative of magnetization:

(3.10)

Taking the scalar product of Equation (3.10) with m, one obtains the orthogonality
condition: J
m
= 0, (3.11)
ensuring the magnetization magnitude remains constant over time.
Taking the cross product of Equation (3.10) with m and applying the vector triple
product identity:

m .

ax(bxc)=(a-c)b—(a-b)c, Va,b,cecR?

together with constraints |m| =1 and m - 2 = 0, Equation (3.10) can be explicitly
rewritten in the numerically convenient LLG form:

dm —0 Yol

— = X Heg — X X Heg), 3.12

dr = 1o Henm g (mocHe) (3.12)
pre(;gsion dargging

separating precessional motion from damping.
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The energy evolution during magnetization dynamics is obtained by computing
the time derivative of the total energy functional:

imm:/ﬁ-@hm_mM/Hﬁ (3.13)
dt 0

where the second equality follows from the definition of the effective field in Equa-
tion (3.17). Substituting Equation (3.12), the precessional term vanishes because

Heﬁ‘ : (m X Heﬂ‘) = 0, (314)

as the cross product is orthogonal to both of its arguments. Only the damping term
contributes. Using the vector identity Heg - [m X (m X Heg)] = —||m x Hegl|2, where
|| - |2 denotes the Euclidean norm, which holds for l[m| = 1, the energy dissipation
relation becomes [94]:

i [m] _ 0570
dt B

/meﬂm@k<o (3.15)

The prefactor depends linearly on the damping parameter «, while the factor (1 + o?)
in the denominator arises from the conversion between the Gilbert and Landau-Lifshitz
forms. This result demonstrates the dissipative nature of Gilbert damping, driving
magnetization toward equilibrium alignment with the effective field.

Figure 3.1 summarizes distinct magnetization dynamics: (a) pure precession, (b)
pure damping, and (c¢) combined damped precession. Simulations based on the LLG
equation are now essential for designing and optimizing STT-MRAM devices, enabling
the prediction of switching behavior, thermal stability, and transient dynamics under
realistic operating conditions.

3.2 Effective Magnetic Field

The total energy of a ferromagnetic system with respect to its magnetization consists
of several contributions that depend on the material’s intrinsic properties. Some
of these, such as the demagnetization (or magnetostatic) energy, can be described
within the framework of classical magnetostatics. Others, such as exchange energy and
magnetocrystalline anisotropy energy, originate from quantum-mechanical interactions.

To derive expressions for the individual contributions to the effective magnetic
field used in the LLG equation, one must first define the magnetic free Gibbs energy
& of the ferromagnetic domain. The energy functional comprises several contributions,
most notably the exchange energy, the anisotropy energy, the Zeeman energy from an
externally applied magnetic field, and the magnetostatic energy. These components
will be introduced in more detail in the following sections.

Once the total free Gibbs energy is defined, the equilibrium state of the magne-
tization corresponds to a configuration that minimizes this energy, leading to the
variational problem:

min £(m) (3.16)
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A stable magnetization configuration thus represents a balance among competing
energy terms. The effective magnetic field Heg, which governs the magnetization
dynamics in the LLG equation, is defined as the functional derivative of the energy
with respect to the magnetization:

1 be
,u()MS om

From the Euler-Lagrange equations associated with the minimization in Equa-
tion (3.16), one obtains the boundary value problem:

Hep = — (3.17)

Hoq = 0, (3.182)
6E(m) .
. n=0, fori=1,23 (3.18b)

where n denotes the unit normal vector at the boundary of the ferromagnetic domain.
These conditions imply that, at equilibrium, the magnetization vector is locally aligned
with the effective field. Consequently, the LLG equation describes a relaxation process
toward a state of minimal magnetic Gibbs energy.

In this thesis, the effective field is composed of the following contributions:

Heff = Hexc + Hani + Hext + Hdemag + chrr + ch + Hiec (319>

Here, H,,. is the exchange field, H,,; the anisotropy field, Hqy the externally applied
field, Hyemag the demagnetizing (magnetostatic) field, Heyy the ampére field, Hyy, the
thermal field, H;.. the interlayer exchange field. Each of these contributions will be
discussed in the subsequent sections.

3.2.1 Exchange Field

A defining property of ferromagnetic materials is their ability to retain a nonzero
macroscopic magnetization, known as remanent magnetization, even without an
external field. In contrast, systems in which magnetic moments interact only via
dipole-dipole coupling do not exhibit such behavior. Their net magnetization vanishes
when the external field is removed, as predicted by classical electrodynamics [95].

This distinctly ferromagnetic behavior arises from the quantum mechanical ex-
change interaction. First proposed by W. Heisenberg in 1926 [96], the exchange
interaction favors parallel alignment of neighboring electron spins. Its origin lies in
the antisymmetrization requirement imposed on the two-electron wavefunction by
the Pauli exclusion principle. Depending on the spin alignment, the symmetry of the
total wavefunction affects the spatial part, thereby altering the expected Coulomb
energy. A symmetric spatial distribution (corresponding to parallel spins) leads to a
larger average separation and consequently a lower Coulomb repulsion. This energetic
preference underpins ferromagnetism.

The classical description of this effect is given by the Heisenberg model, in which
the exchange energy between two localized unit spins s; and s; is expressed as:

85{ =—-J Si - Sy, (320)
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where J is the exchange integral, a material- and distance-dependent parameter. For
a detailed derivation of the Heisenberg model, the reader is referred to standard
quantum mechanics textbooks [97].

In a discrete spin system, the total exchange energy at a spin site x is given by:

J.

EX= - mx) - mkx-—§), 3.21

¥ = - L g me) mix—g) (321)

where &; denotes the displacement vector to neighboring spins and m is the normalized
magnetization.

Using a Taylor expansion and assuming identical coupling J; = J and uniform

spacing &;, this discrete expression can be approximated as:
J 1
ex ~ < = A 3
EF ~ Z 5 {1 5(Vm - &) ] +0(&). (3.22)
Neglecting constant terms and higher-order corrections, and transitioning to the
continuum limit under the assumption of a regular lattice, the exchange energy

becomes: 9m 9
gex — / 3 Ay S ax (3.23)
Qk

8xj Gmk ’

where A;;, are the components of a symmetric positive-definite matrix that reflects the
anisotropy of the exchange interaction and €2 is the volume of the ferromagnetic domain.
The constant offset from integrating the zeroth-order term is typically omitted, as it
does not influence the magnetization dynamics.

The matrix A, can always be diagonalized by a suitable choice of coordinate
system [98], yielding a simplified form:

ex 877% 2
£ = /Q ;A( axj) dx. (3.24)

For cubic and isotropic lattice structures, the exchange coefficients further reduce to a
scalar exchange stiffness A, giving the widely used micromagnetic expression:

EF = A/ | Vm(x)|% dx, (3.25)
Q

where |[Vml]|% is the Frobenius norm squared of the gradient tensor. Although this
form was originally derived for localized spins and isotropic lattices, it has been
shown to effectively describe a broad range of materials, including band magnets and
anisotropic systems [99].

Equation (3.25) represents the lowest-order phenomenological expression that
penalizes spatial inhomogeneities in the magnetization vector field. It plays a central
role in micromagnetic simulations. The general relation for the effective field is:

1 OF
Hy=— —, 3.26
it ,UOMS om ( )
the exchange field contribution becomes:
2A
Hexc = VQIII. 3.27
/’LOMS ( )
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3.2.2 Zeeman Field

An external magnetic field He,; couples directly to the magnetization and tends to
align it along the field direction. The associated energy contribution, known as the
Zeeman energy, penalizes deviations of the magnetization from the external field and
is expressed as:

Eoxt = _/J/OMS/ H.. - mdx. (3.28)
Q

Here, m denotes the normalized magnetization vector and M, the saturation magne-
tization. The resulting field contribution to the effective field follows directly from

functional differentiation:
1 0Et

_M()MS om ‘

H,, = (3.29)

This term represents the most straightforward contribution to the effective field,
as it simply reflects the action of an externally applied magnetic field on the magnetic
system.

3.2.3 Anisotropy Field

Another vital contribution to the total magnetic free energy is the anisotropy energy,
which favors magnetization alignment along specific directions known as easy axes.
The energy required to reorient the magnetization in anisotropic materials depends
on its direction relative to these preferred axes. This direction-dependent behavior
arises from several sources, including:

(i) anisotropic crystal structures (magnetocrystalline anisotropy),
(ii) lattice deformation or spin-orbit coupling at interfaces (interface anisotropy),

(iii) and the geometry of the magnetic body itself (shape anisotropy) [99].

These anisotropies are often described phenomenologically by constructing energy
expressions based on symmetry arguments. A key property is that the energy must
be invariant under magnetization reversal:

Eani(m) = gani<_m)' (330)

3.2.3.1 Uniaxial Anisotropy

A single easy axis e exists in the simplest case of uniaxial anisotropy. The anisotropy
energy density depends only on the angle between the magnetization m and the easy
axis e. A general expansion in even powers yields:

ani

guni _ /Q [Ko(m - e)? + Kup(m- e)* + O((m - e)%)] dx, (3.31)
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where K,; and Ko are the first- and second-order uniaxial anisotropy constants. For
many applications, the first term suffices:

eml = —/ K,(m-e)*dx. (3.32)
Q
Here, K, > 0 favors alignment of m along +e, while K,, < 0 leads to easy-plane
anisotropy, where the magnetization tends to lie perpendicular to the axis.
The corresponding anisotropy field is obtained via functional differentiation:

2K,

HM™ = m - e)e. 3.33
e (3.33)

Uniaxial anisotropy is typically observed in hexagonal or tetragonal crystal struc-
tures, such as cobalt. An example energy landscape for uniaxial anisotropy is shown
in Figure 3.2 (a).

3.2.3.2 Planar Anisotropy

Planar anisotropy is a special case of uniaxial anisotropy in which the magnetization
prefers to lie in a plane perpendicular to a given axis e. This corresponds to a negative
uniaxial anisotropy constant K, < 0. The anisotropy energy density takes the same
mathematical form as in Equation (3.32), but with the opposite sign:

grlanar _ / K,(m - o) dx, (3.34)
Q
where K, = —K,, > 0 encourages magnetization to remain orthogonal to e.
The corresponding anisotropy field is given by:

leanar _ 2KP

S = m-ee. 3.35
= (o) (3.35)

Planar anisotropy is common in ultrathin magnetic films or multilayers, where the
shape or surface anisotropy causes the magnetization to align in-plane. It is effectively
modeled by taking the uniaxial formulation with K, < 0. Figure 3.2 (b) illustrates
the planar anisotropy surface, where the minimum energy lies in the plane orthogonal
to the easy axis.

3.2.3.3 Cubic Anisotropy

In materials with cubic lattice symmetry, such as body-centered cubic iron or face-
centered cubic nickel, the magnetocrystalline anisotropy energy depends on the pro-
jections of m onto three orthogonal easy axes e;, e;, and es, satisfying e; - ; = 9;;.
The anisotropy energy is then expressed as:

ani

geub _ / (Ko (m2m2 + m2m2 + m2m?2) +Kaom?m2m2] dx, (3.36)
Q



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M 3ibliothek,
Your knowledge hub

Chapter 3. Micromagnetic Modelling 23

\ ( \ s
RSN & 4 RS
S . . £

(a) Uniaxial anisotropy (b) Planar anisotropy (¢) Cubic anisotropy

Figure 3.2: Anisotropy functions visualized as energy surfaces. (a) Uniaxial anisotropy
with K, = 1 and a = e3. (b) Planar anisotropy with K, =1 and a = e;. (c¢) Cubic
anisotropy with K.y, = Ko =1, and a;, = e; forall 1 <17 < 3.

where m; = m - e; are the projections of the magnetization along the easy axes. The
coefficients K., and K. are material-dependent anisotropy constants.

As with uniaxial anisotropy, the sign of K. and K. determines whether the
magnetization prefers to align with or avoid the easy axes. Figure 3.2 (¢) visualizes the
corresponding energy surface. For instance, negative constants in nickel (fcc structure)
lead to multiple easy axes (four in total).

The effective anisotropy field for cubic symmetry can be written in matrix form:

2
HOY = — Dm, 3.37
/J’OMS ( )

with the matrix D defined as:

Ka(m3 +m?) + Kaomim} 0 0
D= 0 Ka(m?+m?) 4+ Kaomim? 0
0 0 Ka(m? +m3) 4+ Kaomim3

Anisotropy may originate at the interface in thin films or multilayers due to
broken crystal symmetry, lattice strain, or modified electronic structure. This surface
anisotropy is localized at the boundary 0€) and described similarly to the bulk
anisotropy energy, but with surface integrals:

gut= [ f(m,e)ds, (3.38)
9]

where f represents an anisotropy density similar in form to the volume expressions in
Equations (3.32), (3.34), and (3.36).

Although the above formulations are phenomenological, they are well established
and accurately capture experimental observations [99]. In many practical cases, the
lowest-order terms (e.g., Ky, = 0, K. = 0) provide a sufficient approximation for
modeling anisotropy effects.
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3.2.4 Demagnetizing Field

In ferromagnetic materials, the magnetization generates a field contribution known as
the demagnetizing field, which arises from long-range dipole-dipole interactions. This
field opposes the magnetization, tending to reduce the systems total magnetic moment.
The associated energy term is called the demagnetization energy (also referred to as
magnetostatic energy or stray-field energy), and it plays a key role in the formation of
magnetic domains.

Unlike the exchange or anisotropy fields, the demagnetizing field is non-local. It
depends on both the shape of the magnetic body and the spatial distribution and
orientation of the magnetization, thereby complicating its evaluation. Nonetheless, it
can be derived from Maxwell’s macroscopic equations under the assumption of no free
electric currents (j. = 0), which simplifies them to:

V-B=0, (3.39a)
V x Hy =0, (3.39b)

where B is the magnetic flux density and Hy is the demagnetizing field. Using the
constitutive relation:

B = uo(Ha + M), (3.40)

and noting from Equation (3.39b) that Hy is conservative, one can define a scalar
magnetostatic potential u such that:

H, = —Vu. (3.41)
Substituting into Equation (3.39a) yields:
V- (=Vu+M) =0, (3.42)
which simplifies to a Poisson equation for wu:
Au =V - M. (3.43)
Equation (3.43) is solved over the entire space R?, with the open boundary condition:

1
|

ensuring that the magnetostatic potential vanishes at infinity [100,101]. In analogy to
electrostatics, one can define effective magnetic charges:

u(x) = O ( ) L as x| = oo, (3.44)

pm =—V -M (volume magnetic charge), (3.45a)
om =M -n (surface magnetic charge), (3.45b)

where n is the unit normal vector to the boundary 02 of the magnetic body. Using
these definitions, the magnetostatic potential u at position x can be expressed as:

u(x) = i ( /Q |i ’”"_(XQ| da’ + /6 ) |im_(x)2| ds’) . (3.46)
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From Equation (3.41), the demagnetizing field then follows as:
Hy(x) = —Vu(x). (3.47)

The demagnetization (or magnetostatic) energy represents the interaction energy of
the magnetization with its stray field and is given by:

M
Eq = —“OT/m-Hd dx, (3.48)
Q

where the factor 1/2 avoids double-counting the self-interaction.
Alternatively, in numerical micromagnetics (e.g., finite difference methods), it is
often convenient to express the demagnetizing field as a convolution:

Hy(x) = — /Q N(x — x') - m(x') dx/, (3.49)

where N is the demagnetizing tensor kernel that encodes the dipole-dipole interac-
tion [102]. The components N;; of this 3 x 3 tensor are given by [103]:

_%37”2'7’]'—51']‘

/
NG =) = T

(3.50)

where r; = (v; — 2})/|x — x| and r; = (z; — 2})/|x — x/| are the directional cosines
of the displacement vector, and 7,7 = z,y, z denote Cartesian components. This
long-range, shape- and geometry-sensitive contribution is crucial in domain formation

and stability analysis in micromagnetic systems.

3.2.5 Ampére Field

When a current flows through the magnetic domain, it generates an additional
contribution to the effective magnetic field, usually referred to as the Ampére field.
This field arises from the interaction between the electric current and the surrounding
magnetic material and is governed by the classical Biot-Savart law [97,104]. For a
given current density Jc, the Ampére field H,,, at position x is computed as:

He () 1 /QJC(X’) X (x — %) 0. (351)

T in |x — x/|?

where the integral is taken over the current-carrying domain €2. This field contributes
to the total effective field used in the LLG equation and becomes particularly relevant
in spintronic devices such as MRAM.

3.2.6 Thermal Field

At a nonzero temperature, the magnetization of a ferromagnetic material experiences
thermal agitation. These thermal fluctuations can be incorporated into the LLG
formalism by introducing an auxiliary, randomly varying term in the effective magnetic
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field, commonly referred to as the thermal field. This additional field accounts for the
stochastic nature of thermal excitations and is modeled as a Gaussian random vector
field with specified statistical properties.

The thermal field Hyy, must satisfy the following conditions [105, 106]:

(1, (1)) = 0, (3.52a)
(Hy (6), Hi, (1) = Dot — ), (3.52b)

where ¢ and j denote Cartesian components, (-) indicates the ensemble average over
different realizations of the stochastic process, ¢;; is the Kronecker delta, and 6(t —t')
is the Dirac delta function. These relations describe a field that is uncorrelated in
both time and space.

The prefactor D quantifies the strength of the thermal fluctuations and is derived
from the fluctuation-dissipation theorem [107]:

2akgT
D=———, 3.53
HJOMS’YV ( )

where « is the Gilbert damping parameter, kg is the Boltzmann constant, 7" is the
absolute temperature, M, is the saturation magnetization, v is the gyromagnetic ratio,
and V is the volume of the computational cell. The thermal field is generated using
Gaussian white noise with a zero mean and a variance proportional to D. Its presence
leads to a stochastic extension of the LLG equation, often referred to as the stochastic
LLG or Langevin LLG model.

3.2.7 Interlayer Exchange Coupling

Magnetic layers within a multilayer stack can experience exchange coupling when
separated by a nonmagnetic spacer (NMS), and even across thin TBs. This interaction,
initially proposed by Ruderman and Kittel [108], is mediated by conduction electrons
of the nonmagnetic spacer. The theory was later extended by Kasuya [109] and
Yosida [110], leading to the well-known RKKY interaction, which predicts an oscillatory
exchange coupling as a function of spacer thickness, alternating between FM and
antiferromagnet (AFM) behavior.
The nature of IEC depends on the electronic properties of the spacer:

(i) For metallic spacers, the coupling is well-described by the RKKY theory, which
explains the indirect interaction between localized spins in the d- or f-orbitals
via conduction electrons [111].

(ii) For semiconducting spacers, exchange interactions are governed by mechanisms
such as variable-range hopping or resonant tunneling, mediated by localized
states within the band gap [17,112].

(iii) In the case of insulating spacers, strong and non-oscillatory IEC is observed,
often attributed to spin-dependent tunneling [113,114].
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Two theoretical formulations are commonly used to account for these behaviors
across different spacer types: discrete spin models such as the Heisenberg exchange
interaction, and effective energy expressions such as the one proposed by Bruno [111].
While the Heisenberg model describes pairwise interactions between localized spins,
Bruno’s formulation captures the angular dependence of the coupling energy in
a continuum framework. It effectively coarse-grains the microscopic exchange by
summarizing spin-dependent electron reflections at magnetic interfaces [111].

Bruno proposed the following expression for the interlayer coupling energy, based on
the angle A¢ between the magnetization of adjacent magnetic layers (see Figure 3.3):

E = —Jycos(Ap) — Jcos*(Ad), (3.54)

where J; and J, are coupling constants. The term J; represents the bilinear coupling
(dominant in most systems), responsible for the oscillatory behavior seen in metallic
spacers:

(i) J1 > 0: FM coupling, favoring parallel alignment (A¢ = 0)
(ii) Ji1 < 0: AFM coupling, favoring anti-parallel alignment (A¢ = )

The biquadratic term .J5 is often smaller and associated with structural inhomo-
geneities such as surface roughness or defects, and can induce non-collinear alignment
of the magnetizations [115]. When J; is negligible, the expression simplifies to:

E = —Jycos(Ag), (3.55)

highlighting the pure bilinear coupling as in classical RKKY-type interactions.

In the micromagnetic continuum approximation, IEC is modeled as an interaction
between the two magnetic interfaces 0€; and 02, on either side of the spacer, which
are assumed to be of equal area. Integrating the discrete Heisenberg interaction (3.20)
over these surfaces yields the following interlayer exchange energy:

Eiox = — ., Am(x) - m(P(x))ds, (3.56)

A is the effective interlayer exchange constant, and P : 0Q; — 02 is a mapping
between the corresponding surface points on both interfaces. This continuum repre-
sentation is consistent with the bilinear term in Bruno’s angular model and arises
naturally from the coarse-grained limit of the Heisenberg interaction.

This energy formulation underpins the design of SAFs, where the spacer thickness
is tuned to promote AFM coupling (i.e., negative A). SAFs are widely implemented
in spintronic devices such as MTJs and STT-MRAMs, offering enhanced thermal
stability and reduced stray fields.

While Equation (3.56) defines the physical energy contribution, its numerical evalu-
ation in a finite element framework poses a challenge: the non-magnetic spacer is often
too thin (< 1nm) to be explicitly discretized with volume elements without inducing
high computational costs. Therefore, in this work, this interaction is implemented as
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Figure 3.3: Schematic depiction of a trilayer structure composed of left and right
semi-infinite FM regions, separated by a NMS layer. The interface magnetization
on the left FM interface points into an arbitrary direction, whereas the interface
magnetization in the right FM forms an angle A¢ relative to the magnetization of
the left FM. The magnetization vectors originate at the respective interface regions
09 and 02y, which are highlighted by hatching. Figure based on the figure originally
published in [116].

a specialized boundary condition in the weak form of the effective field. The details of
this implementation, including the interface mapping algorithm P(x), are presented
in Section 6.4.

In summary, the microscopic (Heisenberg) and mesoscopic (Bruno) representations
of IEC are deeply connected. The discrete Heisenberg exchange interaction captures
the fundamental spin-spin coupling mechanism at the atomic level. Bruno’s angular
model, derived using quantum perturbation theory applied to spin-dependent elec-
tron reflection at magnetic interfaces [111], effectively approximates this interaction
and expresses the total IEC energy as a function of angular misalignment between
magnetizations.

This interaction is subsequently formulated within a micromagnetic framework,
bridging theory and computation via a surface integral across magnetic interfaces.
This continuum form provides a spatially averaged representation of the bilinear IEC
and serves as the theoretical foundation for our numerical approach.

3.3 Modelling Spin-Transfer Torque

A commonly used model for torque in STT-MRAM devices is the macro-spin model
proposed by Slonczewski [117]. Here, the dynamics of the FL. magnetization are
described as behaving like a single spin influenced by the polarization occurring in a
polarizing layer. The LLG equation is extended by such a torque term and takes the
following form:

Om Om 1

E = —7om X Heff + am X E —+ ﬁT87 (357)
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where Ty is the spin torque originating from the angular momentum transferred from
spin-polarized electrons in the reference layer.

The spin torque Tg can be expressed as a combination of damping-like and field-like
components:

Ts =am X (m X p)+b(m X p), (3.58)
damp;gg—like ﬁelg—rlike

where parameters a and b depend on the current density and p represents the magne-
tization direction of the RL. Based on this, the LLG equation becomes:

Opm = ﬁ — 70(m x Heg) — Yo (m x (m X Heg))
hJ,
a eJ?@diL”(e) (m x (m x p) — f(m x p)) |, (3.59)

where J¢ is the current density, dpy, is the thickness of the free layer, S quantifies the
field-like torque strength, and 7(#) is the torque efficiency function that depends on
the angular relationship between m and p [35,118], further on whether a spin-valve
or an MTJ is being described [119].

While this macro-spin model provides insight into STT dynamics, it assumes
spatially uniform magnetization, making it less accurate for larger devices. To improve
this, both m and p can be treated as spatially dependent fields. However, the model in
Equation (3.59) neglects spin diffusion effects, which are crucial for specific materials
and configurations [90].

A more general formulation considers the spin-accumulation vector S, representing
the non-equilibrium polarization of conducting electrons. The torque due to S is:

m x S m X (m x S)
P a—
J ¢
where D, is the electron diffusion coefficient, A; is the exchange length, and A, is
the spin dephasing length. The first term models the precession of spins in the local
exchange field, while the second represents dephasing [32,120,121,122].
The steady-state spin-accumulation satisfies the spin current continuity equation:

S +S><m+m><(S><m)
/\gf A2 A2 ’

Tg = —D, (3.60)

&;S:O:—V'JS—D6< (3.61)
where Ay is the spin-flip length and Jg is the spin current. The finite element solver
implemented in this work solves this equation in both ferromagnetic and nonmagnetic
regions [120, 123,124, 125|. The drift-diffusion formalism introduced here provides
the theoretical foundation for computing spin-transfer torques from first principles.
However, extending this semi-classical approach to magnetic tunnel junctions requires
special treatment of the tunneling process via appropriate boundary conditions at
the tunnel-barrier interfaces. The complete derivation of the spin and charge drift-
diffusion equations, their finite element implementation, the treatment of tunneling
spin currents, and validation against analytical and experimental results are presented
in detail in Section 6.1.
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Computational Methods 4:

The micromagnetic model introduced in the preceding sections defines a set of nonlinear
partial differential equations in space and time that are analytically tractable only for
highly simplified cases. In practice, the simulation of static and dynamic micromagnetic
phenomena relies on numerical techniques. However, developing efficient numerical
methods is nontrivial due to several intrinsic challenges of the underlying equations.

First, the demagnetization field, which represents long-range dipole-dipole inter-
actions, introduces a computational bottleneck. A simple evaluation scales as O(n?)
quickly becomes restrictive with the number of simulation cells n. To address this,
several approaches have been proposed that reduce the complexity to O(nlogn) [126]
or even O(n) [127].

Second, the exchange interaction imposes a local but highly stiff coupling due to
its second-order spatial derivative. This stiffness, combined with the nonlinearity of
the governing equations, places strict requirements on the numerical time integration
scheme.

Third, the total micromagnetic energy landscape is typically nonconvex and high-
dimensional, with multiple local minima. In quasistatic problems such as hysteresis
simulations, the system must relax toward a nearby energy minimum. The complexity
of the energy landscape necessitates careful selection of minimization algorithms to
avoid missing relevant minima.

To solve the micromagnetic equations numerically, spatial and temporal discretiza-
tions are typically decoupled. For spatial discretization, the most widely used methods
are the finite difference method (FDM) and the finite element method (FEM). Both
approaches partition the magnetic domain into cells to compute the local contributions
to the effective field Heg or the total energy E. While FDM is typically based on
a regular Cartesian grid, FEM uses tetrahedral elements to accommodate complex
geometries (see Figure 4.1).

The mesh resolution in either method must be fine enough to resolve domain walls,
whose characteristic width is given by the exchange length:

0= \/KTeﬁ, (4.1)

where A is the exchange stiffness and K.g denotes the effective anisotropy constant.
The latter includes crystalline anisotropy and shape anisotropy contributions induced
by the demagnetization field [99].
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(a) (b)

A
Yy x
Figure 4.1: Discretization of a unit sphere using two common methods in micromag-

netics: (a) structured Cartesian mesh used in FDM, and (b) unstructured tetrahedral
mesh used in FEM.

Once the system is spatially discretized, the static energy minimum or the dynamic
time evolution of the magnetization m must be computed. This requires a separate
class of algorithms, such as energy-minimization techniques or time integration methods
for the LLG equation. The effective field must be evaluated only within the magnetic
domain in both cases.

The following sections review two spatial discretization techniques: the FDM
(Section 4.1) and the FEM (Section 4.2). Particular attention is given to efficient
algorithms for computing the demagnetizing field, including the truncation approach
and the hybrid finite element-boundary element method (FE-BEM), which are pre-
sented in Section 4.3.1. The numerical time integration of the LLG equation is treated
separately in Chapter 5.

4.1 Finite Difference Method

The FDM is a widely used numerical technique for solving differential equations and
has become a cornerstone of computational science due to its conceptual simplicity
and ease of implementation. At its core, FDM seeks to approximate solutions to
differential equations, i.e., to find a function (or a discrete approximation) that satisfies
the prescribed relationships between various derivatives on a given spatial and/or
temporal domain, subject to boundary conditions. This is a nontrivial problem,
and analytical solutions are rarely obtained. The finite difference method addresses
this challenge by replacing derivatives with finite difference approximations. This
approximation yields a large but finite system of algebraic equations that can be
solved numerically on a computer [128,129,130].

Before solving such systems, one must first understand how to approximate deriva-
tives of a known function using only discrete pointwise evaluations. This foundational
step enables the development of higher-order schemes and introduces essential concepts,
including the consistency, stability, and accuracy of finite-difference operators. The
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(a) 1D FDM grid: z; = ih (b) 2D FDM grid: x; = ih, y; = jh

Figure 4.2: Mesh points for the FDM grid in one (a) and two (b) spatial dimensions.
The grid spacing is uniform with h between adjacent points. In (b), the 2D indexing
convention for a 3 x 3 grid is shown.

discretization typically involves subdividing the spatial domain into an equidistant
grid of points. In the 1D case, this corresponds to grid points:

x; =1th, fori=0,...,N, (4.2)

where h = % is the uniform grid spacing, and N € N is the number of discretization
points. This concept naturally extends to higher dimensions. For example, in a 2D

setting, the grid points are given by:
x;; = (ih,jh), fori,j=0,..., N, (4.3)

with the same spacing h = % applied along both axes.

Figure 4.2 illustrates the grid layout in both the 1D and 2D cases. In 1D (Fig-
ure 4.2 (a)), the points lie along a line with uniform spacing. In 2D (Figure 4.2 (b)),
the points form a Cartesian mesh.

In micromagnetics, FDM has proven to be a robust and efficient tool for simulating
magnetization dynamics. Its restriction to regular, structured meshes enables the
use of highly optimized algorithms, particularly for computing quantities like the
demagnetization field, which are computationally expensive due to their long-range
nature. However, this same grid regularity limits the applicability of FDM to geometries
that conform well to Cartesian meshes, making FDM less suitable for complex or
curved domains, where unstructured methods such as FEM are more appropriate.

FDM is a classical numerical technique for approximating the solution of differential
equations by discretizing space into a uniform grid and replacing derivatives with finite
difference quotients. If one can efficiently and accurately approximate derivatives at
discrete points, then in principle, one can also approximate the solution of differential
equations. This process begins by approximating derivatives of a real-valued function
u: [a,b] — R using difference formulas:

(i) Forward difference:
u(x + h) — u(z)

- (4.4)
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(i) Backward difference:
u(z) —u(x — h)
h

(4.5)

(iii) Central difference:
u(x + h) —u(x —h)

= (4.6)

The central difference formula is generally more accurate, introducing an error
term of order O(h?), while forward and backward differences have errors of order
O(h). These formulas can be derived from Taylor expansions or from interpolating
polynomials evaluated at the mesh points.

This idea extends to second-order derivatives. In one spatial dimension, the second
derivative of a function u(z) at a point z; is approximated by applying the central
difference formula twice, once for the first derivative and again for the derivative of
that result. This yields the second-order central difference approximation:

d*u Wi — 20 F Uiy

dxg = ~ h2 + O(h‘Q)’ (47)

where h is the grid spacing and u; denotes the discrete function value at grid point
x;, i.e. u; &~ u(x;). This approximation introduces a truncation error of order O(h?),
making it simple and reasonably accurate for many applications.

To illustrate how FDM works in practice, we consider the Poisson equation, a
fundamental equation arising in many scientific and engineering applications:

—V?u(x) = f(z), x€Q, (4.8)
u(z) =up(x), x € . (4.9)

In one dimension, the domain [0, 1] is discretized into a uniform mesh of N € N grid
points, with spacing h = % Using the finite difference approximation, the continuous
Poisson equation becomes:

Uiy — 2U; + Uiy

This leads to a linear system of equations:
Au =, (4.11)

where A is a sparse matrix representing the discrete Laplace operator, u is the vector
of unknowns, and r is the discrete right-hand side vector.

Dirichlet boundary conditions can be directly incorporated by assigning values to
the boundary nodes ug and uy. To evaluate the difference quotient at the domain
boundaries, one might use ghost points, with values such as:

U_1 = Ug, UN+1 = UN-1- (412)
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This ensures the scheme can be applied across the full grid. Once the system is
assembled, the solution can be computed as:

u= A"t (4.13)

in practice, iterative solvers such as Jacobi, Gauss-Seidel, or successive over-relaxation
(SOR) are typically used due to the size and sparsity of A [131,132].

To extend finite difference methods to higher dimensions, consider the Poisson
equation in two dimensions:

—V2u(z,y) = — (% + g—;;) = f(x,y), (x,y)€eQ=(0,1)x(0,1), (4.14)
u(z,y) = g(x,y), (z,y) € . (4.15)

Here, g(x,y) defines the Dirichlet boundary condition on the domain boundary. As in
the 1D case, we discretize the domain by defining a mesh that includes the boundary:

NN
where M, N € N are the number of intervals along each axis.

To discretize the differential operator, we approximate the second derivatives in
each spatial direction using central finite differences:

@2U Uiy1,5 — 2UZ'7‘ + Ui—1,5
o (i ¥s) = = o (4.17)
9%u Ui jp1 — 25 + Ui
G () > IS T (4.18)
By adding these two approximations, the full Laplacian is approximated as:
82U 82u Ui41,5 + Ui—1 j + u, j+1 + u, j—1 — 4Uij
(5 + ) ) = e B

Substituting this into the 2D Poisson equation results in a discrete equation for interior

points:
_ iy T RimL ;ljz i Y= (4.20)
The boundary values are set using the function g(x,y), just like in the 1D case.
The resulting linear system again has a sparse matrix structure and can be solved
using iterative solvers designed for large-scale problems.
The extension of this method to three dimensions is conceptually straightforward.
The 3D Laplacian is defined as:

Pu  Pu  u
Ox? + Oy? * 022
It can be discretized by independently applying the same finite difference approxima-
tions in all three spatial directions. This yields a discrete equation involving the values
of u at neighboring grid points along the x, y, and z directions. The resulting system
of equations has a similar sparse structure and is solved with the same numerical
techniques used in lower dimensions.

Viu(z,y,2) = (4.21)
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4.1.1 Discretization of the Landau-Lifshitz-Gilbert Equation

The simulations in this work are conducted using an in-house micromagnetic solver
based on the FDM, originally introduced in [103]. Tt is applied to the modeling
of pMTJ devices. The effective magnetic field is computed directly from the dis-
cretized magnetization [133]. Only the dynamics of the FL are simulated, while the
magnetostatic stray field of the RL is treated as a static external contribution.

The computational domain is discretized into parallelepiped cells with volume
Az - Ay - Az, where Az, Ay, and Az represent the spatial resolution in each Cartesian
direction. The number of cells in each direction is denoted by N,, N,, and N,
respectively. A unit magnetization vector m is assigned to the center of each cell.

4.1.1.1 External Field

The external magnetic field is specified as a uniform, time-independent input:

Hext (7/7 ja k) - Hext,input (422>

4.1.1.2 Exchange Field

The exchange field contribution, being proportional to the Laplacian of the magneti-
zation as shown in Equation (3.27), requires knowledge of the magnetization in the
computational cell and its six nearest neighbors, two along each Cartesian direction.
In a regular FDM grid, these neighbors are located at the adjacent face, sharing
positions, specifically at coordinates (i £ 1,7, k), (i,7 = 1,k), and (7,7, k £ 1).

The first-order discretization of the exchange field at cell (i, j, k) yields the following
expression [107]:

24 m(7, 7', k') — m(i, j, k)
MOMS A?’,j/,k, ,

He(i,5,k) = (4.23)

(ilvjl7k/)

where A is the exchange stiffness constant, pg the vacuum permeability, M, the
saturation magnetization, and Ay j i € {Az, Ay, Az} denotes the grid spacing in the
direction connecting the central and neighboring cells.

At the boundaries of the computational domain, some neighboring positions may
lie outside the simulation grid. To preserve the consistency of the exchange field
calculation near these boundaries, so-called ghost cells were introduced. These are
virtual cells placed just outside the domain, with their magnetization vectors set equal
to the nearest valid interior cell, thereby enforcing Neumann-like boundary conditions
as detailed in Section 4.1. This approach ensures that the exchange field can be
consistently computed throughout the domain, including at the boundaries [129].

4.1.1.3 Anisotropy Field

The computation of the discretized anisotropy field contribution only requires the
magnetization vector within the computational cell. Equations (3.33) and (3.37) can
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be directly applied for field evaluation. In the present work, the interface-induced
perpendicular anisotropy, typical in pMTJs, is modeled as a uniaxial anisotropy
contribution. The corresponding discretized expression for the anisotropy field is given
by:

2K,

Hani i7 '7]{: =
(4,7, k) T

(m(lv ja k) ' e)ev (424)

where e is the unit vector defining the easy axis of magnetization, typically oriented
perpendicular to the plane of the structure in systems exhibiting PMA.

For materials characterized by cubic anisotropy, the following expression gives the
field contribution:
B 2D(i, j, k)

Hani ia .ak =
(4,7, k) ol

m(i, j, k), (4.25)
where D(i, 7, k) is a second-rank anisotropy matrix that defines the local anisotropy

energy landscape, the construction and role of this matrix are described in detail
in Section 3.2.3.3.

4.1.1.4 Demagnetizing Field

The demagnetizing field is the most computationally expensive contribution to the
effective field. Originating from dipole-dipole interactions, it is inherently non-local:
its value at a given location depends on the magnetization vectors throughout the
magnetic structure. Consequently, calculating the demagnetizing field at each cell
requires summing contributions from all other cells in the domain.

For the computation of the demagnetizing field in the FL, a discretized form of
Equation (3.46) was used. The field at each computational node is calculated as:

Nz Ny Nz

DN Gl ki G K -m(i, 5 K), (4.26)

i'=1j'=1k=1

M,
47

Hd(iaja k) =

where G is a space-dependent tensor that encodes the dipole-dipole interaction ker-
nel [107,133|. This tensor is symmetric, and given its structure, only six of its nine
components need to be evaluated explicitly. Since it is time-independent and solely
geometry-dependent, G is precomputed once at the beginning of the simulation and
reused in subsequent time steps.

The magnetostatic coupling field between the RL and the FL shares the exact
physical origin as the demagnetizing field in the FL, arising from dipole-dipole in-
teractions. However, because the RL magnetization remains static throughout the
simulation, its contribution can be computed once during initialization and treated as
a time-invariant external field.

To evaluate this coupling, the RL is discretized into parallelepiped cells, each
assigned a unit magnetization vector p = Mgy, /MR where Mgy, denotes the local
magnetization and MR is the saturation magnetization of the RL.
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The resulting magnetostatic field at a given FL cell (4, 7, k) is then computed using
an expression analogous to Equation (4.26):

RL NRL ArRL
Nx Ny Nz

PR Ms ~/- - A Vi N /
Hous(in g k) = =D > > Gl ki oK) ol 5 K, (4.27)

i'=1 j'=1k'=1

where NIt NfL, and NI'L represent the number of discretized RL cells along the -,
y-, and z-directions, respectively.

By precomputing this static contribution, the magnetostatic interaction between
RL and FL can be incorporated efficiently without increasing the computational
burden during the dynamic simulation steps.

4.1.1.5 Ampére Field

The Ampeére (or Oersted) field, resulting from the magnetic field generated by the
flowing current, is computed using the discretized form of Equation (3.46). The field
at each computational cell (, 7, k) is obtained by summing the contributions from the
current density in all other cells of the simulation domain:

1
Hlow(i,4,8) = =D 0> > el K) x G(i g,k 5 K), (4.28)
i’ K’

5/

J

where J. is the local current density vector and G’ is a space-dependent interaction
vector that encodes the geometric relationship between the source and observation
cells. The summation excludes the self-term, i.e., cells for which (7', j', k") = (i, j, k)
are omitted.

A detailed derivation of the interaction vector G’, including methods for the
efficient numerical evaluation of the required integrals, is provided in [134]. In practice,
the Oersted field is approximated at the start of the simulation under the assumption
of a constant current-density distribution. It is then treated as a static external field
during time integration.

4.1.1.6 Thermal Field

The thermal field is modeled as spatially and temporally uncorrelated Gaussian noise,
consistent with the stochastic formulation of the LLG equation presented in [135]. Its
implementation must also adhere to the fluctuation-dissipation relation described by
Equation (3.52b), ensuring proper thermal agitation behavior across the simulation
domain.

The discretized thermal field at each computational cell (i, 7, k) is computed as:

o o o 2kgT
Hun (i, 5, k) = U(M,k)\/l 2 %AtKVM : (4.29)

where « is the Gilbert damping factor, kg the Boltzmann constant, 7" the temperature,
Yo the gyromagnetic ratio, At the simulation time step, AV the volume of the
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computational cell, and M the saturation magnetization. The term o (4, 7, k) represents
a random variable drawn from a standard normal distribution, uncorrelated in space
and time, with zero mean and unit standard deviation.

The implementation follows the approach in [136], in which each component of the
thermal field vector is independently generated from Gaussian noise. This ensures
that the thermal fluctuations correctly reflect the statistical properties of a system in
thermal equilibrium and preserve the physical fidelity of thermally activated switching
processes.

4.1.1.7 Time Integration Scheme

After the initial setup phase, where simulation parameters are loaded from either
a configuration file or the command line, the magnetostatic coupling field H,,s and
the Ampére field H,,, are calculated. Since these contributions remain constant
throughout the simulation, they are precomputed and stored as static fields.

The core of the time evolution is handled by an explicit fourth-order Runge-Kutta
(RK4) integration scheme, used to solve the LLG equation. Within each time step,
the magnetization update proceeds via the evaluation of four successive intermediate
stages:

k; = LLG(m,, t,)At, (4.30a)
k At

ko = LLG (mn + 71 tn + 7) At, (4.30b)
k A

k; = LLG (mn + 72 tn + 7t> At, (4.30¢)

k; = LLG(m, + k3, t, + At)At. (4.30d)

Using these coefficients, the magnetization is updated as:
At
mn+1 =1m, -+ F(kl + 2k2 + 2k3 + k4) (431)

This method balances accuracy and computational efficiency, making it well-
suited for simulating magnetization dynamics over long time scales. The time loop
continues until the desired total simulation time is reached, with field contributions
and magnetization consistently updated at each step.

Further emphasis on the mathematical formulation, stability considerations, and
numerical performance of time integration methods will be provided in Chapter 5.

Figure 4.4a illustrates the overall flow of this simulation framework.

4.2 Finite Element Method

Similar to the FDM, the FEM is a numerical method for approximating solutions to
partial differential equations (PDEs). However, the FEM offers significantly greater
flexibility in handling complex computational domains. To solve a problem using the
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FEM, the simulation domain is discretized into a mesh composed of smaller, simpler
subdomains known as finite elements. These elements are connected at nodes, which
are points shared by two or more elements, along with boundary lines or surfaces.
This discretization transforms the original PDE into a system of algebraic equations
by formulating the problem locally for each element and assembling the local systems
into a global system. The following sections will introduce the FEM by outlining the
key steps involved in this process. To illustrate how the FEM works in practice, we
consider the Poisson equation again:

—Vu(z) = f(z), zeQ, (4.32)
w(z) =up(x), x€Tlp, (4.33)
Z—Z(x) =g(z), =€y, (4.34)

aQIFDUFN, FDﬂFN:(Z)v

where u is the unknown scalar field, f is a known source term, up defines the Dirichlet
boundary condition on I'p, and g prescribes the Neumann condition on I'y. This
also serves as a blueprint for more complex equations, such as the LLG equation. For
general background on the finite element method, see [137,138,139, 140].

4.2.1 Weak Formulation and Variational Form

The first step in the FEM procedure is to rewrite the original PDE in its weak
formulation. This approach relaxes the regularity requirements on the solution and
test functions by integrating the governing equation with respect to a set of smooth
test functions. We multiply both sides of the equation by a test function v and
integrate over the domain €2:

/Q(—Vzu)vda::/gfvdx. (4.35)

Applying integration by parts, Gauss’s (divergence) theorem:

/Vu-Vvdx:—/(Au)vdaH—/ @vds
Q Q a0 On

and using the product rule for differentiation, the second-order derivative term is
expressed as a sum of first-order derivatives. Here, the left-hand side is a volume
integral over the domain €2, while the right-hand side represents a surface integral
over the boundary 0f).

This results in the following weak formulation:

/Vu-Vvdx—/ %vds:/fvdx, (4.36)
Q a0 On Q

where the term % = Vu - n represents the normal derivative of u on the boundary 0f2.
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We consider the boundary 0f) to be partitioned into two disjoint parts:
I =TIpUly, I'pNly=0,

where ['p is the portion where Dirichlet boundary conditions are prescribed, and I'y
is the portion with Neumann boundary conditions. Before applying the Dirichlet
condition strongly, the boundary integral over I'p remains part of the weak form.
It reflects a general formulation suitable for alternative treatments (e.g., Nitsche’s
method!). The resulting weak form is:

/Vu-Vvdx—/ @vds:/fvdx—k/ gvds (4.37)
Q rp On Q 'y

Assuming the Dirichlet condition v = up is imposed strongly (i.e., incorporated
directly into the trial function space), the test function v vanishes on I'p. The weak
form then simplifies to:

/Vu-Vvdx:/fvdx+/ guds, (4.38)
Q Q I'n

where g denotes the prescribed Neumann boundary portion, such that g—z =gon ['y.
This weak formulation is commonly expressed in an abstract variational form:

a(u,v) = L(v) Yv eV, (4.39)

where the bilinear form a(u,v) and the linear form L(v) are defined as:
a(u,v) = / Vu-Vuvdz, (4.40)
Q
L(v) = / fode +/ guds. (4.41)
Q In

We assume that f € L?(Q), g € L*(I'y), and up € HY?(I'p) to ensure well-
posedness of the weak formulation.

The test function and the solution are assumed to belong to Hilbert spaces. In the
Galerkin method, employed for the results presented in this work, both are chosen
from the same Hilbert space.

The space V of test functions is a subspace of the Sobolev space H'((2), defined as:

V={veH(Q)|v=00onTp}, (4.42)
and the trial space is given by:

U={ueH(Q) |u=uponTp}. (4.43)

INitsche’s method enforces Dirichlet boundary conditions weakly by modifying the bilinear form.
For details, see [141].
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More explicitly, the Sobolev space H*(€2) is defined as:
H'(Q) == {v e L*Q) | Vv e [L* ()}, (4.44)

where d is the number of spatial dimensions. The Lebesque space L*(Q) is defined as:

L2(Q):{U:Q—>R‘/ﬂv2dx<oo}. (4.45)

This formulation is referred to as weak because it only requires equality in an
integral sense, whereas the strong form demands pointwise equality and more regularity.

In practical computations, both the solution and test functions are approximated
in finite-dimensional subspaces U, C U and V}, C V, which typically consist of globally
continuous, piecewise affine (i.e., linear on each mesh element) basis functions defined
over the computational mesh.

With all components defined, the final variational problem is expressed as follows:

Find v € U such that a(u,v) = L(v) Yv e V. (4.46)

4.2.2 Finite Element Discretization

To solve the weak form numerically, the domain 2 is subdivided into a finite number
of smaller subdomains forming a triangulation 7,. These are typically triangles
or quadrilaterals in two dimensions, tetrahedra or hexahedra are common in three
dimensions. The set of all mesh nodes is denoted by N' = {x;}, where x; are the
coordinates of node 1.

Based on this triangulation, we define the finite element space V},, a finite-
dimensional subspace of V', consisting of globally continuous, piecewise affine functions:

Vi i={v e C°(Q) | v|r is affine VT € Ty, } . (4.47)

Each function v, € V}, is uniquely determined by its nodal values. The set of nodes
N is partitioned into two disjoint subsets: Np, consisting of nodes on the Dirichlet
boundary I'p, and Ny, the set of remaining (free) nodes. A nodal basis {¢;} is chosen
such that:

¢i(x;) = dij, (4.48)
where 9;; is the Kronecker delta. The space V}, is then given by:
Vi = span{¢y, ¢, ..., On}. (4.49)

The finite element approximation u, € V}, is expressed as a linear combination of
basis functions:

up(z) = Z Uidi(), (4.50)

here, U; are the nodal coefficients (degrees of freedom) corresponding to basis functions
#;, and they form the components of the global solution vector U = (Uy, Us, ..., Ux)".
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Substituting the basis expansion u; and v, = ¢; into the weak form (4.38) and
requiring it to hold for all basis functions leads to the component-wise system:

> (/ Vi -V, dx) U, = / fo;dx +/ go; ds. (4.51)
y Q 0 I
This can be written in matrix-vector form as:

AU = b, (4.52)

where the matrix and vector entries are defined by:
Q

b = /Q fo;dz + /F ) 9o ds. (4.54)

To enforce Dirichlet boundary conditions, described as:
UZ‘ = UD(XZ‘), \V/Xi c ND. (455)

The system is then partitioned into known (Dirichlet) and unknown (free) degrees
of freedom (DOF). The free DOFs correspond to the nodes in Ny, for which the
solution values uy are not prescribed and must be computed by solving the system. In
contrast, the Dirichlet DOFs up, associated with nodes in Np, are imposed directly
according to the boundary conditions. Letting U = (up,us)’, and partitioning A
and b accordingly, written as:

App ADf) (bD)
A= b= . 4.56
(AfD Asr )’ by (4.56)
Here:

(i) App corresponds to interactions between Dirichlet nodes,

(ii) Apy (and its transpose Ayp) captures the coupling between Dirichlet and free
nodes,

(iii) Ass includes contributions only from the free nodes and defines the part of the
system to be solved numerically.

To incorporate the known Dirichlet values into the system, we substitute them
directly into the global equation, which yields:

(o ) (o) = (20 (157

where [ is the identity matrix used to enforce Dirichlet values.
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u(z)

up(z)

Ty I Ty Ty Ty Ty T X7 XY

(a) 1D FEM: up(x) = >, uipi(z) (b) 2D FEM: up(z,y) = 32, ; wijpi (2, y)

Figure 4.3: Representation of the original solution u and the finite element approx-
imation u; in one (a) and two (b) spatial dimensions. The basis functions for all
nodes are shown at the bottom of the 1D plot. The highlighted basis function s ()
and corresponding solution value uy at node x5 are shown in orange. The 2D plot
shows the smooth function u(x,y), its piecewise approximation u,(z,y), and the basis
function 5 ¢(z,y) centered at node (zs, ys).

The final reduced symmetric system for the unknown values uy is then:
Affllf = bf — AfDuD. (458)

This reduced system involves only the unknown free DOFs and forms the core of
the numerical solution process. This system can be solved efficiently because of the
sparsity of A, which arises from the local support of the basis functions. Moreover, the
framework naturally accommodates mixed boundary conditions. It can be extended
using higher-order basis functions and adaptive mesh refinement to improve accuracy
in regions where the solution varies rapidly.

Figure 4.3 illustrates the representations of the original solution and its finite ele-
ment approximation in both the 1D and 2D settings. In the 1D case (Figure 4.3 (a)),
the nodes are aligned along a single axis, and piecewise linear basis functions approx-
imate the solution. In the 2D case (Figure 4.3 (b)), the domain is discretized into
triangles, and the hat function associated with a single node is shown along with
a smooth solution surface and projection. The label @5 (25, ys) denotes the basis
function and nodal value associated with the corresponding node. This construction
naturally extends to higher-order approximations by increasing the polynomial degree
of the basis functions and adding more nodes per element. It also generalizes to 3D
problems, where the domain is typically discretized using tetrahedral elements and
basis functions are defined over a reference tetrahedron in a similar manner [142].
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4.3 Finite Element Micromagnetic Solver

Figure 4.4b illustrates the general workflow of the micromagnetic simulation software
ViennaMag [143], a finite element (FE)-based tool for the simulation of MRAM devices.
Written in C++, the software is built on the open-source FE library MFEM |[144,145],
which provides essential components for finite element simulations, including mesh
handling, solvers, data structures, and result visualization. On top of this foundation,
ViennaMag adds features specific to micromagnetics, such as the computation of the
demagnetizing field, spin-accumulation, IEC, and the solution of the LLG equation.

The simulation begins by loading input parameters, including the computational
mesh that describes the device geometry. Data structures are initialized to represent
the magnetization in the ferromagnetic layers, and a method for computing the
demagnetizing field is selected. Once setup is complete, the main simulation loop is
executed.

In each iteration, the demagnetizing field is computed from the current magnetiza-
tion. The spin-accumulation is calculated in two steps: first, the electric potential

simulation start
get parameters
compute Hy,s and Heyyr

simulation start

get parameters
(mesh, methods, init. m

end of simulation

no initialize simulation

(mag., coeff., submesh)

>

no
calculate Hy

calculate spin-accumulation

assemble LLG matrices
solve system of egs.

calculate Hy,

start LLG time integration
i=1

end of simulation

calculate Hexch, Haniso, Ha

assemble drift-diffusion
matrices

solve egs. for J¥

solve eqs. for S*

yes

calculate new m

update time step
t=t+ At

(a) Flowchart of the micromagnetic
FDM simulation loop. The LLG
solver performs a 4-stage RK integra-
tion over each time step At to com-
pute the updated magnetization.

[computc next magn. state mk“]
17
(b) Flowchart of the ViennaMag FEM
simulator. The micromagnetic state
is updated iteratively by coupling
spin and charge transport with time
integration of the LLG equation.

Figure 4.4: Flowcharts of the micromagnetic simulation implementations.
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is solved for to determine the charge-current distribution, this result is then used to
solve the spin-accumulation equations. These quantities serve as inputs to the LLG
equation, which is assembled and solved to update the magnetization. The system
evolves over discrete time steps until the final simulation time.

The LLG equation, when coupled with the spin and charge drift-diffusion for-
malism, enables the modeling of magnetization dynamics in multilayer structures of
arbitrary complexity. Since analytical solutions to this system of PDEs are limited to
idealized cases, numerical approaches are essential. Section 4.1 presents an FDM-based
implementation of the LLG equation, suitable only for thin FL layers with simple
elliptical geometries. In contrast, the FEM naturally supports complex geometries and
multiple material domains [146, 147], making it the preferred method for implementing
a unified solver that models charge transport, spin-accumulation, and magnetization
dynamics. This functionality is realized using the C++ library MFEM. The weak
formulations and discretization strategies for these coupled systems are presented
in Section 4.2.

4.3.1 Efficient Algorithms for
Demagnetizing Field Computation

As discussed in Section 3.2.4, the demagnetizing field potential satisfies Poisson’s
equation with open boundary conditions, requiring the problem to be solved over the
entire space R3. This presents a significant computational challenge, as standard FEM
methods are restricted to finite domains and cannot directly handle open-boundary
problems. In practice, calculating the demagnetizing field is the most computationally
demanding task in micromagnetic simulations because it must account for long-range
dipole interactions among magnetic moments.

Various numerical approaches have been developed to address this challenge. The
truncation approach is a common technique in which a sufficiently large finite region
replaces the infinite exterior domain. Alternatively, the hybrid FE-BEM allows
accurate treatment of open boundaries by combining FEM in the magnetized region
with boundary element method (BEM) in the exterior domain, significantly reducing
computational effort while maintaining accuracy.

In the following, we present and compare these methods for computing the demag-
netizing field, focusing on their accuracy, efficiency, and their ability to account for
the long-range nature of magnetostatic interactions.

4.3.1.1 Truncation Approach

The most straightforward method for approximating the open boundary condition
is the truncation approach. Here, the magnetized region (2, is embedded in a larger,
finite, non-magnetic external region €., such that the total computational domain is
Q= Q,, UQ,. Since the magnetic scalar potential decays with distance outside the
magnetized region, the open boundary conditions can be approximated by applying
homogeneous Dirichlet boundary conditions (i.e., v = 0) on the outer surface 02,
thereby mimicking the decay to zero at infinity.
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In this setting, the demagnetizing field is computed as:
Hdem = —VU, (459)

where u is the scalar magnetic potential, obtained by solving the Poisson equation
derived from Equation (3.43):

V- (Vu—M;) =0 inQ, (4.60)
subject to the boundary condition:
u=0 on 0f,. (4.61)

Multiplying the equation by a test function v € V; and integrating over the computa-
tional domain €2 = Q,, U ()., we obtain the weak form:

/ (Vu — M) -Vode =0 Yo € V. (4.62)
Q

Applying integration by parts to the first term (and using the fact that v = 0 on 09.)
yields:

/Vu-Vvdx:/Ms-Vvdx You € V. (4.63)
Q Q

To accurately account for the discontinuity of the magnetization m at the boundary
08, the right-hand side of Equation (4.63) is typically restricted to integration over
the magnetic region 2,,:

/Vu-Vvdx:/ M; - Vodzx Yov e V. (4.64)
Q Qm

This restriction is significant when the magnetization m is discretized using piecewise-
affine, globally continuous finite-element functions, as it enables a consistent treatment
of the discontinuity at 0€2,,. The function space V; is defined as:

Vo={veV:v(x)=0Vred} (4.65)

Imposing a zero potential at a finite boundary is inherently approximate, since the
true potential vanishes only in the limit » — oo. Thus, the size of the external domain
Q). significantly influences the accuracy of the solution. In practice, choosing €2, to
be approximately five times larger than €2, in each spatial direction offers a good
compromise between computational efficiency and accuracy [148] (see Figure 4.5). To
further reduce computational effort without sacrificing precision, the mesh in €2, can
be progressively coarsened toward the boundary 0f2..

4.3.1.2 Hybrid Finite Element—Boundary Element Method

To reduce the number of DOFs in the computation of the demagnetizing field, it is
advantageous to restrict spatial discretization to the magnetic domain €2,,.
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(a) (b)

Figure 4.5: Finite-element mesh used for computing the demagnetization field with
the truncation approach. (a) The magnetic region is shown in blue, while the sur-
rounding external region is shown in light blue. The external domain is chosen to be
approximately five times larger than the magnetic region in each spatial direction. (b)
The magnetic region represents the area of interest and is embedded within the larger
external domain used to model open boundary conditions.

This is achieved by a hybrid FE-BEM, initially proposed by Fredkin and Koehler [149].
Within this hybrid approach, the Poisson equation is solved in the magnetic domain
using FEM, while the behavior of the potential at infinity is guaranteed by a double-
layer potential placed on the boundary of the domain. Similar to the truncation method,
the FE-BEM approach uses the scalar magnetic potential u as an intermediate quantity,
from which the demagnetizing field is obtained via:

Hyem = —Vu. (4.66)

The potential is split as:
U= uy + U, (4.67)
where u; is defined as the solution of Poisson’s equation inside the magnetic domain:
Viui(r) =V -M for r € Q,,,, (4.68)
u =0 for r ¢ Q,,, (4.69)

with the Neumann boundary condition on 0€2,,:

(9u1 .

While u; satisfies the correct normal jump condition at the boundary, it does not
ensure continuity of the potential. Therefore, a correction term ws is introduced such
that:

V2uy =0 in R?, (4.71)
[Vug -n] =0 on 0, (4.72)
[ug] = uy on 02,,, (4.73)
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where [f] = fin — four denotes the jump of f across the boundary.
A double-layer potential of the form fulfils these conditions:

us(r) 17{)0 oulr) 1 g, (4.74)

T o’ |r—r/|

Although w5 could theoretically be evaluated in the entire domain via this integral,
doing so is computationally expensive due to its O(n?) complexity. Instead, the
integral is only evaluated on the boundary 0f2,, using the BEM, yielding the boundary
values of uy through a matrix-vector product:

llQ’an = Bu1|mm. (475)

These boundary values then serve as Dirichlet boundary conditions for solving the
Laplace equation V?uy; = 0 inside €2, via the FEM, which provides uy throughout
the magnetic domain. The total potential u = u; + us is then used to compute the
demagnetizing field.

The resulting matrix B is dense and scales quadratically with the number of
boundary nodes np. Hierarchical matrix compression techniques [150, 151] are often
employed to mitigate the associated memory and computational costs, reducing
complexity to O(nglogng).

This hybrid approach significantly reduces the computational domain by discretiz-
ing only the magnetic region €2,,. It remains effective even for disconnected or complex
magnetic geometries. The trade-off, however, is the use of dense BEM operators,
which differ from the sparse matrices typically encountered in FEM.

4.3.1.3 Verification and Benchmarking

The Micromagnetic Modeling Activity Group? at the NIST Center for Theoretical and
Computational Materials Science has defined a set of standard problems to enable
consistent comparison between micromagnetic simulation codes and published results.
Following these recommendations, we assess the correctness and accuracy of our
demagnetizing-field solvers using magnetization states from the uMAG Standard
Problem 3 [152] together with geometries that admit analytical solutions.

The benchmark consists of three test cases:

(i) Single-domain tests: A unit cube with three magnetization states (uniform,
flower, vortex) to isolate solver accuracy for single-domain ferromagnets.

(ii) External-field test: A two-disc configuration to evaluate the field outside the
magnetized body.

(iii) Device application: A realistic STT-MRAM cell with disconnected magnetic
domains.

2https://www.ctcms.nist.gov/ rdm/mumag.org.html
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Figure 4.6: Comparison of demagnetizing energy for three distinct magnetization
states: (a) uniform, (b) flower, and (c) vortex. For each case, the top subfigures
show the corresponding magnetic potential, and the bottom subfigures show the
magnetization distribution.

For a uniformly magnetized cube, the demagnetizing field and thus the demagne-
tizing energy can be obtained in closed form. The energy is given by:

Ea = —MOT]WS /Q m(r) - Hy(r)dr. (4.76)

The scalar magnetic potential reaches its maximum near the cube surfaces, where
the divergence of M is largest.

The flower and vortex initializations follow [153]. The flower state is defined as:

my(r) = L az, (4.77)
my(r) = Lyz + Hy°2° (4.78)
m,(r) =1, (4.79)

with parameters @ = ¢ = 1 and b = 2, and the cube centered at (0,0, 0).
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Figure 4.7: Comparison of demagnetizing energy for unit cubes with different mag-
netization configurations (uniform, flower, vortex), calculated using the truncation
approach and the hybrid FE-BEM approach against analytical reference values [153].
The hybrid FE-BEM shows excellent agreement with analytical results, while the
truncation approach significantly underestimates the energy. Based on the figure
originally published in [154].

The vortex state is defined as:

ma(r) = —%\/ 1 —exp (_%2) (4.80)
my(r) = g\/ 1 — exp <—%> (4.81)

m,(r) = exp (-i-f) : (4.82)

c

where r = /22 + y? and r¢ = 0.14 as defined in [153].

Figure 4.6 illustrates the three magnetization configurations, uniform, flower, and
vortex, together with their corresponding magnetic scalar potentials. Figure 4.7
presents the demagnetizing energies computed using both the truncation and hybrid
FE-BEM approaches, compared against the analytical reference values from [153|. For
quantitative comparison, we define the relative error as:

£ — £

erre V=100 e + Tmin €0

(4.83)

The hybrid FE-BEM agrees within < 1% for the uniform and flower states and
approximately 5% for the vortex case at identical mesh resolution, whereas the
truncation approach consistently exhibits errors greater than 10%. These results
confirm that, for a similar mesh in the magnetic domain, the hybrid FE-BEM approach
is superior to the truncation approach in both accuracy and computational cost.

To evaluate the demagnetizing field outside the magnetized body, we consider a
two-disc configuration with known analytical solution [155]. The on-axis field of a
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Figure 4.8: Two-disc configuration with parallel magnetizations. Left: demagnetizing
field Hy, along the symmetry axis. Right: relative error with respect to the analytical
reference (4.84). The FE-BEM maintains accuracy across the axis, while the truncation
approach shows significant deviations.
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Figure 4.9: Two-disc configuration with anti-parallel magnetizations. Left: demag-
netizing field Hy, along the symmetry axis. Right: relative error with respect to
the analytical reference. The FE-BEM reproduces the analytical field within a few
percent, while the truncation approach yields larger errors.

single uniformly magnetized disc of radius R and thickness L, magnetized along its
symmetry axis, is given by:

| M )
Hse(z) = =° ( - - > , (4.84)

2 \Va2+R2 /(v — L2+ R?

which follows from the surface-charge representation o,, = M - n.

The analytical reference for two identical discs is assembled pointwise from Equa-

tion (4.84) by mirroring about the center plane. For axial sampling points {x; ;V:f)lz

Hy,lj) = Hi[j] + Hi[N — 1 — j], (4.85)
HiPl) = Hilj) — Hi[N — 1 — j], (4.86)

where Hy[j] = HJ*(x;), and P/AP denote parallel and anti-parallel magnetizations,
respectively.
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To quantify accuracy along the axis, we report the pointwise relative error:

| H5w () — Hit ()|

erry[j] [%] = 100 man{Hfi(xk”

, (4.87)

which avoids divisions by small numbers near zero crossings (relevant in the anti-parallel
case).

For the numerical setup we use discs of thickness L = 0.1 nm and radius R = 1 nm.
To obtain field values between the discs with the hybrid FE-BEM (which solves only
on the magnetic domain), we insert a thin probe disc between them with negligible
saturation magnetization so as not to perturb the solution. Figure 4.8 and Figure 4.9
show the field profiles and relative errors for both configurations. In both cases, the
FE-BEM solution tracks the analytical reference within a few percent across the axis.
At the same time, the truncation approach shows larger deviations of up to 10-15%,
especially near the disc faces, where gradients are strongest.

Having established accuracy on canonical test cases, we evaluate the demagnetizing
field in a realistic STT-MRAM cell. The device has a diameter of 40 nm and consists
of two non-magnetic contacts of length 50 nm, a ferromagnetic RL of thickness 1 nm,
a tunnel barrier of thickness 1 nm, and a free ferromagnetic layer of thickness 1.7 nm.

The magnetic domain is disconnected, consisting of two ferromagnetic layers
separated by the tunnel barrier. This geometry provides a thorough test for the solver.
Figure 4.10 and Figure 4.11 compare the hybrid FE-BEM and truncation solutions
for the P and AP magnetization configurations, respectively. For visualization, the
contacts and barrier are hidden, arrows indicate the direction of the demagnetizing
field, and the color map encodes the magnetic potential.

Both methods produce very similar fields and potentials, confirming that the
FE-BEM implementation remains accurate for disconnected magnetic domains. Given
its superior accuracy at comparable mesh resolutions and reduced computational effort
relative to large truncated domains, the hybrid FE-BEM is adopted for the complex
geometries considered in subsequent chapters, including synthetic antiferromagnets.
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Figure 4.10: Demagnetizing field in an STT-MRAM cell with P magnetization con-
figuration. Arrows indicate the demagnetization field direction, while color-coding
represents the magnetic scalar potential u. Left: hybrid FE-BEM. Right: truncation
approach. Both methods yield similar results, validating the implementation for
disconnected magnetic domains. Figure originally published in [154].
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Figure 4.11: Demagnetizing field in an STT-MRAM cell with AP magnetization
configuration. Arrows indicate the demagnetization field direction, while color-coding
represents the magnetic scalar potential u. Left: hybrid FE-BEM. Right: truncation
approach. Both methods yield similar results, validating the implementation for
disconnected magnetic domains. Figure originally published in [154].
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Numerical Time Integration 5
of the LLG Equation

The temporal evolution of magnetization in micromagnetic systems is governed by
the LLG equation introduced in Chapter 3. This nonlinear partial differential equa-
tion couples precessional dynamics with phenomenological damping. After spatial
discretization by finite-element or finite-difference methods (Chapter 4), the LLG
equation reduces to a large system of coupled ordinary differential equations (ODEs).
The efficient and accurate numerical integration of this system is essential for practical
micromagnetic simulations, yet poses several fundamental challenges that distinguish
it from generic ODE problems.

This chapter develops the theoretical framework for time integrating the spatially
discretized LLG equation and presents a systematic comparison of the integration
schemes implemented in this work. Section 5.1 identifies the key numerical challenges
as stiffness, the unit-sphere constraint, and geometric structure, that guide the choice
of time integrator. Section 5.2 reviews the classical taxonomy of explicit, implicit, and
implicit-explicit (IMEX) methods. Section 5.3 introduces the tangent-plane scheme, a
reformulation of the LLG equation that transforms the constrained nonlinear problem
into a sequence of linear saddle-point systems. Section 5.4 discusses adaptive multistep
methods provided by the SUNDIALS library. Finally, Section 5.5 presents verification
studies using the yMAG Standard Problem 4 and compares the accuracy of the
implemented integrators.

5.1 Challenges in LLG Time Integration

Numerical integration of the LLG equation presents three interrelated challenges
that must be addressed by any practical time-stepping scheme: stiffness arising from
disparate time scales, preservation of the unit-sphere constraint, and retention of the
underlying geometric structure.

5.1.1 Stiffness and Disparate Time Scales

A differential equation is called stiff when its solution contains components evolving
on vastly different time scales, and when explicit methods require impractically small
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time steps to maintain numerical stability rather than accuracy [156]. The LLG
equation is inherently stiff due to the exchange interaction.
The exchange field contribution to the effective field takes the form:

24 _,
exch — \V4 m, 5.1
IUOMS ( )
where A is the exchange stiffness constant. Upon spatial discretization with mesh size
h, the Laplacian operator introduces eigenvalues scaling as h 2, leading to an effective
exchange field magnitude:

A

Hexc ~ T o
| h| 1“0]\4sh2

(5.2)
For typical ferromagnetic materials (A ~ 107" J/m, M, ~ 10° A/m) and fine meshes
(h = 1 nm), this yields exchange fields of order 10*-10° A/m, corresponding to
precessional frequencies:

Wexeh = 70| Hexen| ~ 10"7-10" rad/s. (5.3)

The associated time scale Texen = 27/Wexen ~ 10713107125 is orders of magnitude
shorter than the physical time scales of interest in device applications, such as
magnetization switching times of order 1079 s.
For explicit time-stepping schemes, the Courant—Friedrichs-Lewy (CFL) stability
condition requires:
C N CroM h?
Wexch fYOA

where C' is an order-unity constant depending on the specific method. This constraint
becomes increasingly restrictive as the mesh is refined, rendering explicit schemes
computationally impractical for high-resolution simulations [157, 158, 159].

While implicit time-stepping schemes bypass this strict CFL stability limit, allowing
significantly larger time steps, stiffness re-emerges as a bottleneck in linear algebra.
The large eigenvalues of the exchange operator result in a system matrix A with a

At < : (5.4)

larger condition number ky(A), defined in terms of the spectral matrix norm || - [|o as:
A=A Ay~ A 5.5
ralA) = Al A~ (52 (5.5

Since the maximum eigenvalue of the discretized exchange operator scales with
the inverse square of the mesh size (Ap. o< h™?), refining the mesh drastically
increases ko(A). This ill-conditioning causes standard iterative solvers (such as
Generalized Minimal Residual (GMRES)) to stagnate, necessitating the use of effective
preconditioners.

Figure 5.1 illustrates the separation of time scales in a typical micromagnetic
simulation. The exchange-driven dynamics impose a stability limit that is far below
the time scales associated with damping, demagnetization, and variations in the
external field.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Chapter 5. Numerical Time Integration of the LLG Equation Y

Physics of interest
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Figure 5.1: Hierarchy of time scales in micromagnetic simulations. The exchange
interaction imposes the CFL stability limit (Texen ~ 107!2 s for A = 2 nm mesh).
Demagnetization dynamics occur at Tgemag ~ 10~ s. Precession due to external
fields operates at Tpree ~ 107 s. Damping and switching occur at 107% — 1078 s,
far above the explicit stability limit. Material: Permalloy (A = 1.3 x 107! J/m,
M, =8 x10° A/m, a = 0.02).

5.1.2 The Unit-Sphere Constraint

A fundamental property of the LLG equation is that the magnetization magnitude is
conserved:

Im(x,t)| =1 VxeQ, t>0. (5.6)

This constraint follows directly from the structure of the LLG equation. Taking the
inner product of Equation (3.9) with m and using the orthogonality of cross products
yields:
om 190
TR ¥ T
This confirms that |m|? is a conserved quantity.
Numerical time-stepping schemes do not automatically preserve this constraint.
Three strategies are commonly employed:

~0. (5.7)

(i) Projection methods: After each time step, the magnetization is renormalized:

mn+1

—_— 5.8
|mn+1‘ ( )
This approach is simple but introduces O(At?) perturbations, where p is the
order of the underlying scheme.

(ii) Constraint-preserving schemes: Certain schemes, such as the implicit mid-
point rule applied to the LLG equation in Gilbert form, preserve the constraint
exactly at the discrete level [94].
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(iii) Tangent-plane formulation: The equation is reformulated to solve for the
velocity v = dym in the tangent space T, S* = {v : v-m = 0}, enforcing
orthogonality either exactly via Lagrange multipliers or approximately via
projection [135,160].

The tangent-plane approach, developed in detail in Section 5.3, is employed
throughout this work.

5.1.3 Structural Properties

The LLG equation possesses a rich geometric structure that certain numerical schemes
can exploit or preserve. In the absence of damping (o = 0), the equation reduces to:

om
ot
which is a Hamiltonian system with the total micromagnetic energy as the Hamiltonian.
The magnetization precesses on surfaces of constant energy, and the dynamics preserve
both the energy and the phase-space volume (Liouville’s theorem).
When damping is present (a > 0), the system becomes dissipative. As derived
in Chapter 3 (cf. Equation (3.15)), the energy decreases monotonically [94]:

&€

dt
A necessary property of numerical schemes is to preserve this dissipative character at
the discrete level, ensuring that artificial energy growth does not occur.

= —yom x Heg, (5.9)

o
—rfyzﬂ /Q ||m X HeH“gdx S 0. (510)

5.2 Classification of Time Integrators

Time integration schemes for ODEs are commonly classified as explicit or implicit,
and as one-step or multistep methods. This section reviews the classes most relevant
for integrating the LLG equation.

5.2.1 Explicit Runge-Kutta Methods

The LLG equation can be written as a general initial value problem m = f(¢, m), where
[ denotes the right-hand side (RHS) of Equation (3.12) including all effective field
contributions and, where applicable, spin-transfer torque terms. Explicit Runge-Kutta
methods advance this system from ¢, to t,,1 = t, + At via:

m,.1 =m, + Aty bk, (5.11)

=1

where the s stages are computed sequentially:

i—1
ki :f <tn+CZAt, mn—l—AtZaijkj) s 1= 1,...,8. (512)

J=1
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The coefficients a;j, b;, and ¢; are conveniently represented in a Butcher tableau [156]:

¢ ]fT (5.13)
where A = (a;;) € R*** is the Runge-Kutta matrix, b = (by,...,bs)" the quadrature
weights, and ¢ = (cy, ..., c,)T the stage nodes at which the right-hand side is evaluated.
For an explicit method, A is strictly lower triangular.

Classic examples include the forward Euler method (s = 1, first-order), Heun’s
method (s = 2, second-order), and the classical fourth-order Runge-Kutta (RK4)
method (s = 4). For stiff problems, explicit methods are subject to severe stability
restrictions. The stability region of the forward Euler method, for instance, is the
unit disk centered at (—1,0) in the complex plane. Eigenvalues of the linearized LLG
operator corresponding to exchange modes lie far to the left of this region, necessitating
time steps satisfying Equation (5.4) (see Figure 5.2). The classical RK4 method has an
extended stability region, extending to approximately |[AAt| < 2.8 along the negative
real axis. For the exchange-dominated eigenvalues [Apax| ~ 10 rads™ typical of
fine micromagnetic meshes, stability requires At < 107!3s. While this constraint
necessitates many time steps (e.g., 20000 steps for a 2 ns simulation), RK4 remains a
viable option when the computational cost per step is low and fourth-order accuracy
in constraint preservation is desired.

5.2.2 Implicit Methods and A-Stability

Implicit methods evaluate the RHS at the unknown solution value m,,,, thereby
enlarging the stability region. The simplest example is the backward Euler method:

my.; = m, + At f(tn+1, mn+1). (514)

This method is A-stable: its stability region includes the entire left half of the complex
plane, meaning that all stable modes of the continuous problem remain stable regardless
of the time-step size [156].

The implicit midpoint rule is defined as:

(5.15)

m, + myq

mp;; =m, + At f (tn+1/27

It is also A-stable and additionally preserves the unit-sphere constraint for the LLG
equation when combined with appropriate spatial discretization [90].

The computational cost of implicit methods arises from solving the nonlinear
system that occurs at each time step. For the LLG equation, Newton iteration requires
the Jacobian df/0m, which is dense due to the demagnetization field. However, the
tangent-plane reformulation (Section 5.3) transforms the problem into a linear system
for each time step, dramatically reducing the computational overhead.
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(Requires Implicit Definitions:

A-stable: Stable for all
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cession/Damping modes
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< Stiffness: Exchange modes
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methods fail unless At — 0.
Implicit methods remain stable.

Figure 5.2: Stability regions in the complex plane z = MAt with physical eigenvalues.
The Physics of Interest (Precession, Damping) lies near the origin and could be stable
for explicit methods. The exchange eigenvalue position depends on the time step: for
At =107 s, Aeyen At ~ —1 lies within the RK4 stability region (black dot). Increasing
At moves it left (gray dot), eventually exiting explicit stability regions. Explicit solvers
(Red/Blue) are forced to take tiny time steps (At — 0) just to keep the black dot
inside their stability boundary. The Implicit solver (Green) remains stable for any
At, allowing us to step over the stiff exchange modes. IMEX methods combine both
approaches: exchange modes are treated implicitly (Green), while precession and
damping remain explicit (Red/Blue).

5.2.3 Multistep Methods: BDF Schemes

Backward differentiation formulas (BDFs) are implicit linear multistep methods that
approximate the time derivative using values from multiple previous time steps. The
k-step BDF method takes the form:

k
Z My g1 = At f(tpr, Mypa), (5.16)

J=0

where the coefficients «; are chosen to maximize the order of accuracy. For example,

BDF?2 reads:

3 1
émn+1 - 21’nn + imn,1 = Atf(tn+17 n’ln+1). (517)

This achieves second-order accuracy. BDF methods up to order 6 exist, but only BDF1
and BDF2 are A-stable. The higher-order methods BDF3-BDF5 are A(«)-stable,
meaning their stability region contains a wedge |arg(—\)| < « for some angle o < 7/2
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rather than the full left half-plane [156]. This weaker condition, also referred to as
stiff stability, is sufficient for problems where all stiff eigenvalues lie near the negative
real axis, as is the case for exchange-dominated micromagnetic systems. BDF6 is not
even A(«)-stable and is therefore not used in practice.

The C-language Variable-coefficient Ordinary Differential Equation solver (CVODE)
solver from the SUNDIALS library [161] implements variable-order, variable-step BDF
methods with automatic step-size and order selection based on local error estimates.
This adaptive capability is particularly valuable for micromagnetic simulations, where
the dynamics may alternate between rapidly varying transients and slowly evolving
quasi-static phases.

5.2.4 Implicit-Explicit Method

When the RHS naturally splits into stiff and non-stiff components, it can be written

as:
dm

IMEX methods treat f; implicitly for stability while evaluating fr explicitly for effi-

ciency [162]. For the LLG equation, we assign the stiff exchange-damping contribution

to the implicit partition:

f] = —7yraom X (m X Hexch); (519)

e = —ym x Heg — ypam x (m x HE™" ), (5.20)

where Hgﬁon'emh) = H.g — Heyen. Crucially, only the damping component of exchange

enters f7, while the precessional term —yym x Hgq, remains in fg. This choice
ensures that the implicit Jacobian 0f;/0m is symmetric positive-definite, enabling
efficient algebraic multigrid (AMG) or preconditioned conjugate gradient (PCG)
solvers (cf. Section 5.4.2).

The ARKStep solver from SUNDIALS implements additive Runge-Kutta (ARK)
methods for IMEX problems [161]. This approach is investigated in Section 5.5.

5.3 The Tangent-Plane Scheme

The tangent-plane scheme (TPS), introduced by Alouges [135] and further developed
by Abert et al. [90] and Praetorius et al. [160], reformulates the LLG equation to
exploit its geometric structure. Rather than solving directly for m,, 1, the scheme
solves for the velocity v = d;m constrained to lie in the tangent plane at the current
magnetization. This reformulation offers two key advantages: it transforms the
nonlinear problem into a linear one and enforces the unit-sphere constraint to O(A¢?)
via the tangent-plane projection, with exact restoration achieved through post-step
renormalization.
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5.3.1 Reformulation of the LLG Equation
The Gilbert form of the LLG Equation (3.10) is:

om m
= = —yom X Heg + am X e
where H,g is the effective field defined in Equation (3.19), can be rewritten by taking
the cross product with m and using the vector triple product identity. With v = 0;m,

one obtains:

(5.21)

av+m x v =" (Heg— (m-Heg)m). (5.22)

The RHS is the projection of Heg onto the tangent plane at m. Crucially, if v satisfies
the constraint v - m = 0, then the RHS automatically lies in the tangent plane, and
the equation is consistent.

5.3.2 Weak Formulation

The finite-element discretization proceeds by multiplying Equation (5.22) by a test
function w and integrating over the domain 2. In weak form:

/(ozv—i—mxv)-wdx:%/Heﬁ-wdx, (5.23)
Q Q

where the term (m - Heg)m - w vanishes when w lies in the tangent space.
The effective field contributions are treated as follows. For the exchange field,
integration by parts yields:

2A
H g wdx=— Vm : Vw dx, 5.24
/Q " MOMS ( )

where Vm : Vw = ZZ i 0;m;0;w; denotes the Frobenius inner product, and homoge-

neous Neumann boundary conditions have been assumed. Other field contributions
(external, anisotropy, demagnetization) enter as volume integrals against w

5.3.3 Complete Weak Form with Spin-Transfer Torque

For simulations of current-induced magnetization dynamics, spin-transfer torque
contributions must be incorporated. The spin-accumulation S, computed from the
drift-diffusion equations, enters via the torque expression derived in Section 6.1. The
complete weak form reads:

2A70
+m" xv) wdx =
/m(ow m ><v) w dx ol

- 70/ (Hext + Ham( n) + Hdem(mn)) W dX

( m xS ) - w dx, (5.25)

Vm” : Vw dx

Q"’L

M A2

where D, is the electron diffusion coefﬁment, and Aj, A\, are the exchange and dephasing
lengths characterizing the spin-transfer torque. The integrals are evaluated only over
the magnetic subdomain €2,,.
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5.3.4 Time Discretization: The #-Method

A O-method time discretization treats the effective field at a weighted average of the
current and next time levels:

HY; = (1 — ) Hog(m") + 6Hog(m""). (5.26)

For the exchange field, which depends linearly on m, this introduces implicit depen-
dence on m"*! = m" + Atv. The key observation is that:

Vm"t = Vm" + AtVv. (5.27)

Defining the f-weighted magnetization as m’ = (1 — #)m" + fm"*! = m" + At v,
the exchange contribution becomes:

2470

2A 2A
_ 24 vVm’ : Vwdx = — o
,UOMs

poMs Jo fo M

/ Vm" : Vwdx — AL / Vv : Vwdx.
Q Q

(5.28)
In the full weak formulation (Equation (5.25)), the first term is known from m™ and
moves to the right-hand side, while the second term depends on the unknown v and
contributes to the left-hand side.

5.3.5 The Saddle-Point System

Enforcement of the tangent-plane constraint v - m = 0 via Lagrange multipliers
leads to a block-structured linear system. Let v, and A\, denote the finite-element
approximations to the velocity and Lagrange multiplier, expanded in the basis {¢;}
defined in Section 4.2.2:

Vp = Zvidh, Ap = Z i@, (5-29)

where ¢; are scalar basis functions (with ¢; the corresponding vector-valued functions).
The constraint is imposed weakly:

/ v, -m'Ypdx =0 Yy eV, (5.30)
Q

where V), is the scalar finite-element space.
Assembling the discrete equations yields the block system:

(5 0) ()=o) s

(i) Ais the (1,1)-block with entries A;; = [, (ag; +m"™ X ¢;) - ¢; dx + ALK,

where:

(i) Ky = 384]\742 o V@; : Vo dx is the exchange stiffness matrix,
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(iii) B is the constraint matrix with entries B;; = [,,(m" - ¢;)¢; dx,
(iv) f is the RHS incorporating explicit field contributions.

The zero block in the (2,2) position renders the overall system indefinite, giving rise
to a saddle-point problem [163]: the solution corresponds to a minimum with respect

to v and a maximum with respect to A.
The (1, 1)-block A has the structure:

A=oaM+ [m"], + ALK, (5.32)

where M is the mass matrix, [m"], is the skew-symmetric matrix representing the cross
product with m"™, and K is the stiffness matrix (see Figure 5.3). In addition to the
indefiniteness of the overall saddle-point structure, the skew-symmetric contribution
renders A itself non-symmetric, necessitating GMRES [164] or other Krylov methods
for iterative solution.

The linear algebra routines are provided by the MFEM library [144,145].

5.3.6 Constraint Enforcement and Magnetization Update

The tangent-plane constraint v - m"™ = 0 is enforced via Lagrange multipliers by
solving the full saddle-point system (5.31). This yields a velocity v that satisfies the
constraint in the finite-element sense, ensuring that the magnetization update remains
tangent to the unit sphere.

After solving for the velocity v, the magnetization is updated:

m"™ =m" + Atv. (5.33)

Even with exact tangent-plane enforcement, this first-order update does not preserve
lm| = 1 exactly and therefore the deviation is O(At?) (as shown in Section 5.1.2).
Renormalization is therefore applied:

mn+1

mn+1

(5.34)

|mn+1‘ ’

5.4 Adaptive Multistep Methods via SUNDIALS

The SUNDIALS (SUite of Nonlinear and DIfferential /ALgebraic equation Solvers)
library [161] provides implementations of adaptive time-stepping methods. Two
solvers from this suite are integrated into the present framework: CVODE for implicit
multistep methods and ARKStep for IMEX Runge-Kutta methods.

Both solvers operate on the ODE form dm/dt = f(m). The FEM discretization
developed in Section 4.2.2 transforms the LLG Equation (3.12) into the semi-discrete
system (discrete in space, continuous in time):

dm
ME = F(m), (5.35)
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Figure 5.3: Block structure of the tangent-plane scheme saddle-point system cor-
responding to (5.31). The (1,1)-block A combines the damping, precession, and
implicit exchange terms. The off-diagonal blocks B and BT enforce the tangent-plane
constraint v - m = 0, while the solution vector contains both the velocity v and
Lagrange multipliers A.

where M is the mass matrix with entries M;; = [, ¢;¢; dx, and F(m) is the weak-form
assembly of the LLG RHS:

F;(m) = —~p /Q [m X Heg + am X (m X Heﬂ‘):| - ¢ dx, (5.36)

with Heg as defined in (3.19). To obtain the explicit ODE form required by SUNDIALS,
we employ row-sum mass lumping, replacing M with a diagonal matrix M’ having
entries MY =S ; M;;. This approximation preserves the unit-length constraint at each
node and has been proven to converge to a weak solution of the LLG equation [165,166].

This yields the nodewise system:
dm

S8 = flm) = (M5)7 F(m), (5.37)

enabling efficient explicit evaluation and nodewise constraint enforcement |m;| =1 at
each mesh node [90].

5.4.1 CVODE: Variable-Order BDF

CVODE implements variable-order, variable-step BDF (cf. Section 5.2.3) with auto-
matic error control. At each step, the solver performs a predictor-corrector sequence:

(i) Prediction: An initial guess mf{ﬁl is constructed via polynomial extrapolation

from the history array.

(ii) Correction: The predicted solution is refined by solving the nonlinear residual
equation G(m,1) = 0 using Newton iteration. The residual is defined as:

G(m) = Zajmnﬂ,j — At 5y f(m), (5.38)

=0
with coefficients a;, fy as defined in (5.16).
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(iii) Adaptation: The local truncation error is estimated to dynamically adjust
both the step size At and the method order ¢ (typically 1 < ¢ < 5). To
ensure unconditional stability for the purely imaginary eigenvalues characteristic
of the exchange interaction, the maximum BDF order is restricted to ¢ = 2,
ensuring A-stability (similar to the strategy in [158]). This order restriction is
essential for the oscillatory dynamics of the LLG equation. The precessional
term generates eigenvalues A ~ +iw lying close to the imaginary axis, where
w = Yo|Heg| is the Larmor precession frequency. While BDF1 and BDF2 are
A-stable (their stability regions include the entire left half-plane), BDF3 and
higher orders exclude wedge-shaped regions near the imaginary axis [156]. When
these precessional eigenvalues fall outside the stability region, the adaptive solver
is forced to reduce the time step to maintain stability rather than accuracy,
thereby negating the efficiency gains of implicit integration. Restricting to
order ¢ < 2 guarantees unconditional stability for all eigenvalue configurations
encountered in micromagnetic simulations.

The core computational challenge lies in the Newton correction. Let m®*) denote
the k-th iteration. The update ém = m*+1) — m®) is obtained by solving the linear
system:

(I —~vJ)om = —G(m®™), (5.39)

where v = Atfy and J = 0f/0Om is the system Jacobian. For the discretized
LLG equation, J is a dense, non-symmetric matrix of dimension 3N x 3N. Direct
factorization of I — ~.J is computationally prohibitive (O(N?)). Instead, CVODE
employs preconditioned Krylov subspace methods (GMRES), which approximate the
solution using only matrix-vector products.

The system Jacobian J = 0f/0m inherits contributions from each term in the
effective field (3.19):

J = Jexch + Janiso + Jdemag + JSTT + ... (54())

The exchange contribution Jee, arising from the Laplacian in Heye, (3.27), dominates
the spectral radius with eigenvalues scaling as O(h~2). The demagnetization Jacobian
Jdemag 18 dense due to the nonlocal nature of Hyemag, While Japiso is sparse and bounded.
This structure motivates a preconditioner that captures the stiff exchange modes while
neglecting the expensive demagnetization contribution.

Preconditioning Strategy: The spectral distribution of the iteration matrix
governs the convergence rate of GMRES. Without preconditioning, the stiffness of the
exchange interaction leads to eigenvalues scaling as O(h~?) distributed along both the
negative real axis (damping) and the imaginary axis (precession). This results in a
significant condition number, causing the linear solver to stagnate.

Suess et al. [158] proposed a physics-based preconditioner within a finite-element
framework employing the boz scheme [167| for spatial discretization on tetrahedral
meshes. One starts from the exchange contribution to f:

fexeh = —yzm x V>m — ypam x (m x Vm), (5.41)
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where 77, denotes the gyromagnetic ratio. Linearizing around the current magnetization
m and using |m| = 1 yields:

af exch

el ld m], V2 + y.a V?, (5.42)

where [m], denotes the skew-symmetric matrix representing the cross product with

0 —-m, my
m|, = | m, 0 —my |, suchthat [m]yv=m xv. (5.43)
—My My 0

The original Suess preconditioner takes the form:
PSuess = M + /VOfcexcthiff + fYOexcthkeW7 (544)

where M is the mass matrix, Coxen = 271 Aex/ (10 M) is the exchange coefficient, and:

(i) Kaig: Symmetric positive-definite matrix arising from the damping term, mathe-
matically equivalent to a vector diffusion operator.

(ii) Kakew: Skew-symmetric matrix arising from the precessional term —m x V?m,
capturing the rotation of the magnetization.

In the box scheme, the effective field at each node i is computed as Hf' g ~ —m; LOE,/Oul,
where m; = sz Js(x)dV is the magnetic moment associated with the control vol-
ume V; surrounding node ¢. This yields a naturally diagonal weighting with entries m;,
enabling the second derivatives of the total energy to be computed analytically on
an element-by-element basis, from which the system Jacobian can be constructed
explicitly [158]. The stray field contribution is omitted from the preconditioner to
preserve sparsity. The resulting preconditioner system is solved using Biconjugate
Gradient Stabilized (BiICGSTAB) method [168]| with relaxed incomplete LU (RILU)
factorization [169].

Adaptation from Box Scheme to Galerkin Finite Elements: In contrast to
the box scheme employed by Suess et al., the present work uses a standard Galerkin
finite-element discretization with row-sum mass lumping (cf. Section 5.5.4). This
change in spatial discretization requires adapting the preconditioner construction.
The semi-discrete system (5.35) involves the consistent mass matrix M, which is
sparse but non-diagonal. Following standard practice [90, 165], we employ row-sum
mass lumping to obtain a diagonal approximation M% with entries M% = Zj M;;.
The preconditioner is then constructed in the dimensionless form appropriate for the
lumped system:

P=1 + ’Y(ML)_l (a/oexcthiff + Cexcthkew) . (545)

In both the box scheme and the lumped Galerkin formulation, the diagonal entries
(m; or M% | respectively) vary across nodes on non-uniform meshes. However, in the
box scheme, the m; ' weighting is intrinsic to the effective field computation, and
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the Jacobian is assembled directly in this weighted form. In the Galerkin approach,
the weighting arises as an a posteriori left-multiplication (M L)_lekew that destroys
the skew-symmetric structure of the assembled stiffness matrix. Specifically, letting
D = (M%)~ denote the non-uniform diagonal scaling, the product DK, is no
longer skew-symmetric:

(DEgew)! = KLoo D = — KgewD # —D Ko, (5.46)

skew

unless D is a scalar multiple of the identity. The resulting matrix is neither symmetric
nor skew-symmetric, with eigenvalues scattered in the complex plane. This causes
BiCGSTAB to stagnate or diverge, particularly at larger time steps, where the skew
contribution dominates [170]. For this reason, the full Suess preconditioner with the
skew-symmetric term is not used in this work.

Practical Implementation: Instead, we adopt a simplified preconditioner that
omits the problematic skew-symmetric term entirely. The original Suess precondi-
tioner [158] was developed using the box scheme for spatial discretization, in which
the m; ! weighting is incorporated during Jacobian assembly rather than applied as a
post-hoc scaling. In the present Galerkin formulation, the analogous scaling (M%)~!
is applied after assembly of the global stiffness matrices, which disrupts the skew-
symmetric structure of the precessional contribution. Standard Galerkin finite-element
discretization with mass lumping produces a diagonal matrix M’ whose entries vary
significantly on unstructured meshes. Following the same approach as Suess et al. [158],
who validated the original preconditioner against the uMAG standard problems, the
simplified preconditioner adopted in this work reads:

P=1 + P)/Oécexch(ML)ileiff- (547)

This matrix is symmetric positive-definite, enabling the use of the PCG method with
AMG preconditioning via BoomerAMG from the HYPRE library [171]. The AMG
solver is configured for 3D vector problems using the systems interface with nodal
coarsening. A loose relative tolerance of 107! is employed, as the preconditioner needs
only to provide an approximate solution as the outer GMRES iteration in CVODE
corrects any residual error.

While this preconditioner does not capture the precessional dynamics, it effectively
clusters the stiff exchange eigenvalues, reducing the GMRES iteration count from
O(100) (unpreconditioned) to O(20) per Newton step. The trade-off, approximately
30-40% more linear iterations compared to the full Suess preconditioner, is acceptable
given the guaranteed convergence and robustness on meshes of arbitrary quality. The
correctness of this approach is validated against the uMAG Standard Problem 4
in Section 5.5.2, where all solvers using this preconditioner reproduce the published
reference solutions. Table 5.1 summarizes the preconditioner variants and their
applicability.

Alternative: Incomplete LU Factorization. An alternative approach employs
incomplete LU (ILU) factorization, which directly factorizes the non-symmetric precon-
ditioner matrix without requiring structural modifications. Unlike AMG, which relies

'Non-symmetric due to Jr, = cpp[S]x (skew-symmetric).
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Table 5.1: Comparison of preconditioner strategies for the CVODE Newton system.

Preconditioner Structure Solver Mesh
P=M+~(aK + Kyew) Indefinite BiCGSTAB+RILU Box scheme
P=1+ fyozCex(ML)_leiﬂr SPD PCG+AMG Any

P =1+ ~vaCx(MT)

-1
Kdiff 1
—’Y(ML) 1 Jr Non-sym. GMRES-+ILU Any

on smoothing properties that degrade for skew-symmetric operators, ILU factorization
handles indefinite systems naturally by computing approximate L and U factors. The
Euclid parallel ILU implementation in HYPRE [171] provides a scalable option for
moderate problem sizes. With ILU preconditioning, the full preconditioner including
Kgew and Jgpr can be employed:

P = I +70Coan(M*) ' Kaigt + YCoxen(M*) ' Koy +7y(M*) ' Jspr. (5.48)

This approach recovers the full Jacobian approximation at the cost of increased fill-in
compared to AMG. For problems where STT dominates, the improved Jacobian
approximation can reduce the number of outer GMRES iterations sufficiently to offset
the higher preconditioner cost.

Extension for Spin-Transfer Torque: The standard preconditioner assumes
the system is driven towards equilibrium by damping. However, current-induced
switching introduces a non-conservative STT that acts as negative damping, pumping
energy into the system and destabilizing the initial state.

In the switching regime, the STT terms dominate the dynamics. If the precon-
ditioner ignores these terms, the linear solver will operate with an incorrect model
of the system stiffness, leading to slow convergence. The total derivative of the STT
with respect to magnetization is:

drstr  OTsTT Otsrr  0S

dm om |q oS Oom

(5.49)

The second term represents the feedback of magnetization changes on the spin-
accumulation through the drift-diffusion system. Computing this term exactly would
require differentiating through the solution of the spin transport PDE, effectively
solving an adjoint problem for each magnetization degree of freedom, rendering it
computationally prohibitive.

We therefore adopt the frozen-S approximation:

OTsrT

om

(5.50)

JsrT ~
S=const
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Explicitly, for the damping-like torque 7pr, = cpr, m X (m x S) and field-like torque
Tr, = Cpr, 1M X S:

0
87-111)1L . = —cpL[m®S+ (m-8S)I], (5.51)
0
aTIiL —en [S]... (5.52)

Where [S]« denotes the skew-symmetric cross-product matrix of S. This approximation
neglects the feedback term (97/9S)(0S/0m) in the Jacobian. Physically, this relies
on the same time-scale separation that motivates the steady-state assumption 9,S = 0
in the drift-diffusion formulation (see Section 6.1): the spin-flip relaxation time 74 is
of the order of picoseconds, whereas magnetization dynamics evolve on nanosecond
time scales [35]. Consequently, S equilibrates quasi-instantaneously with respect to m
and can be recomputed from m at the beginning of each time step and held constant
during the Newton iteration that advances m.

Both the damping-like torque contribution (5.51) and the field-like term (5.52) are
incorporated into the preconditioner. While the damping-like term Jpp, is symmetric,
the field-like contribution Jg, = cpp[S]« is skew-symmetric. This skew-symmetry
introduces the same structural problem encountered with Kgew: AMG smoothers,
designed for elliptic operators, degrade when applied to matrices with significant
skew-symmetric components.

Consequently, when spin-transfer torque is active in the BDF solver, the precondi-
tioner employs ILU factorization rather than AMG. Unlike algebraic multigrid, ILU
directly factorizes the non-symmetric matrix without relying on smoothing properties,
handling the skew-symmetric Jgy, naturally. The Euclid parallel ILU implementation
from HYPRE [171] is employed with fill level k& = 1.

The extended preconditioner for BDF with spin-transfer torque reads:

Papr = I + 7aCeen(M®) ' Kgig — v(M*™) " Jgpr, (5.53)

where Jspr = Jpr, + Jrr, comprises the damping-like (symmetric) and field-like (skew-
symmetric) Jacobian contributions defined in Equations (5.51) and (5.52). Note that
Kyew 18 omitted from the preconditioner despite appearing in the true Jacobian:
numerical experiments showed that including K., after mass lumping degraded
convergence rather than improving it (cf. the discussion following Equation (5.46)).
The outer linear system is solved using GMRES preconditioned by ILU.

The numerical validation of this extended preconditioner for spin-transfer torque
switching is presented in Section 6.8, following the derivation of the spin-accumulation
model.

5.4.2 ARKStep: IMEX Runge-Kutta

ARKStep implements Additive Runge-Kutta (ARK) methods for the IMEX splitting
introduced in Section 5.2.4. The effectiveness of IMEX strategies for micromagnetic
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simulations, treating exchange implicitly while evaluating lower-order contributions
explicitly, has been analyzed rigorously by Mauser et al. [166]. The formulation applies
diagonally implicit tableaux to f; and explicit tableaux to fg simultaneously:

= fg <t + ¢;At, m, —l—AtZagkf —|—At2aw ]) , (5.54)
Jj=1

k! = f; (t + ¢;At, m,, + AtZagkf + AtZa” ]) , (5.55)
7=1

with the solution advanced via:

m, .1 =m, + Aty (b7 +b/k]), (5.56)

where b¥, bl are the quadrature weights from the respective Butcher tableaux.
Implicit Preconditioning: The computational bottleneck in IMEX schemes is
the solution of the nonlinear systems arising in the implicit stages (5.55). For the LLG
equation, the implicit partition f; (5.19) isolates the exchange damping term. Because
the exchange field depends linearly on m, the Jacobian of the implicit function in
weak form is:
afr

T om
where M is the mass matrix and Kg;g is the stiffness matrix associated with the vector
Laplacian of the magnetization. Applying mass lumping (M — MY, Mk = Zj M;;)
and left-multiplying by (M%)~! yields the dimensionless form suitable for iterative
solution:

JIMEX =M — =M + fyO{CeXChKStlfﬁ (557)

(M™) 7 Iiiex = T+ 7aCoyen(M*) ™ K. (5.58)

Unlike the full Newton Jacobian in CVODE (5.53), this operator is symmetric positive-
definite (SPD) when the precessional cross-product and spin-transfer torque are moved
to fg. This structural property enables highly efficient linear solvers such as PCG
with AMG preconditioning, which are optimal for elliptic diffusion problems. The
extension to spin-transfer torque simulations preserves this advantage: since Jgpr
does not appear in the implicit partition, it is omitted from the IMEX preconditioner,
maintaining the SPD structure regardless of spin-torque magnitude.

However, a fundamental limitation arises from the explicit treatment of precession.
The partition fg contains the full precession term —y,m x Hqg, which oscillates at
the Larmor frequency w = vo|Heg| ~ 10°-10* rads~!. While the IMEX splitting
successfully removes the exchange-driven CFL stability restriction, the time step
remains constrained by the truncation error of this explicit term. To accurately resolve
the rapid oscillations, the local error must remain small, requiring At < C'/w ~ 0.1-
1 ps, comparable to the explicit stability limit. This accuracy constraint, rather than
stability, becomes the limiting factor.

Evidence for this behavior appears in the ARKStep solver statistics: throughout
our Standard Problem 4 simulations, num_exp_limited_stepfails = 0 (no stability-
induced rejections) while num_acc_limited_steps equals the total step count (all
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Table 5.2: Summary of implemented time integrators.

Method Type Key Features
TPS Implicit Exact constraint via Lagrange multipliers
RK4 Explicit Fourth-order, fixed step

CVODE BDF Implicit Variable-order, adaptive step, ILU preconditioner?
ARKStep IMEX IMEX  Exchange implicit, SPD Jacobian, adaptive step

steps accuracy-limited). The solver never encounters the explicit stability boundary,
while the truncation error of the explicit precession term determines every time step.

A further consequence is oscillatory time-step behavior. As the magnetization
precesses, the effective field magnitude |Hcg| varies periodically, causing the truncation
error and hence the allowed time step to fluctuate, see Figure 5.7 (¢). The adaptive
controller continuously adjusts the step size, chasing the oscillating error estimate.
This contrasts sharply with the smooth adaptation observed in fully implicit BDF
methods, where the implicit treatment of precession filters the high frequency dynamics,
allowing the error controller to respond to the slowly varying solution. Table 5.2
summarizes the time integrators implemented in this work.

5.5 Verification and Validation

Verification confirms that the equations are solved correctly (solving the equations
right), while validation assesses whether the equations adequately represent the
physical system (solving the right equations) [172|. This section presents verification
studies using analytical solutions and the uMAG Standard Problem 4.

5.5.1 The tMAG Standard Problem 4

Standard Problem 4, defined by the Micromagnetic Modeling Activity Group (uMAG) [173],

is a widely used benchmark for validating micromagnetic simulation codes. It considers
a thin Permalloy film with dimensions 500 x 125 x 3 nm?® and material parameters: Ex-
change stiffness A = 1.3 x 107! Jm™!, Saturation magnetization M, = 8.0x 10> Am™!,
Gilbert damping o = 0.02, Anisotropy K = 0 (no crystalline anisotropy). The initial
magnetization is an equilibrium S-state, prepared according to the uMAG specifi-
cations by applying and then slowly reducing a saturating field along the (1,1,1)
diagonal. To achieve this, a saturating external field of 1.0 T is applied along the
(1,1,1) direction and held constant for 0.5ns to align the magnetization. This field
is then linearly ramped down to zero over a period of 3ns, after which the system
is allowed to relax in zero field for an additional 2.5ns. This procedure eliminates
metastable states, yielding the characteristic "S"-shaped domain pattern required for
the benchmark. Following the relaxation, a field of sufficient magnitude to reverse the

2Preconditioner adapts to physics: PCG+AMG when SPD (no STT), GMRES+ILU when
non-symmetric (STT active), see Section 5.4.1.
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(a)
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Figure 5.4: Setup for the yMAG Standard Problem 4. (a) Permalloy film geometry
(500x 125 x 3 nm?) discretized by an unstructured tetrahedral mesh with 45391 elements.
(b) Initial S-state magnetization configuration showing the characteristic S pattern in
the xy-plane, colored by the z-component of magnetization.

magnetization is applied. The simulation geometry, discretization, and equilibrium
S-state magnetization configuration are shown in Figure 5.4. The field is applied
instantaneously at t = 0 to the equilibrium S-state:

(i) Field 1: He = (—24.6,4.3,0)mT.

The time evolution of the spatially averaged magnetization components, (m,), (m,),
and (m,), is then examined as the system approaches equilibrium in the new field.
Reference solutions are available from multiple independent sources [173].

5.5.2 Solver Comparison on Standard Problem 4

Figure 5.5 compares the magnetization dynamics obtained with different solvers
for Field 1 of Standard Problem 4. The results are validated against reference
solutions from d’Aquino et al. [174] and Albuquerque et al. [175], both submit-
ted to the uMAG repository. All solvers produce trajectories in excellent agree-
ment with these reference solutions, validating the correctness of the implementa-
tion. The S-state relaxed to an average magnetization of m = (m,,my,, m,) =
(0.96849366, 0.12573718, —0.00088421495). The slight deviation from FDM reference
values (m, =~ 0.966, m, ~ 0.127, m, ~ 0.00000078) is attributed to differences in
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1 4
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Figure 5.5: Magnetization dynamics for Standard Problem 4 (Field 1) computed with
different time integrators. All solvers agree with the uMAG reference solutions [174,
175].

spatial discretization: the FEM provides a more accurate representation of the magne-
tization configuration near edges and corners, whereas FDM solvers employ a staircase
approximation that affects the local demagnetizing field calculation in these regions.

Table 5.3 provides quantitative comparison metrics. The maximum deviation
from the reference solutions is computed as:

oo = max [|{m) () = (m)rer(t)]l2, (5.59)

where (m),s denotes the reference solutions of d’Aquino et al. [174] and Albu-
querque et al. [175], with the corresponding deviations shown in Figure 5.6.

The computational efficiency results reveal that both adaptive implicit methods
significantly outperform the fixed-step explicit schemes. The BDF method achieves a
2.4x speedup over the TPS baseline despite requiring approximately 25 linear solver
iterations per Newton step. By taking time steps 10-50x larger than the explicit CFL
limit (1-5 ps versus 0.1 ps), the total step count reduces from 20000 to just 1099, more
than compensating for the increased per-step cost.
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Figure 5.6: Deviation of computed magnetization trajectories from the pMAG reference
solutions: (left) d’Aquino et al. [174], (right) Albuquerque et al. [175]. All solvers
exhibit comparable deviation from both references, with differences attributable to
the finite element discretization rather than time integration errors.

Table 5.3: Quantitative comparison of solvers on yMAG Standard Problem 4. Errors
are computed against both reference solutions.

€

Solver Configuration d’Aquino  Albuquerque Steps CPU [s] Speedup

TPS At=10"1s 0.10899498  0.12411681 20000 96752 1.00x
TPS At =10""2s 0.31432466  0.25772080 2000 11962 8.09x
RK4 At =10""s 0.09044942  0.12825486 20000 78813 1.23x

rtol=1072,

BDF atol—10-1 0.11185953  0.16341087 1099 40014 2.42x
rtol=1072,

IMEX atol—10-4 0.08920000  0.12800000 3818 34510 2.80x

The IMEX method achieves the best overall performance, completing the sim-
ulation in 34510s, which results in a 2.8x speedup over TPS and 2.3x over RK4.
Although the time step remains accuracy-limited to 0.3—0.5 ps due to explicit pre-
cession (cf. Section 5.4.2), the SPD structure of the implicit Jacobian enables highly
efficient linear solves via AMG. This per-step efficiency advantage compensates for
the larger step count (3818 versus 1099 for BDF), demonstrating that IMEX methods
can be competitive when the implicit partition is carefully chosen to yield favorable
algebraic structure.

To investigate whether the TPS could achieve comparable efficiency by simply
increasing the time step, we tested the scheme with At = 1ps, the same order of
magnitude used by the adaptive BDF solver. While the simulation remains stable (the
TPS is unconditionally A-stable for §# = 1), the solution exhibits significant phase drift,
with e, = 0.31 against d’Aquino and e,, = 0.26 against Albuquerque, more than
double the error of any other solver. This demonstrates the critical distinction between
stability and accuracy: an A-stable method guarantees bounded solutions regardless
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of time step, but does not guarantee accurate solutions. The first-order truncation
error of the TPS update (5.33) accumulates as O(NAt) = O(T'), where N = T /At is
the number of steps. Increasing At by a factor of 10 increases the per-step error by
the same factor, resulting in the observed phase lag visible in Figure 5.5.

This finding underscores the value of adaptive time-stepping methods. The BDF
solver achieves large time steps (1-5ps) while maintaining accuracy because the
embedded error estimator automatically reduces the step size when truncation error
would exceed the specified tolerance. In contrast, a fixed-step method such as TPS
requires the user to balance efficiency and accuracy manually, a balance that depends
on the specific problem and is difficult to determine a priori.

These results demonstrate that both fully implicit (BDF) and IMEX methods
achieve significant speedup over explicit schemes for precession-dominated problems.
The IMEX splitting following Di Fratta et al. [176] and Mauser [166] successfully
addresses exchange stiffness while maintaining SPD structure in the implicit partition,
enabling efficient AMG solves that offset the accuracy-limited time step.

5.5.3 Constraint Preservation and Solver Accuracy

A key aspect of numerical time integration for the LLG equation is the preservation
of the unit-sphere constraint [m| = 1. Figure 5.7 (a) shows the constraint deviation
||m| — 1]|s (maximum over all mesh nodes) before renormalization.

For explicit single-step methods, theoretical results establish that a scheme of order
p preserves the magnetization magnitude within O(A#**1) error per step [177,178].
This favorable behavior exploits the cross-product structure of the LLG equation,
which guarantees 9,m | m. Our RK4 results confirm this: with At = 107135, the
fourth-order method yields per-step drift of O(At) ~ 107%, accumulating to ~ 107°
over the simulation. The TPS method, being first-order in its tangent-plane update,
produces O(At?) ~ 10726 drift per step, accumulating to ~ 107°.

The implicit multistep methods (BDF and IMEX) exhibit fundamentally different
drift characteristics. The O(A#*™!) bound does not apply because the multistep
formulation combines solution values from previous steps that each carry minor
constraint violations, and the Newton iteration required for the implicit solve explores
intermediate states that may lie far from the unit sphere. Unlike the RK4 method,
the adaptive BDF and IMEX schemes do not preserve the constraint order-by-order.
Consequently, they exhibit larger oscillating deviations that correlate with the step
size (Figure 5.7 (c)). Crucially, however, this norm deviation acts primarily as a
scaling artifact rather than a physical error. In the unconstrained formulation, the
effective field scales linearly with magnetization magnitude (|JH| o< |m|). A deviation
in norm (e.g., j/m| > 1) scales the update vector but preserves its direction. Since
the projection step m < m/|m| maps the solution back to the unit sphere radially,
this length error is discarded without corrupting the angle error (physical precession).
This geometric property explains why the BDF and IMEX solvers maintain high
trajectory accuracy (Figure 5.7 (b)) even when the intermediate norm deviation is
significant.
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Figure 5.7: (a) Deviation from the unit-sphere constraint |m| = 1 before renormal-
ization. (b) Difference between solver trajectories and the TPS reference solution.
(c) Time step evolution for adaptive solvers (BDF, IMEX) compared to the fixed time
step used by TPS and RKA4.

All solvers apply post-step renormalization to restore |m| = 1, ensuring the
physical constraint is satisfied regardless of the intermediate drift. The constraint
deviation generally decreases as the simulation progresses, reflecting the reduction in
magnetization velocity |0;m| as the system relaxes toward equilibrium.

The decreasing constraint deviation for fixed-step methods reflects the diminishing
magnetization velocity |0;m| — 0 as the system relaxes, thereby reducing the per-step
truncation error. In contrast, the adaptive solvers maintain approximately constant
deviation by increasing the time step to consume their full error budget, as evidenced
by the growing At in Figure 5.7 (c).

Figure 5.7 (b) quantifies the deviation of each solver from the TPS reference
solution. All solvers remain within acceptable error bounds, with differences arising
primarily from the time-discretization approach rather than from fundamental inconsis-
tencies in the underlying physics. The deviation from the TPS solution confirms that
all implemented solvers converge to the same physical trajectory within the specified
tolerances. Interestingly, the RK4, BDF, and IMEX solvers exhibit nearly identical
deviations from TPS (e, & 5 x 1072), while differing from each other by only O(107°).
This reflects the different underlying formulations: TPS solves for the velocity in the
tangent plane with exact constraint enforcement, whereas the other methods integrate
the explicit LLG equation in R?* and then renormalize. Both approaches produce
physically correct results that match the uMAG reference solutions within spatial
discretization error.

5.5.4 Adaptive Time Stepping

A key advantage of the SUNDIALS-based solvers is their automatic time-step adap-
tation. Figure 5.7 (c¢) shows the time step history during the Standard Problem 4
simulation, with the fixed time step of the TPS and RK4 solvers shown for reference.

The BDF solver achieves time steps of 1-5 ps during the post-switching relaxation
phase, representing a 10-50x improvement over the explicit CFL limit. During the
rapid switching transient (¢ ~ 0.1-0.3 ns), the solver automatically reduces the time
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step to capture the fast dynamics, then smoothly increases it as the system relaxes.
This smooth adaptation profile reflects the fully implicit treatment: by solving for the
magnetization at the future time level, the method effectively filters the high-frequency
precession, allowing the error controller to respond to the slowly varying envelope.

The IMEX solver exhibits markedly different behavior, with oscillatory time steps
that correlate with the magnetization dynamics. As |Heg| varies during precession, the
local truncation error of the explicit term fluctuates, causing the adaptive controller
to adjust the step size continuously. This results in At ~ 0.15-0.3 ps with significant
variation, and a step-rejection rate of approximately 16%. The solver effectively chases
the oscillating error estimate rather than settling into a stable large time step.

Note that the tolerances employed here (reltol=1072, abstol=10"") are stricter
than those commonly used in micromagnetic simulations. Relaxing to reltol=0 and
abstol=1073 [158| permits larger time steps at the expense of increased constraint
violation, which may be acceptable when only qualitative switching behavior is of
interest.

5.6 Summary

This chapter developed a theoretical and computational framework for temporal
discretization of the LLG equation in micromagnetic simulations. The key contributions
are:

(i) Identification of challenges: The stiffness arising from the exchange interac-
tion, the unit-sphere constraint, and the geometric structure of the LLG equation
impose specific requirements on time-stepping schemes.

(i) Tangent-plane formulation: The TPS reformulates the nonlinear LLG equa-
tion as a linear saddle-point system at each time step, with exact constraint
enforcement via Lagrange multipliers.

(iii) Stability vs. accuracy: The TPS with At = 1ps demonstrates that uncon-
ditional stability does not imply accuracy. While the A-stable scheme remains
bounded, the first-order truncation error accumulates to produce significant
phase drift (e, > 0.25). This motivates the use of adaptive methods that
automatically balance step size against accuracy requirements.

(iv) Explicit integration: The classical RK4 method provides a straightforward
alternative with excellent constraint preservation (O(A¢#®) drift per step) when
the CFL stability limit is acceptable.

(v) Adaptive BDF methods: The CVODE solver with order-2 BDF achieves a
2x wall-clock speedup over explicit methods by taking time steps 10-50x larger
than the CFL limit. The order restriction to ¢ < 2 ensures A-stability for the
oscillatory eigenvalues arising from LLG precession.
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(vi) IMEX performance: The IMEX method achieves a 2.8x speedup over TPS,
comparable to BDF. Although the time step remains accuracy-limited by explicit
precession (At ~ 0.3-0.5ps), the SPD structure of the implicit Jacobian enables
highly efficient AMG solves, compensating for the larger step count.

The verification studies reveal that all implemented solvers, TPS, RK4, BDF, and
IMEX, produce nearly identical magnetization trajectories that agree well with the
uMAG reference solutions. The explicit RK4 method exhibits the smallest constraint
deviation due to its fourth-order accuracy, while the TPS provides a geometrically
motivated first-order scheme with exact tangent-plane enforcement. For problems
involving rapid transients or widely varying time scales, the adaptive CVODE and
ARKStep integrators from SUNDIALS provide automatic step-size control at the cost
of increased complexity in preconditioner design.

The central finding of this chapter is that adaptive implicit methods provide the
best combination of efficiency and accuracy for micromagnetic simulations. Fixed
step methods face a difficult trade-off: small time steps (e.g., At = 0.1 ps for TPS)
ensure accuracy but require many steps, while large time steps (At = 1ps) improve
efficiency but sacrifice accuracy. Adaptive methods like BDF and IMEX resolve
this trade-off automatically, achieving 2.5-2.8 x speedup over the TPS baseline while
maintaining solution accuracy within user-specified tolerances. The BDF method takes
fewer, larger time steps (1099 steps at 1-5 ps), while the IMEX method takes more,
smaller steps (3818 steps at 0.3-0.5ps) but benefits from simpler SPD linear systems.
The TPS, although it does not offer adaptive time stepping, enforces the tangent-
plane constraint exactly and is therefore suitable for applications where constraint
preservation is paramount.

A key contribution of this chapter is the adaptation of established time integration
techniques to a standard Galerkin FEM framework for micromagnetics. While the
individual ingredients exist in the literature, namely BDF integration via CVODE [161]
and the Suess preconditioner [158] (originally developed for the box scheme), their
combination with Galerkin FEM required non-trivial modifications. In particular,
the analysis in Section 5.4.1 showed that the standard Galerkin mass-lumping proce-
dure destroys the skew-symmetric structure exploited by the original preconditioner,
necessitating the simplified SPD variant of Equation (5.47). Similarly, the IMEX
splitting proposed by Di Fratta et al. [176] was implemented here using the adaptive
ARKStep solver from the SUNDIALS library, providing automatic step-size control
that is not available in existing tangent-plane implementations. For general-purpose
micromagnetic simulations, either BDF or IMEX represents a practical choice: BDF
requires a non-symmetric preconditioner (e.g., ILU) but takes fewer, larger steps,
while IMEX maintains SPD structure in the implicit partition, enabling efficient AMG
preconditioning at the cost of more, smaller steps.
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Spin-Transfer Torques 6
in Ultra-Scaled MRAM Cells

As introduced in Section 3.3, the torque generated by the polarization of electrons
passing through the ferromagnetic layers in an MTJ stack drives the writing pro-
cess in modern MRAM cells. While the standard Slonczewski macro-spin models
provide fundamental insight into STT dynamics, they typically assume spatially uni-
form magnetization or neglect the complex interplay of spin diffusion in ultra-scaled
geometries.

This chapter presents a comprehensive FEM-based modeling and simulation ap-
proach for computing spin-transfer torques in ultra-scaled MRAM cells. This approach
builds directly upon the computational framework established in Chapter 4, utilizing
the hybrid FE-BEM method for magnetostatics and employing the time integration
schemes detailed in Chapter 5 to resolve the stiff dynamics of the coupled system.

The methodology relies on the coupled spin and charge drift-diffusion formalism,
which provides a unified framework for computing both the interface-induced Slon-
czewski torques and the bulk Zhang-Li torques arising from magnetization textures.
The drift-diffusion approach, which accounts only for semiclassical transport proper-
ties, is extended to incorporate tunneling across an MTJ via appropriate boundary
conditions at the tunnel-barrier interfaces. Furthermore, to address the complexity of
modern SAFs and composite free layers, the solver is extended to include a numerical
implementation of IEC.

The presented approach reproduces both the angular and the voltage dependencies
expected in MTJs. It also predicts an interdependence between the torque acting in
the presence of magnetization gradients and the tunneling spin-current. The solver
is then applied to simulate the magnetization dynamics of ultra-scaled multi-layered
structures with composite ferromagnetic layers.

The switching process can be simulated by solving the LLG equation for magneti-
zation dynamics, including a term describing the torque acting on the magnetization.
A more complete description of the process, beyond the Slonczewski approximation,
can be obtained by computing the non-equilibrium spin-accumulation S across the
whole structure. The general expression for the torque term is:

D D
TS:—)\—?IemX S—)\—gmx (m x S), (6.1)
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where D, is the electron diffusion coefficient. The first term describes precession around
the exchange field and is characterized by the exchange length A\ ;. The second term
describes the dephasing process of the spins of the conducting electrons, characterized
by the dephasing length A,.

The spin-accumulation S describes the deviation of the polarization of the conduct-
ing electrons from the equilibrium configuration created by a charge-current density
Jc, expressed in units of the transported magnetic moment (Am~1!). By definition, S
is non-zero only when an electric current flows through the system. A solution for S
in all non-magnetic and ferromagnetic layers of an MRAM cell can be obtained by
means of the spin and charge drift-diffusion formalism.

6.1 Spin and Charge Drift-Diffusion Formalism

6.1.1 Derivation of the Transport Equations

Valet and Fert [179] first derived the spin and charge drift-diffusion equations for
a spin-valve structure with collinear (parallel or anti-parallel) magnetization in the
ferromagnetic layers. Zhang, Levy, and Fert [35] later reported a formulation of the
equations to compute S in the presence of arbitrary magnetization orientations.

In a magnetic multilayer with the current perpendicular to the plane of the layer,
along the x-direction, the linear response of the current to the electric field can be
written in spinor form as:

~ 0N

j=6E+D—, 6.2
J + Do (6.2)
where Eis the electric field, which can be expressed in terms of the electric potential
as £ = —0V /Oz, and 7, 6, D, and n are the spinor matrices representing the current

density, the conductivity, the diffusion coefficient, and the accumulation at a given
position, respectively. For a metal, the diffusion constant and the conductivity are
connected via the Einstein relation D = 6 / 2N , with N the spin-dependent density
of states at the Fermi level.

These matrices can be expressed in terms of the vector of
Pauli matrices o = (01, 09, 03):

n=nl+8S-o, (6.3)
c=o0l+o,- 0, 6.4
D=DJ+D-o, (6.5)

where n is the charge accumulation, o is related to the conductivity, and D, is related
to the electron diffusion coefficient. The vectors o, and D correspond to the different
conductivities and diffusion constants for the majority and minority electrons, denoted
or,0_, Dy, and D_, respectively. This difference is characterized by the conductivity
polarization parameter 8, = (04 — o0_)/(0+ + o_) and the diffusion polarization
parameter Sp = (Dy — D_)/(Dy+ + D_).
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6.1.2 Three-Dimensional Formulation

Generalizing the one-dimensional formulation to three dimensions yields the following
expressions for the charge-current density vector Jo and the spin-current tensor Jg:

Jo = oE + MiﬁDDe(VS)Tm, (6.6)
B

Js = —“?B (m® oE) — D, VS, (6.7)

where ® denotes the outer product, m is the unit magnetization vector, and the
components of Jg indicate the flow of the i-th component of spin polarization in
the j-th direction. The term (VS)Tm is a vector with components Y, m;05;/0x;.
The factor ug/e converts from the units of electric charge to the units of the spin
polarization current density.

6.1.3 Spin-Accumulation Equation

The equation of motion for the spin-accumulation in a ferromagnet is determined by
the interaction of the local magnetic moments and the spin of the itinerant electrons.
This interaction is described by the Hamiltonian term:

Hsd = _Jsd m- o, (68)

where Jyq is the coupling strength between local moments and itinerant electrons.
From this interaction, the equation of motion for the spin-accumulation is derived as

follows:
dS B S D

e

i Agm xS, (6.9)
where 74 is the spin-flip relaxation time of the conduction electrons. The second term
describes the precessional motion of the accumulation due to exchange interaction,
which becomes important when the non-equilibrium spin-accumulation and the local
magnetization are not parallel.

The typical time-scales for the spin-accumulation and the magnetization differ
significantly: while the former is of the order of picoseconds, the latter is of the
order of nanoseconds [35]. For the computation of the spin torque to be added to
the LLG equation, it is thus sufficient to consider a steady-state expression for the
spin-accumulation. With 0S/0t = 0, the equation describing the spin-accumulation
becomes:

S m><S_

~V-Js — Doy + Do—5— =0, (6.10)
N A

where the spin-flip length Ay and the exchange length \; are defined as Ay = /DTyt

and A\j = /D.h/(2Jx).
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6.1.4 Spin Dephasing and Complete Transport Equations

Dephasing arises when, after propagating over a certain distance, different spins have
undergone unequal amounts of precession, causing their transverse components to
partially cancel. In the context of spin-transfer torque, this effect originates either
from variations in electron velocities across the Fermi surface or from spins that precess
at the same rate but reach a given position at different times because of scattering.
The combined influence of precession and dephasing on spin-accumulation has been
formulated within the Continuous Random Matrix Theory (CRMT) framework, and
the equivalence between CRMT and the spin- and charge-drift-diffusion formalism
has been established.

This equivalence between CRMT and the spin and charge drift-diffusion formalism
yields the following relations between the characteristic length scales [180,181]:

M= b 6.12
sf — 1 . /827 ( . )
L1y,
[
A2 = i)\i, (6.14)
> 1}
N= (6.15)

where [y is the spin-flip diffusion length, [, is the average mean free path of majority
and minority electrons defined as 1/l, = 1/l+ + 1/I;, Iy, is the Larmor spin precession
length, [, is the transverse spin coherence length, p, is the spin-averaged resistivity,
A, is the spin dephasing length, A = /D7 is the momentum relaxation length, 7 is
the time for momentum relaxation, and 8 = (I4 —{})/(l+ + ;) is the spin asymmetry
parameter with /4 and [; the mean free paths for majority and minority electrons,
respectively.

The complete set of three-dimensional spin and charge drift-diffusion equations,
including the dephasing term, takes the form [32]:

Jo=oE + MiﬁDDe(VS)Tm, (6.16)
B

- A2 - A2 ~ MB
Js—)\—Q[m]XJS—A—Q[m]XXJS:——Bam®(aE)—DBVS, (617)

J © e
V-Jo =0, (6.18)

~ S m x S m X (m x S)

-V Js—De—s+De———+ De——77—==0. 6.19
Vedsm Dozt e (019
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where [m], and [m]., denote the matrices associated with the cross-product and
double cross-product with unit magnetization vector m:

0 —-m, my, m2—1 mym, mym,
2
m|, = | m, 0 —my |, [m)=|msm, m;—-1 mym.|. (6.20)
—my My 0 mym, mym, m?—1

The result V - Jo = 0 stems from the absence of electric current sources within the
metallic layers, due to the rapid redistribution of any charge imbalance. Equation (6.19)
differs from the formulation without dephasing by the inclusion of the spin dephasing
term dependent on A,.

The present work focuses on a finite element implementation that excludes the
additional terms on the left-hand side of Equation (6.17), which mix the orthogonal
spin-current components depending on the local magnetization orientation. These
terms originate from the underlying ballistic nature of the transverse spin precession
or dephasing and rely mainly on the ratio between the momentum relaxation length
and the transverse absorption lengths A; and A,. In transition-metal ferromagnets,
these length scales are of the same order of magnitude. This implementation demon-
strates that an appropriate treatment of the tunneling layer and tuning of the system
parameters reproduce the most crucial torque properties expected in MTJs, while
retaining the ability to obtain all torque contributions across several ferromagnetic
layers from a unified formalism.

6.2 Finite Element Implementation

6.2.1 Coupled LLG and Drift-Diffusion Framework

The LLG equation, coupled with the spin and charge drift-diffusion formalism for
computing torques, enables the description of the magnetization dynamics of structures
containing an arbitrary number of layers. The LLG equation is given by:

Om Om 1
- _ H, — + —Tyq, 6.21
B ym X Heg + am X 8t+Ms S (6.21)

where v is the gyromagnetic ratio, a is the Gilbert damping parameter, Mg is the
saturation magnetization, and H.g is the effective field. The effective field includes
the magnetic anisotropy field, the exchange field, and the demagnetization field. As
detailed in Chapter 4, the demagnetization field contribution is evaluated only on the
disconnected magnetic domains by using the hybrid approach FE-BEM. The TPS
described in Chapter 5 handles the temporal evolution, ensuring numerical stability
even with the stiff exchange terms.

Analytical solutions to these sets of partial differential equations are possible
only in simplified scenarios, thus numerical methods are necessary to resolve the
dynamics in general settings. The FEM naturally handles meshes with complex
geometries and multiple material domains. Therefore, it serves to implement a solver
capable of simulating charge, spin-accumulation, and magnetization dynamics. The
implementation utilizes the open-source C++ FE library MFEM [145].
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6.2.2 Treatment of the Tunnel Barrier

| NM |RL[TB FL| NM 050
i > i 10.0
i i 7.5
> |
. ;

A < ¥ > AZ

-V o;01%] 1°r]

Figure 6.1: (Left) Current density distribution in an MTJ biased under a constant
voltage for a non-uniform magnetization configuration of the FL. The magnetization
varies from parallel to the reference layer in the center to anti-parallel on the sides.
(Right) The current density is larger in the center, where the FL magnetization is
parallel to that of the RL and the magnetization-dependent conductivity is highest.
Based on the figure originally published in [182].

A key challenge in applying the drift-diffusion formalism to MTJs is the treatment
of the TB. While the TMR effect can be reproduced by describing the TB conductivity
through an angle-dependent expression, using effective material parameters in the spin
diffusion equation is insufficient to capture all expected torque properties. The TB
is modeled as a poor conductor with a local resistance that depends on the relative
orientation of the magnetization [123]. Accordingly, this dependence is introduced
phenomenologically by expressing the TB conductivity as an explicit function of the
relative magnetization angle, given by:

op + OaAp TMR
)= —— 1+ ———=cosf 22
o(6) 5 ( +2+TMRCOS), (6.22)

where op and oap are the conductivities in the parallel and anti-parallel configurations,
respectively, TMR is the tunneling magnetoresistance ratio, and @ is the angle between
the RL and FL magnetizations. This is a manifestation of Ohm’s law relating the
voltage and the charge-current through a structure with many transverse modes [32].
Figure 6.1 shows the charge-current density computed in an MTJ structure with
non-uniform magnetization in the FL. The magnetization varies from parallel to the
RL in the center to anti-parallel at the edges. Due to the angular dependence of the
TB conductivity, the current density is highest in the center, where the magnetizations
are parallel, demonstrating the expected TMR-induced current redistribution.

6.3 Tunneling Spin-Current Boundary Conditions

The drift-diffusion approach accounts only for semiclassical transport properties and
must be adapted to describe tunneling across an MTJ. The Nonequilibrium Green
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Functions (NEGF) formalism is frequently employed to compute expressions for the
charge and spin-current flowing through the TB of an M'TJ. However, performing such
calculations at every iteration of the FE solver would be computationally prohibitive.
Using a circuit-theory approach and analytical solutions of the NEGFs equations, the
expressions for the tunneling spin and charge-currents can be simplified for practically
thick TBs to capture the most prominent transport characteristics by using only a
few key parameters.

6.3.1 Tunneling Current Expressions

With the magnetization in the RL pointing in the z-direction and the one in the FL
lying in the zz-plane at an angle 6 from the RL, the tunneling charge- and spin-currents
can be expressed as [118]:

JEP = Jo(V) (1 + Prp Py cos ), (6.23)

Jgf _ _CLRLPRL + CLFLPFL COS Qﬁ gB, (6.24)
’ 1+ Pry,Prr,cosf  2e

JIB = _% (PruPry — Prulyy) sinf h B, (6.25)
Y 1 + Pgry, Py, cos 2e

(]ST:E aFLPFL SlIl@ h TB (626)

:_1+PRLPFLCOSQ% ©

where Jy(V') contains the voltage-dependent portion of the current density, Py, and
Py, are the in-plane Slonczewski polarization parameters, Py, and Py, are out-of-
plane polarization parameters, and agy, and apy, describe the influence of the interface
spin-mixing conductance on the transmitted in-plane spin-current. The spin-current
is expressed in units of Jm™2.

Equation (6.23), describing the dependence of the charge-current on the RL and FL
polarization parameters and on the relative angle between their magnetization vectors,
is already included in the model through Equation (6.22). The spin-current component
must also be accounted for. The FE approach to the drift-diffusion equations, based
on the Galerkin method, enforces the continuity of the spin-accumulation and current
across all interfaces. The tunneling expressions must therefore be included while
preserving the continuous nature of both quantities.

6.3.2 Finite Element Boundary Terms

To obtain the solution through the FE solver, the following boundary terms must be
added on the RHS of the weak formulation (5.25):

— / J3P - wdx +/ J3P - wdx, (6.27)
RL|TB TB|FL
JC ‘1
S ¢ 1+ Py Prompy - mp ARLLRLMRL, + AFL L FLMFL
1
T3 (PruPRy, — PrLPyp) mgr X mFL], (6.28)



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

88 Chapter 6. Spin-Transfer Torques in Ultra-Scaled MRAM Cells

where RL|TB and TB|FL are the interfaces between the TB and the RL and FL,
respectively, n is the interface normal (which for the employed meshes points in the
positive z-direction for both interfaces), and mgy,rr) is the unit magnetization vector
of the RL (FL) at the interface. This formulation is consistent with physics-based
factorization approaches for MTJ modeling [183]. The diffusion coefficient of the TB
Dy is also taken to be low, proportional to the conductivity from Equation (6.22), as
no diffusive transport occurs across the barrier.

By solving the weak formulation with the inclusion of Equation (6.27) and the
low value of Ds, the spin-current in the TB is fixed to the value prescribed by
Equation (6.28) when J¢ flows through the MTJ. This is crucial for accurately
describing the spin-currents and the spin-accumulations in the RL and FL of an MTJ.

6.3.3 Implementation of Interface Mapping

The computation of the boundary term associated with Equation (6.27) requires
knowledge of the magnetization vector on the opposite interface. To access these
values, the coefficient describing the boundary integral is initialized as follows:

(i) For each integration point on the RL|TB interface requiring the computation of
the tunneling spin-current, the solver iterates through the integration points of
the TB|FL interface.

(ii) The TB|FL point with coordinates closest to the current RL|TB one is selected.

(iii) The integration point index and element index associated with the identified
TB|FL point are mapped to the coordinates of the RL|TB point.

(iv) The mapping procedure is repeated for the TB|FL interface.

In a transient simulation, the search is performed only during solver initialization. At
every time step, the data necessary for the computation of Equation (6.28) can be
accessed through the generated maps, without the need to repeat the search procedure.

6.4 Numerical Implementation of Interlayer Exchange
Coupling
As discussed in Section 6.3.3, the IEC is crucial for SAFs. While Chapter 3 defined the

physics, this section details the numerical implementation in the FEM solver, which
follows the same logic as the TB mapping described above.

6.4.1 IEC Energy and Effective Field

The interlayer exchange coupling energy density for two ferromagnetic layers separated
by a thin non-magnetic spacer (such as Ru or Ta) is given by:

giec == _Jiec(ml : m2)7 (629)
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where Ji. is the interlayer exchange coupling constant (in Jm~2), and m; and m, are
the unit magnetization vectors at the two interfaces. The sign of .J.. determines the
preferred alignment: positive values favor parallel alignment (ferromagnetic coupling),
while negative values favor anti-parallel alignment (antiferromagnetic coupling), as
required for SAF structures.

In dynamic micromagnetics, representing energy contributions in terms of effective
fields rather than boundary conditions is often more convenient, as it facilitates direct
integration into the LLG equation. The effective field contribution from the IEC

acting on a layer at the interface is obtained via Hog = _mjw g—i, yielding:
H. — Jee (6.30)
iec ,UOMst neighbor» .

where t is the thickness of the ferromagnetic layer.

6.4.2 IEC Boundary Term in Weak Formulation

In the FE weak formulation of the LLG equation, the IEC contribution appears as
boundary integrals at the ferromagnet-spacer interfaces. For a structure with left (L)
and right (R) ferromagnetic layers separated by a spacer (see Figure 3.3), the following
boundary terms must be added to the RHS of the weak formulation (5.25):

Jiec Jiec
_JiecV my, - wdl + e mg - wdl, (6.31)

toMs 1, poMsr Jr

FR\spacer spacer|L

where I'gispacer and I'spacerir, denote the interfaces between the spacer and the right
and left ferromagnetic layers, respectively, and w is the test function.

6.4.3 Mapping Strategy for IEC

To evaluate Equation (6.31), the solver employs the same mapping strategy as described
in Section 6.3.3 for the tunneling spin-current:

(i) During initialization, for each integration point on one side of the IEC interface,
the solver identifies the nearest integration point on the opposite side.

(ii)) The element ID and local integration point index are stored in a mapping table.

(iii) During time-stepping, the magnetization values myeighnor are accessed through
these pre-computed maps with O(1) complexity.

This unified approach allows the simulation of arbitrary stacks (e.g., Co/Ru/Co SAFs).
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6.5 Validation Results

6.5.1 Spin-Accumulation and Spin Torque Solutions

The spin-accumulation and torque obtained from the parameters of Table 6.1 are
presented in Figure 6.2 (a) and (b). The structure employed consists of semi-infinite
ferromagnetic leads and a TB of 1 nm thickness. The magnetization of the RL points
in the z-direction, while that of the FL points in the z-direction. A comparison
between the FE solution and the analytical solutions demonstrates that the additional
boundary terms in the FE implementation yield perfect agreement.

The inclusion of the tunneling spin-current terms creates a discontinuity jump
between the values of the spin-accumulation components parallel to the magnetization
at the left and right interfaces of the TB. This is a manifestation of the MTJ polarization
effects on the spin-current.

Figure 6.2 (c) shows the angular dependence of the damping-like torque with the
inclusion of the spin-current boundary conditions, computed in the same structure.
The typical sinusoidal dependence of the torque acting on the FL in an MTJ is
reproduced exactly, for various values of the RL|TB interface spin polarization. The
structure is biased by a fixed voltage of V' = 1.3V, so that the torque is independent
of the TB|FL polarization, and linearly depends only on the RL|TB polarization.

6.5.2 Effect of Dephasing Length on Torque Localization

While employing Equation (6.28) fixes the spin current in the TB to the value expected
in M'TJs, the length parameters entering the spin-accumulation equation still determine
the region over which the transverse spin-accumulation components are absorbed.
They also determine the behavior of the torque in the bulk of the FM layers.

like T
e Ts T 0.9
- e
= -
z Pu. =078
r;/ ,.—'*“ .
= e
g.; I’./‘ _.,0—0-”.“.;" ' \\‘\
é I:/ﬂ ”’ *‘\ .\.\\
/ [}
= e \\.\\\\&
N\
45.0 47.5 50.0 52.5 55.0 50 100 150
x [nm)] x [nm)] Angle [°]

Figure 6.2: Validation of the spin drift-diffusion model with tunneling spin-current
boundary conditions for semi-infinite ferromagnetic layers. (a) spin-accumulation and
(b) spin-transfer torque components computed along the stack direction, comparing the
analytical solution with the FE implementation. The magnetization is oriented along
x in the RL and along z in the FL. (¢) Angular dependence of the damping-like torque
for several values of the RL spin polarization (Pgrr, = 0.4, 0.7, 0.9), reproducing the
expected sinusoidal behavior characteristic of MTJs. Figure (c) adapted from [182].
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Table 6.1: Parameters used in the drift-diffusion simulations with the TB boundary
terms.

Parameter Value
Conductivity polarization, [, 0.7
Diffusion polarization, §p 0.8

NM diffusion coefficient, De num 102m?s7!
FM diffusion coefficient, D, gy 2.0 x 1073 m?s~!
TB diffusion coefficient, Dg 2.0 x 107 ¥m?s7!
NM conductivity, oxu 5.0x 10°Sm~!
FM conductivity, opm 1.0 x 10°Sm™*
TB conductance, G 4.76 x 107° S
Polarization factors, Pri, = Py, 0.707
In-plane torque reduction, agry, = apr, 1.0
Out-of-plane polarization, Py, = Py, 0.2
Spin-flip length, Ay 10 nm

Spin exchange length, \; 1nm

Spin dephasing length, A, 0.4nm

Figure 6.3 shows the spin-accumulation and torque obtained in a symmetrical
MTJ structure including 50 nm thick non-magnetic (NM) layers, where the FM layers
are 20nm thick and the TB is 1nm thick. For A\, = 5nm, the torque components
are not completely absorbed in the FL, contrary to what is usually expected in
strong ferromagnets, and the spin-accumulation components transverse to the local
magnetization penetrate inside the NM contacts. Setting an effective dephasing length
of A\, = 0.4nm, it guarantees a faster decay of the transverse spin-accumulation
components, ensuring that the torque acts only in the proximity of the TB interface.

6.6 GMR Effect in Spin-Valves

The approach detailed in the previous sections can compute both the TMR and the
torques in an MTJ. Modern MRAM devices can, however, also include conductive
spacer layers between the FM layers, either as part of the SAF or to incorporate
additional RLs and improve switching performance. In the presence of such a metallic
spacer layer, the GMR effect becomes significant.

In the drift-diffusion formalism, the dependence of resistance on the relative angle
between the magnetization vectors in the presence of a metallic spacer is accounted for
by including the second RHS term of Equation (6.6) when computing the electrical
potential V. By imposing V - J¢ = 0 and expressing the electric field as E = —VV in
Equation (6.6), the equation for V' yields:

V- (oVV)=V- (MiBﬁDDe(VS)Tm) . (6.32)
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Figure 6.3: Spin-accumulation and torque in a symmetric MTJ structure including
NM contacts. (a) and (b) present results for A, = 0.4nm. The shorter dephasing
length guarantees faster decay of the transverse spin-accumulation components, so
that the torque acts only in the proximity of the TB interface. Adapted from the
figure [182].

In this formulation, the spin-accumulation and the electrical potential are coupled,
yielding a coupled system of equations. To account for the interdependence of S
and V', the FE solver is updated to iteratively solve the system until a convergence
threshold is reached:

1Snllz2 = Sn-1llz2

€
1Sl 22 ’

(6.33)

where || - [[2 =/ [, | - |? dx denotes the L*(2) norm.

The iterative solution is computed by first obtaining an initial estimate for the
spin-accumulation Sy by solving the standard equations, including the RHS term of
Equation (6.6) in the spin equation. This estimate is then used to compute a solution
to Equation (6.32), which in turn yields an updated spin-accumulation estimate S;.
These two steps are repeated until the solver converges. The dependence of the total
charge-current on the relative angle between the magnetization vectors in the FL and
RL can be fitted using [117]:

](0)_1 1+ xcos?(0/2)
"~ Rp1+4+GMR + (x — GMR) cos2(6/2)’

(6.34)

where V' is the applied bias voltage, Rp is the resistance in the parallel state, and y
and GMR are fitting parameters.

Figure 6.4 compares the angular dependence of the charge current for an MTJ
with an MgO TB and a spin valve with a metallic spacer. Both structures employ
symmetric 2nm FM layers separated by a 1 nm spacer, with 50nm NM contacts and
a diameter of 40 nm. The MTJ is biased at —1.3 V and simulated for two resistance
configurations: Rp = 14k, Rap = 42kQ (TMR = 200 %) and Rp = 14k, Rap =
35k (TMR = 150 %). Both are well described by the Slonczewski conductance model
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Figure 6.4: Angular dependence of the charge current for (a) an MTJ with MgO tunnel
barrier at two TMR ratios (V' = —1.3V) and (b) a spin valve with metallic spacer at
two GMR ratios (V = —0.2V). Markers represent simulation data and solid/dashed
lines show analytical fits using Equation (2.7) and Equation (6.34), respectively.

(Equation (2.7)). The spin valve is biased at —0.2 V, and the iterative coupling between
the spin-accumulation and the electrical potential produces a GMR of approximately
11 % for a conductivity polarization 8, = 0.7 and 7.5% for 5, = 0.58, both fitted by
Equation (6.34).

Since the voltage drop in an MTJ is localized at the TB, the iterative solution is
not necessary for the correct computation of the current. In this case, the iterative
solver always converges for n = 1.

6.7 Torques in Elongated Structures

In the presence of elongated FLs, simultaneous switching of the entire layer is not
guaranteed: domain walls or magnetization textures may form, and their propagation
through the FL can affect the switching behavior. In such cases, the additional spin
torques arising from magnetization gradients in the bulk of the ferromagnetic layers
must be taken into account. These torques are modeled by the Zhang and Li (ZL)
equation [184]:

ks Bo
e 1+¢e2

Ty, = — mxmxJe-Vm]—em x (Jg-V)m), (6.35)

where € = (A;/A\¢)?. This expression is derived from Equation (6.10) by setting
VS = 0 and taking the cross product with m twice. This approximation is strictly
valid only when the changes in S are relatively slow, namely, when they occur over
length scales longer than Ag.
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Figure 6.5: (a) Non-uniform magnetization texture with the magnetization orientation
changing from z to —z. (b) Comparison of the spin torque Ts to the ZL torque
Ty, for an approximately 100 nm long magnetization texture, with the parameters
of Table 6.1. (¢) Comparison for an approximately 3 nm long magnetization texture
with A, = 0.4nm. The shorter dephasing length quickly dissipates the transverse
spin-accumulation, ensuring agreement between the ZL approximation and the drift-
diffusion solution. The two approaches show good agreement in both cases.

By applying the same procedure to Equation (6.19), the ZL expression can be
generalized to include A

s e dle+€)mx m -V)m
e 1+ (e+€)? (1+€(e+€)) X[ x (Jc- V) } (6.36)

—em X (JC~V)m},

Ty, =

where € = (\;/\,)? accounts for the additional contributions of the term involving .

6.7.1 Comparison with Drift-Diffusion Solution

To test the ZL approximation, a magnetization profile with the magnetization orienta-
tion changing from +z to —z (shown in Figure 6.5 (a)) serves to compute both Tg
and Ty, with the parameters of Table 6.1. The structure used in the simulations
consists of a single ferromagnetic layer 450 nm thick. A constant current density
value of Jo, = —1.33 x 10" Am™~2, flowing in the z-direction, is employed for both
approaches.

Figure 6.5 (b) demonstrates that, for the given magnetization profile with a width
of approximately 100 nm, Tg is well reproduced with Equation (6.35). Figure 6.5 (c)
reports the torques obtained using the same parameters and a shorter magnetization
texture of approximately 3nm, in an FM layer of 70 nm thickness. With the standard
dephasing length, the spin-accumulation gradients neglected in Equation (6.35) become
significant, leading to a large deviation of Tg from Ty, particularly for the field-like
torque (y-component). Employing a shorter spin dephasing length of A\, = 0.4nm
ensures the rapid absorption of transverse spin-accumulation components, restoring
good agreement between the Ty, approximation and the drift-diffusion solution.
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6.7.2 Interaction Between Tunneling and Bulk Torques

In MRAM cells with elongated FLs, magnetization textures and domain walls can form
along the layer during switching. In this case, the polarized tunneling spin-current
can interact with such magnetization textures, generating torques that further deviate
from the ZL approximation.

To verify this, the torque is computed in an experimental MTJ structure with a
5nm RL, 0.9 nm TB, and an elongated FL of 15 nm with a magnetization profile similar
to that shown in Figure 6.5 (a), with the magnetization vector transitioning from the
z-direction to the —z-direction over the length of the layer. The magnetization in the
RL is pointing toward the z-direction and 50 nm NM contacts are included.

The torque acting in the FL for this magnetization profile is shown in Figure 6.6 (a).
Near the TB the tunneling spin-current generates an observable Slonczewski torque
contribution, while the magnetization texture causes the torque contribution in the bulk.
Figure 6.6 (b) shows a close-up of the bulk portion of Tg, compared with the result
obtained by applying the ZL expression (6.36) to the magnetization configuration
of the FL, for the exact value of the current density. The comparison reveals a
substantial difference between the torques obtained using the presented model and
those obtained with the ZL approximation. This implies that the Slonczewski and
ZL torque contributions cannot simply be added together, but influence and interact
with each other.

(a) (b)
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Figure 6.6: (a) Torque computed for an MRAM cell with elongated RL and FL and
a magnetization profile in the FL similar to that of Figure 6.5 (a), with a width of
approximately 3nm. The brown vectors indicate the magnetization direction in the
RL and in two parts of the FL. (b) Close-up of the spin torque Ts compared to the
ZL torque Ty;,. The presence of the MTJ also influences the bulk torque component,
making the unified approach the most suitable for ultra-scaled MTJs with elongated
ferromagnetic layers. Figure (a) originally published in [182].
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6.8 Preconditioner Evaluation

As established in Section 5.4.1, the inclusion of spin-transfer torque requires a precon-
ditioner that captures the dominant Jacobian contributions. For the BDF method,
all terms, including spin-transfer torque, are treated implicitly. Consequently, the
preconditioner must incorporate the exchange-damping contribution and the linearized
spin-torque terms to remain effective during switching transients.

BDF Preconditioner: Following the mass-lumped formulation of Section 5.4.1,
the BDF preconditioner takes the form:

Pipr = I+ 7aCe, M "Kgig — YM [ s, (6.37)

where v = Atf, denotes the BDF scaling factor, o the Gilbert damping constant,
Cex = 271 Aex/ (1o Ms) the exchange coefficient, My the lumped mass matrix, Kqg
the symmetric exchange stiffness matrix arising from damping, and Jsrr = Jpr, + JgL
comprises the damping-like and field-like Jacobian contributions defined in Equa-
tions (5.51) and (5.52).

While the damping-like contribution Jpy, is symmetric, the field-like term Jgp, =
crL[S]« is skew-symmetric. This renders the preconditioner non-symmetric, preventing
the use of PCG. Furthermore, classical AMG components (in particular smoothers)
are primarily designed for SPD or nearly SPD operators and can lose effectiveness for
strongly non-symmetric matrices with large skew-symmetric parts [170]. Incomplete
LU factorization handles such systems naturally by directly computing approximate
L and U factors without relying on smoothing properties. The Fuclid parallel ILU
implementation from HYPRE [171] is employed, and the Newton linear system is
solved using GMRES preconditioned by ILU. The spin-accumulation S entering the
STT Jacobian is held constant (frozen) between preconditioner rebuilds. During
STT-driven switching, both m and S evolve rapidly, so the frozen-S approximation
becomes less accurate and the number of GMRES iterations increases. To limit this
effect, the preconditioner is rebuilt periodically rather than only on demand. This is
controlled via CVodeSetLSetupFrequency, set to 3 in the implementation, balancing
ILU setup cost against the overhead of Krylov iterations with a stale preconditioner.

Note that the exchange-precession contribution, K.y, is omitted from the precon-
ditioner, although it appears in the full Jacobian. Numerically, adding K. in the
mass-lumped form degraded Krylov convergence (cf. Section 5.4.1). A likely reason is
that the lumped scaling M;' destroys the exact skew-symmetry of the cross-product
operator under the relevant inner product, producing a more difficult non-symmetric
preconditioned system.

IMEX Preconditioner: In contrast, the IMEX scheme assigns only the stiff
exchange damping to the implicit partition f;, while all other contributions, including
spin-transfer torque, are evaluated explicitly in fg. The implicit Jacobian (5.57)
involves only the symmetric exchange operator:

PIMEX = I + fyacexleKdiff- (638)
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This matrix is SPD, enabling efficient solution via PCG with AMG preconditioning.
Since Jgpr does not appear in the implicit partition, it is correctly omitted from the
preconditioner, maintaining the SPD structure regardless of spin-torque magnitude.

The performance is evaluated similarly to the Standard Problem 4. For the
switching simulation, a simplified MTJ structure with 1 nm thick RL, 1.7nm thick
FL, and a 1nm thick TB is employed. The magnetization of the RL points in the
positive z-direction, while the FL is initialized in the negative x-direction, with a
small tilt to break symmetry. A bias voltage of —3V is applied to the left contact to
induce switching. The structure is sized down to a diameter of 10 nm to reduce the
computational cost of the tests.

Although this configuration is not physically realistic, the applied bias voltage
exceeds typical operating conditions for such a thin tunnel barrier and would likely
cause dielectric breakdown in practice. This setup was chosen intentionally to create
a STT dominated regime. This allows for a meticulous evaluation of how the different
time integrators and preconditioner strategies handle the stiff, non-symmetric dynamics
arising from strong spin-transfer torque.

11 e
—~
"0
\E/ —— TPS (At=00lps) ---- BDF (CVODE)
------ TPS (At = 0.1ps) ---- IMEX (ARKStep)

——- RK4

000 005 010 015 020 025 030 035 040
Time [ns]

Figure 6.7: Spatially-averaged magnetization dynamics during STT-driven switching
computed with different time integrators. The TPS solution with At = 0.01 ps serves
as the reference.
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Figure 6.7 presents the spatially-averaged magnetization dynamics computed with
the four time integration methods. The reference solution is obtained using the TPS
method with a fixed time step of At = 0.01ps. To enable a meaningful comparison
at similar temporal resolution, an additional TPS run with At = 0.1ps (1071%s) is
performed, matching the order of magnitude of the adaptive time steps achieved by
the BDF solver. All implicit methods (TPS, BDF, IMEX) capture the qualitative
switching behavior, with the magnetization reversing from the initial anti-parallel to
the parallel configuration under the applied STT. Visible phase differences appear
between the adaptive solvers and the reference, particularly in m, around ¢ ~ 0.1 ns.
These deviations reflect the inherent trade-off between accuracy and efficiency: both
solvers satisfy the prescribed tolerances while taking larger time steps than the
reference. The IMEX scheme exhibits approximately twice the e, trajectory error of
BDF (0.398 vs. 0.240, cf. Table 6.2), attributable to the splitting error from explicit
STT treatment and the accumulation over ~22000 steps compared to only ~488 for
BDF'. Despite these deviations, both methods capture the correct switching dynamics
and converge to the same equilibrium state. The coarser TPS run (At = 0.1ps)
achieves a 9.7x speedup but exhibits the largest trajectory error (e, = 0.733), with
noticeable phase drift visible in all three components. This highlights a key limitation
of fixed-step methods without error control: unconditional stability allows arbitrarily
large time steps, but accuracy degradation goes undetected. In contrast, RK4 shows
a comparable phase deviation, but, as discussed below, this apparent agreement is
misleading, as the method becomes numerically unstable during switching.

Figure 6.8 provides a quantitative analysis of solver accuracy and efficiency.
Panel (a) shows the deviation from the unit-sphere constraint [m| = 1 before renormal-
ization. For explicit single-step methods, theoretical results establish that a scheme of
order p preserves the magnetization magnitude within O(A#P*!) error per step, ex-
ploiting the cross-product structure of the LLG equation, which guarantees ,m | m.
The TPS method, being first-order in its tangent-plane update, produces O(At?)
drift per step, accumulating to deviations below 10~7 that further decrease as the
simulation progresses toward equilibrium.

(a) Constraint deviation (b) Deviation from reference (¢) Adaptive time step
A T S Yt YR el T
! ! o~ [ | i
107 oI T - -==- BDF (CVODE)
:8 A TPS (At = 0.01ps) /é . ~== IMEX (ARKStep)
— 2 -= TPS (At = 0.1ps) g 10724 4 i Fixed At = 0.01ps (TPS/RK4)
| 107444 . ol RK4 = if -~ Fixed At = 0.1ps (TPS)
g NS BDF (CVODE) l == TPS (At = 0.1ps)
= == IMEX (ARKStep) T 104 _.L rka
=10 \E/ ----- BDF (CVODE)
— ——- IMEX (ARKStep)
0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
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Figure 6.8: Quantitative solver analysis: (a) deviation from the unit-sphere constraint
before renormalization; (b) trajectory deviation from the TPS reference solution;
(c) time step evolution for the adaptive solvers compared to the fixed At = 0.01 ps
baseline.
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In contrast, the explicit RK4 method, despite its fourth-order accuracy (and the
associated O(At’) local constraint drift expected for smooth problems), becomes
unstable in the switching regime, with |||m| — 1| growing to O(1). The rapid
reorientation driven by strong exchange and STT yields a stiff discretized LLG
operator whose eigenvalues leave the stability region of explicit Runge-Kutta schemes
at the time steps considered, leading to numerical blow-up. Notably, the RK4
trajectory in Figure 6.7 appears to follow the qualitative switching behavior despite
this failure. This misleading agreement arises because the instability primarily corrupts
the magnetization magnitude while its direction still roughly follows the torque-driven
dynamics. The constraint plot in Figure 6.8 (a) reveals the true extent of the breakdown,
underscoring that trajectory agreement alone is insufficient to validate numerical
accuracy, the unit-sphere constraint must be monitored explicitly. Consequently, RK4
is not suitable for STT-driven switching unless prohibitively small time steps are used.

The implicit multistep methods (BDF and IMEX) exhibit fundamentally different
drift characteristics, maintaining deviations at around 10~!. The O(At**!) bound of
single-step methods does not apply here: the multistep formulation combines solution
values from previous steps that each carry minor constraint violations, and the Newton
iteration required for the implicit solve explores intermediate states that may lie far
from the unit sphere. Consequently, these methods exhibit larger oscillating deviations
that correlate with the adaptive step size, as visible in Figure 6.8 (¢). Nevertheless,
periodic renormalization maintains the constraint within acceptable bounds throughout
the simulation.

Panel (b) reports the deviation from the reference trajectory using the maximum-in-
time error metric e, defined in (5.59). The BDF method maintains a deviation below
10~! throughout the simulation, whereas the IMEX scheme accumulates approximately
twice the trajectory error. This discrepancy stems from two sources: (i) the splitting
error inherent to IMEX methods, where the explicit treatment of STT introduces an
additional O(At) error term, and (ii) the vastly different step counts, the BDF solver
requires only ~440 steps compared to ~22000 for IMEX, leading to different error
accumulation characteristics despite identical local tolerances.

Table 6.2: Quantitative performance comparison for STT-driven switching. The
trajectory error is measured by e, relative to the TPS reference (baseline row).
Speedup is computed as Speedup = CPUrpg yer/ CP U pethod-

Solver  Configuration oo Steps CPU [s|] Speedup

TPS.s At=10""s — 40000 42705 1.00x

TPS At =105 0.733 4000 4393 9.27x

RK4 At =10""s 0.654 (unstable) 40,000 62623 0.68x
rtol=1072,

BDF atol—10-4 0.240 488 12870 3.32x

_10-2

mEx 10 0.398 22088 65345  0.65x

atol=10
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Panel (c) reveals the key efficiency difference between the adaptive solvers. The
BDF method, equipped with the extended preconditioner (5.53) that incorporates the
STT Jacobian, achieves time steps of O(1ps), two orders of magnitude larger than
the IMEX scheme. The latter remains constrained to O(0.01 ps) due to the explicit
treatment of both precession and STT, which imposes accuracy limitations from the
rapidly oscillating terms in fr. This confirms that for STT-dominated dynamics,
the efficiency gains from implicit exchange treatment alone are insufficient, and the
spin-torque contributions must also be treated implicitly to unlock larger time steps.

Table 6.2 summarizes the performance metrics. The BDF method achieves an 82x
reduction in time steps compared to the fixed-step TPS reference while maintaining
acceptable trajectory accuracy. Despite requiring more RHS evaluations per step (due
to Newton iterations and the coupled drift-diffusion solve), the overall computational
cost is significantly reduced. The IMEX scheme provides no improvement (0.67x)
over the baseline, as the stability advantage from implicit exchange is negated by
the accuracy constraints imposed by explicit STT and precession treatment. Both
adaptive solvers were configured with identical tolerances (rtol = 1072, atol = 107*).

Linear Solver Performance: The effectiveness of the preconditioner is measured
by the number of GMRES iterations required to solve each Newton linear system
and, more critically, by the achievable time step size. With the extended precondi-
tioner (6.37) incorporating Jsrr, the average GMRES iteration count remains around
40 per Newton step, and the solver achieves time steps of O(1 ps). Without the STT
Jacobian contribution, i.e., using only the exchange-damping preconditioner (6.38)
with AMG, the solver behavior degrades catastrophically: GMRES iterations exceed
100 during the switching transient, additional Newton convergence failures occur, and
the adaptive time step collapses to O(0.01 ps), negating any efficiency advantage of
implicit integration. This demonstrates that for STT-dominated dynamics, incorpo-
rating the spin-torque Jacobian into the preconditioner is not merely an optimization,
but a necessity for practical simulation.

In contrast, the IMEX scheme does not suffer from this preconditioner mismatch.
Since the spin-transfer torque is assigned to the explicit partition fg, the implicit
Jacobian naturally contains only the exchange-damping contribution, and the SPD
preconditioner (6.38) remains appropriate. However, this comes at the cost of explicit
stability constraints on the STT terms, limiting the achievable time step to O(0.01 ps)
regardless of preconditioner quality.

These results demonstrate that for strongly STT-driven dynamics, the fully implicit
BDF approach with an appropriately constructed preconditioner offers substantial
efficiency gains while maintaining physical fidelity, making it the preferred choice for
large-scale or long-duration simulations. However, the TPS method remains attractive
for its simplicity, robust constraint preservation, and straightforward implementation, it
requires no preconditioner tuning. For the device simulations presented in the following
sections, the TPS method is employed: its computational overhead is acceptable for
the moderate problem sizes considered, and its unconditional stability and predictable
behavior simplify the analysis of STT-driven switching phenomena.
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6.9 Conclusion

This chapter has presented a comprehensive three-dimensional finite-element framework
for computing spin-transfer torques and simulating magnetization dynamics in ultra-
scaled MRAM cells. The approach is founded on the coupled spin and charge drift-
diffusion formalism, which provides a unified description of both interface-induced
Slonczewski torques and bulk Zhang-Li torques arising from magnetization textures
within a single computational framework, eliminating the need for separate analytical
expressions or ad hoc superposition of torque contributions.

A central achievement of this work is the extension of the drift-diffusion formalism
to MTJs through a physically motivated treatment of the tunnel barrier. By modeling
the TB as a poor conductor with magnetization-dependent conductivity and incorpo-
rating spin-current boundary conditions derived from NEGFs and circuit theory, the
framework accurately reproduces the characteristic angular and voltage dependencies
expected in MTJs. The implementation employs a unified interface mapping strategy
that enables consistent treatment of both tunneling spin-currents at TB interfaces and
interlayer exchange coupling at SAF interfaces, facilitating the simulation of complex
multi-layered stacks representative of modern MRAM architectures.

Validation against analytical solutions confirms that the finite-element implemen-
tation with the tunneling boundary conditions yields quantitative agreement for the
spin-accumulation profile, the damping-like and field-like torque components, and the
sinusoidal angular dependence characteristic of MTJs. The investigation of elongated
ferromagnetic structures with magnetization textures reveals that the Slonczewski
and Zhang-Li torque contributions are not simply additive: the polarized tunneling
spin-current modifies the bulk spin-accumulation in a manner that cannot be captured
by superposing independently computed torque terms. This finding underscores the
necessity of a self-consistent treatment when simulating STT-driven dynamics in
devices where domain walls or non-uniform magnetization states may develop during
switching.

The systematic evaluation of time integration strategies demonstrates that the fully
implicit BDF method, equipped with a preconditioner incorporating the linearized
spin-torque Jacobian, achieves time steps that are two orders of magnitude larger
than those of explicit or IMEX schemes, offering substantial computational savings
for large-scale simulations. Nevertheless, the TPS method remains attractive due
to its algorithmic simplicity, robust preservation of the unit-sphere constraint, and
freedom from the need to tune a preconditioner. For the device simulations presented
in Chapter 7, the TPS method is employed: its computational overhead is acceptable
for the moderate problem sizes considered, and its unconditional stability simplifies the
analysis of STT-driven switching phenomena without introducing numerical artifacts
that could obscure the underlying physics.
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Advanced Switching Dynamics 7
and Novel Device Structures

7.1 Introduction

This chapter applies the simulation framework developed in the preceding chapters
to investigate switching dynamics and novel device structures in next-generation
STT-MRAM devices. As device dimensions shrink toward the single-digit nanometer
regime, phenomena that were negligible in larger cells become dominant, necessitating
advanced structures that exploit interlayer exchange coupling and composite FL
designs.

Section 7.3 addresses ultra-scaled composite FL switching at a 2.3 nm diameter,
where elongated structures fail via domain wall formation and composite segmentation
enables sequential reversal. Section 7.4 characterizes the deterministic back-hopping
phenomenon in these composite structures and demonstrates its exploitation for four-
state multi-level cell (MLC) operation. Section 7.5 introduces IEC as a systematic
design parameter and examines its role across three stack families. Section 7.6 then
advances to hybrid FLs with metallic spacers, SAF-enhanced structures, and double-
spin torque magnetic tunnel junction (ds-MTJ) structures with dual reference layers,
optimizing IEC for switching speed, write efficiency, and reference layer stability.

A unifying thread emerges across this progression: the initial studies (Sections 7.3
and 7.4) are conducted without IEC (Ji.. = 0) to isolate the purely spin-transport-
driven switching and back-hopping dynamics. IEC is then introduced as a systematic
design parameter in Sections 7.5 and 7.6, where it evolves from a modifier of switch-
ing dynamics to an engineering parameter that must be quantitatively optimized.
Section 7.7 consolidates the findings into cross-architecture design guidelines.

7.2 Computational Setup

The simulations in this chapter employ the coupled micromagnetic and spin-charge
drift-diffusion framework developed in Chapter 6, integrated with the FE discretization
described in Section 4.2. The spin-transfer torque density at each spatial point is com-
puted using the drift-diffusion formalism (Section 6.1) [32], with tunneling boundary
conditions at each MgO barrier derived from the NEGFs analysis in Section 6.3 [118].
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Table 7.1: Standard simulation parameters for the switching studies presented in this
chapter. Values are representative of CoFeB|MgO-based magnetic tunnel junctions
and are sourced from the Boris Computational Spintronics material database and
published experimental literature.

Parameter Symbol Value

Gilbert damping constant « 0.015-0.02
Gyromagnetic ratio vy 1.76 - 10" rads=! T—!
Saturation magnetization (CoFeB) Mg 0.81-10Am~!to1.2-10°Am~!
Exchange stiffness constant (CoFeB) A 1-107" Jm™t to 2- 1071 Jm™!
Interface anisotropy K; 1.53-1073 Jm—2
Current spin polarization Bo 0.52-0.7

Diffusion spin polarization 1575 0.7-1.0

Electron diffusion coefficient (CoFeB) D, rum 1-102m?s 1 t02-102m?s!
Exchange length AJ 0.8nm to 1 nm

Spin dephasing length Ao 0.4nm

Spin-flip length (CoFeB) As f,CoFeB 10 nm

Spin-flip length (Ta) Asf,Ta 1.9nm

Spin-flip length (Ru) Asf,Ru 4nm

Resistance (P state) Rp 410k (ultra-scaled)
Resistance (AP state) Rap 750k (ultra-scaled)

Interlayer exchange coupling between non-adjacent magnetic layers is incorporated
via the weak-form interface mapping described in Section 6.4. Magnetization dynamics
are solved using the tangent-plane scheme (Section 5.3). Demagnetization fields are
computed with the hybrid FE-BEM approach from Chapter 4.

The standard simulation parameters employed throughout this chapter are sum-
marized in Table 7.1. Material set differences are detailed in Table 7.2.

The simulated resistance values yield tunnel magnetoresistance ratios consistent
with experimental CoFeB|MgO devices: TMR = (Rap — Rp)/Rp = 83% for the ultra-
scaled composite FL (Rp = 410k, Rap = 750k(2), and for the 70 nm SAF-enhanced
stacks the input RA = 6.5 Q pm? with TMR = 150% lies within the experimentally
reported range (RA ~ 3.5 Qum? to 7Qnum?, TMR =~ 100-250%) for optimized MgO
barriers at room-temperature [185,186,187|. The Gilbert damping constant o = 0.015—
0.02 is representative of sputtered CoFeB thin films [53|. In the macrospin limit, the
critical switching current scales linearly with damping (I o< «) [31], so the absolute
switching times scale accordingly. However, the qualitative features identified in this
chapter, namely the sequential switching order, the back-hopping threshold, and the
IEC role progression, are governed by the torque hierarchy and coupling geometry
rather than the damping magnitude.

A critical insight emerges from investigating multi-layer composite FL structures:
the spin-transfer torques in a multi-segment stack are inherently non-additive. The
coupled partial differential equation system governing spin transport exhibits essential
non-linearity: the spin-accumulation profile in each magnetic layer is modified by the
magnetization state of neighboring layers through spin-transport coupling across the
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shared interfaces, creating strong feedback that cannot be decomposed into independent
contributions. This non-additivity has direct practical implications: superposing single-
layer simulation results will produce systematically incorrect switching times and
potentially miss qualitative features such as the sequential switching mechanism [154,
188].

All simulations presented in this chapter are performed at zero temperature
(T = 0K). This deliberate choice isolates the deterministic switching dynamics
from thermally activated processes, enabling distinct identification of torque-driven
phenomena. In particular, the back-hopping mechanism characterized in Section 7.4
is identified as a deterministic consequence of the composite FL torque hierarchy
precisely because stochastic thermal fluctuations are excluded from the simulations.
The approximation is justified quantitatively: the characteristic switching times of 1 ns
to 3ns and back-hopping cycling periods of approximately 0.5ns are many orders of
magnitude shorter than the thermally activated reversal time 7y, = 79 exp(A), which
for A > 60 exceeds 10'”s. Thermal fluctuations would add stochastic jitter to the
trajectories without altering the qualitative switching sequence or the back-hopping
mechanism.

7.3 Ultra-Scaled MRAM Cell Switching

The non-additivity of spin-transfer torques in multi-segment stacks demonstrated above
raises a fundamental question: how do composite FL structures actually switch under
these coupled conditions? This section addresses this by systematically simulating
ultra-scaled MRAM cells [123,182], in which the inter-segment spin-transfer torques
through TBsy govern the sequential magnetization reversal. All simulations in this
section are performed without interlayer exchange coupling (Ji.. = 0), isolating the
purely spin-transport-driven dynamics.

As the cell diameter shrinks, the thermal stability factor A = Eg/kgT (requiring
A > 60 for 10-year retention,cf. Chapter 2) demands compensating increases in layer
thickness or anisotropy, both facing practical limits. Experiments from Tohoku
University [189,190] demonstrated that elongating the FL perpendicular to the film
plane, leveraging shape anisotropy to supplement interface-induced PMA, enables
ultra-scaled cells at single-digit nanometer diameters. However, the elongated geometry
fundamentally alters the switching dynamics, as the following analysis reveals.

7.3.1 Device Architecture and Geometry

Figure 7.1(a, b) illustrates conventional MRAM cells with a lateral diameter of
approximately 40nm: (a) a standard MTJ stack consisting of a 1nm RL, a 1.7nm
FL, and a 1nm MgO TB, and (b) a variant employing a NMS, a 2nm metal film.
Figure 7.1(c—e) show scaling concepts for ultra-scaled diameters: (c) an elongated FL
with a total length of 15nm to exploit perpendicular shape anisotropy, (d) a segmented
FL with three MgO layers (TB;-TBj3) to increase the number of CoFeB|MgO interfaces
and thus the interfacial PMA, and (e) a split FL separated by a NMS.
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magnetic E-

Free Layer

Figure 7.1: Three-dimensional renderings of (a)—(b) conventional large-diameter MT.J
cells and (c¢)—(e) ultra-scaled 2.3nm diameter pillar geometries with different FL
configurations: elongated single FL, composite two-segment FL with middle TB, and
composite FL with non-magnetic metallic spacer [182].

The investigated ultra-scaled MRAM cell (Figure 7.1) consists of a 2.3 nm diameter
cylindrical pillar with a 5nm CoFeB RL (magnetization fixed in 4+2), a primary MgO
barrier TB; (0.9nm), a first FL segment FL; (5nm), a middle MgO barrier TB,
(0.9nm) that boosts interfacial PMA and generates spin torque critical for sequential
switching, a second FL segment FLy (5nm), a capping MgO layer TB3 (0.9 nm), and
50 nm metallic contacts.

In conventional perpendicular MTJs, the anisotropy is primarily determined by the
CoFeB|MgO interface adjacent to the TB. A common strategy to enhance the effective
perpendicular anisotropy is therefore to introduce additional CoFeB|MgO interfaces
within the FL. For ultra-scaled junctions, however, interfacial PMA alone is insufficient
to maintain thermal stability. Instead, the FL can be elongated along the pillar axis
so that the shape anisotropy provides a positive contribution to the perpendicular
easy axis once the magnetic thickness becomes comparable to or larger than the pillar
diameter. This concept of perpendicular shape anisotropy has been experimentally
demonstrated for single-digit nanometer MTJs and enables current-driven switching
while preserving large thermal stability factors at very small diameters [189]. Further
scaling down to a 2.3 nm diameter was achieved using a composite FL separated by
MgO, which yields very high thermal stability and low switching voltage due to the
combined action of interfacial anisotropy, magnetostatic coupling, and spin-transfer
torque [190]. Recent experiments have extended this approach to single-nanometer
MTJs with multi-interface FL designs [86].
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The present device combines these approaches. The segmentation of the FL by
MgO barriers creates multiple CoFeB|MgO interfaces and thus enhances the interfacial
contribution to the perpendicular anisotropy. At the same time, the increased total FL
length places the device in the regime where perpendicular shape anisotropy becomes
substantial, which is essential for maintaining sufficient thermal stability at a pillar
diameter of 2.3nm. The intermediate MgO barrier TB, magnetically partitions the
FL and enables inter-segment spin-transfer torque, resulting in a sequential switching
mechanism. The top MgO layer TB3 acts as an MgO cap that provides an additional
CoFeB|MgO interface for anisotropy engineering [191,192]. Since it is not part of
the primary RL-FL tunneling conduction path, it does not significantly increase the
resistance-area product of the junction. TBj also does not contribute significantly
to STT, because the spin current polarized by the RL is attenuated by FL; and
TB, before reaching FL,, and any residual polarization at the FLy|TBj3 interface
is weak (P3; = 0.2 in the simulations). The spin polarization at each MgO barrier
(Py, P, P;) can be independently controlled through fabrication parameters: MgO
thickness governs the coherent tunneling efficiency, and annealing conditions control
CoFeB|MgO interface crystallinity [53,69,191]. This provides the experimental basis
for treating Py, P,, and P; as independent design parameters in the simulations.

The continuum micromagnetic approach remains valid at this scale because the
exchange length A\ex = \/2A/(poM2) = 5nm exceeds the 2.3 nm device diameter, so
each FL segment behaves approximately as a macrospin.

7.3.2 Elongated FL: Domain Wall Failure

The most direct approach to thermal stability is to elongate the FL along the pillar axis,
thereby supplementing interface-induced PMA with shape anisotropy. However, as
Figure 7.2 shows for a 15 nm single FL under £2V bias, the spatially non-uniform STT
distribution initiates a domain wall that dissolves after approximately 3 ns without
achieving switching, as the competing torques on either side of the wall cancel the net
driving force.

This failure motivates the composite FL approach: dividing the elongated FL
into shorter segments, separated by a thin spacer, suppresses domain-wall formation,
enabling sequential switching.

7.3.3 Composite FL Solution

Splitting the FL into two 5nm segments overcomes the domain wall barrier. Two
separator variants were investigated: a 0.9nm MgO TB and a 2nm NMS.

With the MgO TB separator (Figure 7.3a), FL; reverses first, followed by FLs,
switching after approximately 2ns. The NMS variant (Figure 7.3b) achieves switching
approximately twice as fast (~1ns), because the metallic spacer permits stronger
spin current transmission between the FL segments compared to the insulating MgO
barrier, resulting in a larger torque driving FL, reversal after FL; has switched. These
sub-2ns switching times at moderate bias are consistent with the experimentally
demonstrated low-voltage switching in 2.3 nm diameter composite FL devices [190],
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(c) Domain wall configuration of the FL magnetization

Figure 7.2: Magnetization dynamics in an ultra-scaled cell with a 15nm elongated
single FL (cf. Figure 7.1 (c)) at £2V bias. (a), (b) Time evolution of magnetization
components for AP to P and P to AP initial configurations showing failed switching.
(c¢) Three-dimensional magnetization snapshot at 2 ns revealing the domain wall that
prevents reversal. Figures based on [182].

and the predicted sequential reversal mechanism agrees qualitatively with the current-
driven switching behavior reported for multi-interface ultra-scaled MTJs [86,189]. The
following subsections analyze the sequential switching mechanism in detail.

7.3.4 Switching Mechanisms in Composite FLs

The two FL segments switch sequentially rather than simultaneously, with profound
implications for switching speed, intermediate-state exploitation, and failure modes.
The following parametric study employs a lower bias of 1.5V for systematic model
comparison.

Figure 7.3 shows that both transitions exhibit a distinct plateau at (m,) ~ 0,
corresponding to an intermediate configuration in which the two FL segments have
opposite orientations.

Figure 7.4 visualizes the sequential switching process, confirming the intermediate
state, where the two FL segments have opposite orientations. The torque hierarchy
governing this sequential switching, why FL; switches first in AP—P and FL, first in
P—AP, is analyzed quantitatively in Section 7.4.1.
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Figure 7.3: Successful switching of composite FL structures at —2V bias: (a) two 5nm
FL segments separated by a 0.9nm MgO TB (cf. Figure 7.1 (d)), reaching switching
after approximately 2ns, (b) two 5nm FL segments separated by a 2nm non-magnetic
metallic spacer (cf.Figure 7.1 (e)), achieving switching after approximately 1ns.
Figures based on [182].
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Figure 7.4: Three-dimensional magnetization snapshots of the sequential switching pro-
cess in ultra-scaled composite FL cells (cf. Figure 7.1 (d)), showing initial, intermediate
(plateau), and final states for (a) AP—P and (b) P—AP transitions. The switching
order is direction-dependent: FL; switches first in AP—P, while FLy switches first in
P— AP, reflecting the asymmetric torque configurations at each interface [123].

7.3.5 FL Length Optimization

A systematic parameter study varied the FL segment length over 2, 3, 4, 5, and 7.5 nm
at £1.5V bias.

Figure 7.5 reveals several critical trends. The intermediate plateau duration at
(m,) =~ 0 increases systematically with FL length: barely visible for 2nm segments
but extending for hundreds of picoseconds at 5nm. Because the anisotropy barrier
scales as &g ox Ko - [ while the interfacial spin-transfer torque is approximately length-
independent, the characteristic switching time scales linearly with segment length,
Tew OC L.
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Figure 7.5: Magnetization trajectories during (a) AP—P and (b) P—AP switching
for FL segment lengths of 2, 3, 4, 5, and 7.5nm with standard polarization (P; = 0.62,
P, = 0.57, P; = 0.2) and Set A material parameters (Table 7.2). Critical design
constraints emerge: segments shorter than approximately 5nm exhibit back-hopping
instability during P—AP switching, because the anisotropy barrier scales with segment
length (€ o Ko - 1) while the interfacial spin-transfer torque is approximately length-
independent, so shorter segments satisfy the instability condition (7.1) more readily.
Segments longer than approximately 6 nm fail to complete switching at moderate
bias. The optimal range of 3nm to 5nm provides reliable switching in both directions.
Based on Figure [193].

Minimum length constraint - back-hopping: The 3nm to 4 nm FL segments
exhibit back-hopping during P—AP switching, visible in Figure 7.5 (b) as a reversal
after the initial transition. The back-hopping arises because the low anisotropy barrier
of short segments allows the torque from the reversed FL; to drive FL, back after the
initial switch. This deterministic back-hopping mechanism and its exploitation for
multi-level cell operation are analyzed in detail in Section 7.4. Conversely, the 2nm
segments demonstrate a distinct failure mode: only the FL, layer undergoes switching,
subsequently becoming locked in an intermediate state. This inability to complete the
transition to the full AP configuration results in a permanent write error.

Maximum length constraint - incomplete switching: The 7.5 nm segments
fail to complete P—AP switching at 1.5V, remaining locked at the initial state because
the stray fields generated by the composite free layer favor the parallel alignment,
effectively stabilizing the configuration and making the P state more difficult to
destabilize with the available STT. In contrast, the AP—P transition is still possible
for the same 7.5nm structure, although switching occurs only after approximately
8 ns, indicating significantly slower reversal dynamics. Since the switching time greatly
exceeds the timescale relevant for this study, the trajectories shown in Figure 7.5 are
truncated at 3ns, and this case is not further investigated.

Optimal range: The FL segment length range of 4nm to 5nm provides the
optimal balance for the ultra-scaled geometry:
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Figure 7.6: Same configuration as Figure 7.5 but with Set B material parameters (Ta-

ble 7.2), confirming robustness of the FL length constraints across material parameter
sets. Based on Figure [194].
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Figure 7.7: Magnetization trajectories for FL. segment lengths of 2, 3, 4, and 5nm
with enhanced TB, polarization (P, = 0.5, P, = 0.9, P; = 0.2) and Set A material
parameters. The enhanced TB,y polarization modifies the back-hopping threshold
compared to the standard case (Figure 7.5). Based on Figure [193].

(i) Lengths below 2nm to 3 nm risk back-hopping instability during P—AP switch-
ing

(ii) Lengths above 5nm may fail to complete switching at moderate bias voltages

(iii) Intermediate lengths of 4nm to 5 nm provide successful switching with adequate
thermal stability. However, 4 nm segments still exhibit marginal back-hopping
tendencies. This behavior can be circumvented by utilizing lower bias voltages
or optimizing pulse duration to ensure the device settles into the desired state
before instability triggers.
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Figure 7.8: Same enhanced TBy polarization as Figure 7.7 but with Set B material
parameters, demonstrating that the polarization-dependent switching behavior persists
across material choices. Based on Figure [194].

These constraints are specific to the 2.3nm diameter geometry studied. Still, the
fundamental trade-offs back-hopping for too-short layers and incomplete switching for
too-long layers remain applicable across device dimensions.

New physical insight. The three-dimensional drift-diffusion simulations reveal that
composite FLs in ultra-scaled MRAM cells switch sequentially rather than coherently,
with the switching order determined by the asymmetric torque configuration at
each interface FL; first for AP—P, FL, first for P—AP. This sequential mechanism,
inaccessible to macro-spin models, produces an observable plateau at (m,) ~ 0 whose
duration scales with the FL segment length. The optimal segment length of 4 nm to
5nm balances thermal stability (A > 60) against the onset of back-hopping instability.

7.3.6 Material Parameter Robustness

To verify that back-hopping is a robust structural phenomenon rather than a material
artifact, the simulations were repeated with an alternative parameter set (Set B) from
the Boris Computational Spintronics database (Table 7.2): 32% lower Mg, doubled A,
halved D,, and 20% shorter Ay, with identical K; and a. Figure 7.7

Figure 7.6 and Figure 7.8 confirm that Set B reproduces the same directional
asymmetry, FL-length dependence, and oscillation periods as Set A despite substan-
tially different bulk transport parameters. This robustness follows from the instability
condition (7.1): since K; and the TB polarizations are identical in both sets, the onset
threshold is preserved. This configuration is further validated by the dynamics shown
in Figure 7.7 and Figure 7.8, which confirm that the middle barriers, referring to the
tunnel barriers separating layers, dominate the switching outcome, establishing the
TB polarization hierarchy as the primary design parameter for back-hopping control.
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Table 7.2: Comparison of material parameter sets used to verify robustness of the
back-hopping mechanism.

Parameter Set A Set B Ratio
Mg [Am™] 1.2x10° 0.81 x10° 0.68
AJm™' 1x107" 2x107t 20
D, [m?s71]  2x107%2 1x107? 0.5

Ay [nm] 1.0 0.8 0.8
K; [Jm™2] 1.53 x 1073 1.0
a 0.015 1.0

7.3.7 Switching Characteristics in Asymmetric FLs

To further investigate deterministic back-hopping behavior, cells with asymmetric FL
configurations are investigated. Figure 7.9 displays the magnetization trajectories for
switching from AP—P and P—AP in which the segments of the composite FL have
asymmetric lengths. In these asymmetric structures, either FL; is fixed at 5 nm while
FL, is varied (2, 3, and 4nm), or conversely, FL, is fixed at 5nm and FL; is varied.

Figure 7.9 (a) demonstrates that successful switching from AP—P is always
achieved regardless of the FL composition. However, Figure 7.9 (b) reveals that
successful switching from P— AP is highly dependent on the layer geometry. Successful
transitions are observed only for the symmetric configuration with a length of 5nm.
For asymmetrical configurations, the variations in FL; and FL, lengths result in
distinct total magnetizations, leading to intermediate states where the cell fails to
settle into the AP configuration. The differences in response times among these cells
arise from their distinct uniaxial anisotropies, which scale with the layer’s length.
A shorter layer has a lower energy barrier separating the two magnetization states,
thereby accelerating the response time but increasing susceptibility to instability.

To control this instability, Figure 7.10 reports switching simulations where the
polarization of the middle TB (TB,) is enhanced. This higher TB polarization yields
a larger spin current, ensuring that the inter-segment torque acting between the two
FL parts is stronger than the torques originating from the RL. In Figure 7.10 (a),
all structures switch successfully during AP—P. Notably, the asymmetric structure
with a 4nm FL; and a 5nm FL,y exhibits a profoundly delayed switching initiation,
remaining in a canted state ((m,) ~ —0.75) for over 3ns. This delay arises from
a torque deadlock: because FL; must initiate the AP—P transition, the forward
torque from the RL is heavily countered by the opposing torque from the thicker 5 nm
FLsy, creating a backward push amplified by the enhanced TBy polarization. Shorter
segments (2 and 3nm) avoid this deadlock because their reduced energy barriers are
easily overcome by the STT. Furthermore, the symmetric 5nm structure bypasses
this trap entirely, due to its geometry, which prevents a larger layer from artificially
pinning a smaller one, allowing it to transition smoothly and much faster (~2ns).

Similarly, during the P—AP transition (Figure 7.10 (b)), the asymmetric structure
with a 5nm FL; and a 4nm FL, demonstrates an analogous behavior. Because the
torque hierarchy dictates that FL, must initiate this reversal, the 4 nm FLs presents
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Figure 7.9: Magnetization trajectories with standard polarization (P, = 0.62, P, =
0.57, P; = 0.2) and asymmetric FL segment lengths for (a) AP—P and (b) P—AP
switching across FL lengths of 2nm to 5nm. Based on Figure [188].
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Figure 7.10: Magnetization trajectories with enhanced TB, polarization (P, = 0.5,
P, = 0.9, P; = 0.2) and asymmetric FL segment lengths for (a) AP—P and (b) P—AP
switching across FL lengths of 2nm to 5nm. The enhanced TB, polarization inten-
sifies the cyclic transitions compared to the standard polarization case (Figure 7.9),
confirming deterministic back-hopping. Based on Figure [188].

a substantial energy barrier compared to thinner segments. The STT struggles to
destabilize this thick initiating layer against the influence of the larger 5nm FL,
significantly postponing the onset and preventing the reversal process. Consequently,
the magnetization remains pinned near (m,) ~ 0.75 for the entire time. This deter-
ministic process repeats indefinitely as long as the bias is maintained, confirming that
the middle polarization can tune or deliberately trigger cyclic instability.
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7.4 Back-Hopping and Multi-Level Cell Operation

The FL length optimization revealed that segments shorter than 3nm exhibit back-
hopping instability during P—AP switching. Especially as shown in Figure 7.7 with
a higher polarization in the middle TB, initiating a cyclic instability rather than
settling into the switched state. Rather than a failure mode, this instability follows
deterministic dynamics governed by the inter-segment torque hierarchy and can be
exploited for multi-level cell operation [188,193]. As in the preceding section, all
simulations use Jio. = 0.

Unlike thermally driven back-hopping in conventional STT-MRAM [195, 196],
the back-hopping in composite FL structures is a deterministic consequence of the
inter-segment torque hierarchy. When the middle barrier (TB;) polarization exceeds
that of the outer barriers, the torque from FL; on FLy through TBy destabilizes
whichever state the composite FL achieves. After both segments reach the target
AP state during P—AP switching, this torque can exceed the interface anisotropy
restoring force:
2K;

toMs (7-)

\Tz,FL1| >

When this condition is satisfied, FLs reverses back toward the initial orientation, which
in turn reverses the torque it exerts on FL;, triggering a cascade that returns the
entire composite FL to its initial configuration. As long as the bias is maintained,
the cycle repeats indefinitely. This cyclic switching of the layers is also referred to as
spin-torque nano-oscillators, spiking dynamics, or windmill structures [197,198].

The mechanism produces a pronounced directional asymmetry: during AP—P, the
TB; and TBs torques act cooperatively, yielding clean transitions (Figure 7.5 (a), Fig-
ure 7.7 (a)). At the same time, during P—AP the reconfigured TBy spin-accumulation
opposes switching, producing cyclic reversals (Figure 7.5 (b), Figure 7.7 (b)). The
cycling frequency increases with decreasing segment length, and enhanced TBs polar-
ization (P, = 0.9, Figure 7.7) intensifies the amplitude relative to standard polarization
(P, = 0.57, Figure 7.5), confirming TBy polarization as the primary control parameter.

7.4.1 Torque Analysis

To quantify the sequential switching and back-hopping connection, the torques on
each FL segment are examined with the RL fixed at mgy, = +2. The torque on FL;
has two contributions:

Ty =Tiry + T pr, (7.2)

where T gy, is the RL-polarized contribution through TB; and T gy, is the FLo-
polarized contribution through TB,. Since the direct RL torque on FL, is attenuated
by two barriers:

Ty ~ Ty, (7.3)
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7.4.1.1 AP—P: Cooperative Torques

In the initial AP configuration (m; = my = —2), spin-polarized electrons tunnel
through TB; and exert a damping-like torque rotating m; toward +2. Simultaneously,
the secondary torque from FL, through TBs is:

T pr, ocmy X (my X my) =m; X (my x (—2)) (7.4)

Both torques act cooperatively, explaining why FL; switches first [182]. The torque
on FL, from FL;:
TQ’FLI X 1My X (m2 X ml) (75)

is initially zero but after FL; reverses to 4+, changes sign:
T2,FL1 X My X (mg X (—l—ii‘)) (76)

This drives FLy to switch, but with only the FL; torque available, the reversal is
slower, producing the extended plateau in Figure 7.3 (a).

FLs rotates: Tg.,. FL; rotates: Ts,
RL TB FL, B FL, B RL TB FL, TB FL, TB
180 - 180
(a) 10
150 150
T
120 4 120 2 T“
e E
© 90° 90° =
= 90 904 0 =
g 2
= x
60 1 601 03
[
304 304
—40
0 : : : : 0 : : - ;
56 58 60 62 56 58 60 62
FL; rotates: T, FL; rotates: Tg.
RL TB FL, ™ FL, TB RL TB FL, B FL, B
180 - 180
(c) (d) 140
150 4 | 150 14
! 20 T
120 4 120 s
= =
© 90° 90° <
= 90 90 0 =
) 2
= X
60 60 20
| d -
304 30 |
—40
0 ; ; - - 0 - - ; ;
56 58 60 62 56 58 60 62
Position [nm] Position [nm]

Figure 7.11: Spin-transfer torque heatmap showing T, (top) and Tg. (bottom)
as a function of stack position and magnetization angle for standard polarization
(P, = 0.62, P, = 0.57, P; = 0.2). Left column: FL, rotation, right column: FL;
rotation. Contour lines indicate torque magnitude within ferromagnetic layers.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Chapter 7. Advanced Switching Dynamics and Novel Device Structures 117

7.4.1.2 P—AP: Competing Torques and Back-Hopping Origin

In the initial P configuration (m; = my = +2), the reversed bias drives the RL torque
on FL; toward —z:
TI,RL X —my X (m1 X (—f-i‘)) (77)

However, the torque from FL, through TBsy opposes this reversal:
T L, X My X (my X (+2)) (7.8)
These torques partially cancel on FL;, while the torque on FLy from FL;, given by:
Topr, X —my X (my X (+2)) (7.9)

drives FLy toward —% unopposed. After FL, reverses, both torques on FL; become
cooperative:

Tl,RL + r:[‘LFL2 X —my X (m1 X (—|-(2’)) +m; X (m1 X (—i’)) (710)

Both terms drive FL; toward —2, producing a slow first phase (opposing torques)
followed by a fast second phase (cooperative torques). After both segments reach the
AP state (m; = my = —2), the torque landscape reconfigures. Substituting m; = —&
into (7.9):

Topr, X —my X (mMy X (—7)) = my X (my X (+2)) (7.11)

This torque drives my toward +2 (the initial P orientation) rather than stabilizing
the AP state, triggering back-hopping when (7.1) is satisfied.

After FLy backhops to +2 (while FL; remains at —z), the torque on FL; from
FLs through TBs becomes:

Ty pL, X my X (m; X (+2)) (7.12)
driving m; toward +z, while the RL torque through TB; opposes:
T gL x —my X (my X (+2)) (7.13)
The net torque on FL;, with magnitudes scaling as P, and P;:
T, x (P, — P)m; x (m; X (+2)) (7.14)

For P, = 0.9 > P, = 0.5, the FLy torque dominates, driving FL; back to +2 and
completing the cycle. The time-resolved data (Figure 7.15) confirms a 10x TB, torque
surge at back-hopping onset.

The heatmaps are constructed by systematically sampling the torque landscape
of the composite FL. For each configuration, one FL segment is held at a fixed
orientation. At the same time, the other is rotated in the zz-plane (about ) in 5°
increments from the parallel (0°) to the anti-parallel (180°) alignment. Specifically,
for the P—AP-relevant landscape: FL; is fixed in the P orientation (+2) while FL, is
rotated from P (0°) toward AP (180°). Subsequently, FL, is fixed in the P orientation,
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Figure 7.12: Spin-transfer torque heatmap for enhanced TB, polarization (P; = 0.5,
Py, =0.9, Py = 0.2). Same layout as Figure 7.11. The enhanced polarization introduces
a pronounced torque imbalance: T, on FL; is significantly enhanced by the high
P, = 0.9, while the torque on FL, is reduced by the lower P; = 0.2.

and FL; is rotated from AP (180°) toward P (0°). At each angular step, the coupled
spin-transport equations are solved self-consistently to obtain the full spatial torque
distribution. This procedure maps the torque experienced by each segment as a
function of the other’s orientation, capturing the non-additive inter-segment coupling.

The resulting heatmaps quantify the torque imbalance: in the standard case
(Figure 7.11), Ts, peaks at comparable magnitudes (~—20 x 10" Am~'s™!) for
both FL segments, while the enhanced configuration (Figure 7.12) doubles this to
~—40 x 10" Am~ts7! for FL;, reflecting P,/P3 = 0.9/0.2. The perpendicular torque
Ts . intensifies at TBy with a sign change near 90°, creating the destabilizing field
responsible for back-hopping.

The three-dimensional surfaces (Figure 7.13, Figure 7.14) confirm the 2x amplifi-
cation across both torque components, with the Ts, angular profile exhibiting a clear
sin(f) dependence characteristic of the drift-diffusion mechanism, ruling out numerical
artifacts.

These spatial torque data provide an explanation for the directional asymmetry:
during P—AP, the Tg, sign change near 90° at the TB, interface (Figure 7.12)
constitutes the destabilizing field that, when the instability condition (7.1) is satisfied,
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Figure 7.13: Three-dimensional surface representation of T, (a, b) and Ts, (c, d) for
standard polarization (P, = 0.62, P, = 0.57, P; = 0.2). Panels (a, ¢): FL; rotation,
(b, d): FL; rotation. The in-plane torque Ty, is negative throughout the angular
range with a minimum near 90°. A Gaussian filter suppresses numerical noise from
the FE mesh.

triggers the back-hopping cascade established in Section 7.4. During AP—P, both
TB; and TBy torques cooperate to stabilize the final P state, and the torques vanish
smoothly at § — 0° without sign reversal. The slower initial P—AP phase arises
because the flux-closure stray field from both FL segments at +& opposes the initial
torque, whereas AP—P benefits from stray field assistance. This framework also
explains the voltage-polarity asymmetry (Section 7.4.5): the cooperative torque
configuration renders the P state immune to wrong-polarity switching, whereas the
AP state becomes unstable above 3.0 V.

The TB; torque (initial magnitude ~5 x 10 Am~'s™!) initiates the first segment
reversal in each direction. During AP—P (Figure 7.15 (a)), the reconfigured TB,
torque on FL, reaches Ts, ~ +4 x 10" Am~'s™', cooperating with TB; for a
smooth transition. During P—AP (Figure 7.15 (b)), the TBy torque surges to
Ts. ~ +40x 10" Am~' s after both segments reach the AP state, a 10x asymmetry
that quantitatively explains why only P—AP satisfies the instability condition (7.1).
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Figure 7.14: Three-dimensional torque surfaces for enhanced TBy polarization (P, =
0.5, P, = 0.9, P; = 0.2). Compared to the standard case (Figure 7.13), Ts, on FL; (b)
reaches approximately twice the magnitude of FLy (a), reflecting the Po/P; = 0.9/0.2
ratio. This imbalance drives sequential switching and back-hopping.

The field-like torque Tg, remains comparatively small, modifying the precession
trajectory without altering the switching sequence [200].

The combined trajectory and torque data confirm three key properties: (1) the
oscillation period scales with FL segment length, establishing back-hopping as deter-
ministic, (2) shorter segments (2nm to 3nm) exhibit more pronounced cycling due
to lower anisotropy barriers, and (3) the 2x torque amplification from P, = 0.57 to
0.9 (Figure 7.11-Figure 7.14) provides a quantitative design knob for back-hopping
control.

7.4.2 Cyclic Switching Visualization

Figure 7.16 visualizes the complete P— AP back-hopping cycle through three-dimensional
magnetization snapshots. The five stages trace the trajectory through all four com-
posite FL states: (i) initial P (— — —, State 1), (ii) FLy reversal (— — <—, State 2),
(iii) cooperative FL; switching, full AP (— <« <, State 3), (iv) FLy back-hopping
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Figure 7.15: Decomposition of damping-like and field-like spin-transfer torques on FL;
and FLy during (a) AP—P and (b) P—AP switching. The torque hierarchy between
TB; and TB, governs the sequential switching order and determines back-hopping
onset [199].

(7.11) (— <« —, State 4), and (v) FL; return (7.14) to State 1. The critical transition
(iv)—(v) occurs when T, at the TB, interface increases by approximately one order
of magnitude (Figure 7.12), crossing the instability threshold (7.1).

7.4.3 Multi-Level Cell Realization

The deterministic cyclic switching enables multi-level cell operation: a composite
FL with controlled back-hopping supports four distinct magnetization states [193],
summarized in Table 7.3.

Table 7.3: Multi-level cell state definitions and characteristics.

State FL; vs. RL FLs vs. RL Overall Resistance Binary Code

1 Parallel Parallel Lowest 00
2 Parallel Anti-parallel Low-Medium 01
3 Anti-parallel ~ Anti-parallel Highest 11
4 Anti-parallel Parallel Medium-High 10




Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

M 3ibliothek,
Your knowledge hub

122 Chapter 7. Advanced Switching Dynamics and Novel Device Structures

Figure 7.16: Cyclic switching visualization during P— AP transition: three-dimensional
magnetization snapshots at five characteristic stages (i)—(vi) of the FL reversal cycle,
colored by the m, magnetization component. Based on [199].

The cyclic P—AP trajectory traverses all four states (1 -2 =3 =4 =1 —...),
visiting four unique resistance levels per cycle and validating four-level ML.C operation.
By controlling the write pulse duration, any state can be accessed and stabilized when
the bias is removed.

Figure 7.17 confirms >20% resistance separation between adjacent states, stable
retention after pulse removal, and reproducibility over multiple cycles. Pulse duration
precision of approximately 100 ps is required.

7.4.4 FL Thickness Variation

Since FL thickness controls the anisotropy barrier and back-hopping onset, the pulse
duration dependence is examined for the 3 nm symmetric structure to establish the
MLC operational window.

Figure 7.18 maps the pulse-duration operational window for the 3 nm symmetric
structure. Short pulses (fpuse S 0.8 1s, red curves) return the magnetization to the
initial state. Intermediate durations (1ns to 2ns) access distinct partial-switching
configurations, and the longest pulses (tpuse > 2.5ns, dark blue) drive a full back-
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tpulse =1.1ns tpulse =1.5ns

Time [ns] Time [ns]

Figure 7.17: Resistance (purple, left axis) and average magnetization m, (orange
dashed, right axis) as a function of time for four pulse durations: (a) ¢puse = 1.0ns,
(b) 1.3ns, (c) 2.0ns, and (d) 3.0ns. The vertical dotted line marks pulse termination
tog. The four resistance levels are clearly distinguishable with >20% separation
between adjacent states. Based on Figure [194].

hopping cycle, confirming the cyclic trajectory of Section 7.4.2. The FL length
dependence of the stable-state window was established in Section 7.3.5.

7.4.5 Voltage Polarity Robustness

Figure 7.19 shows the magnetization response under reversed voltage polarity (opposite
to the polarity required for switching) for both initial states.

The P state is immune to reversed-polarity torques across the entire voltage range:
the cooperative torque configuration (both TB; and TBsy torques stabilize the parallel
alignment, cf. Section 7.4.1) prevents destabilization regardless of voltage magnitude.
In contrast, the AP state, characterized by competing torques between TB; and
TB,, becomes unstable above a voltage threshold where the net torque overcomes the
anisotropy barrier and initiates cyclic back-hopping. This asymmetry follows directly
from the torque hierarchy established in Section 7.4.1 and confirms back-hopping as a
deterministic torque-driven phenomenon [200].

New physical insight. Back-hopping in composite FL structures is a deterministic,
torque-hierarchy-driven phenomenon robust across material parameter sets, not the
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Figure 7.18: Average magnetization (m,) versus time for P—AP switching at 1.5V
bias with write pulse durations ranging from 0 to 3.5ns (color-coded from red for
short pulses to blue for long pulses). By terminating the write pulse at different times,
distinct final magnetization configurations are accessed: short pulses (fpuse < 0.81s)
return the composite FL to its initial state, intermediate pulses stabilize partial-
switching configurations, and the longest pulses (fpuse > 2.51ns) drive a complete
back-hopping cycle. Based on [199].
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Figure 7.19: Magnetization response under reversed voltage polarity (opposite to the
polarity required for switching): (a) AP state with positive voltage, stable at m, ~ —1
for V< 2.5V, but cyclic oscillations between m, = —1 and +1 emerge at V' > 3.0V
with increasing frequency, (b) P state with negative voltage, stable at m, = +1 across
the entire range (2.0V to 4.5V). The asymmetry arises from the cooperative torque
configuration of the P state: both TB; and TB, torques act to stabilize the parallel
alignment (see Section 7.4.1), whereas the AP state suffers from competing torques
that enable destabilization at sufficient voltage.
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stochastic thermal effect assumed in prior literature [188,195,201]. The cyclic dynamics
are controllable through TBy polarization and FL segment length, enabling four-
state MLC operation with distinct resistance levels addressable via pulse duration
modulation at 100 ps resolution [193,194], transforming a write error into a 4x storage
density increase.

7.5 Interlayer Exchange Coupling Effects

The preceding analysis established that inter-segment spin-transfer torques govern
the sequential and cyclic switching dynamics in composite FL structures and can
be harnessed for MLC operation, demonstrating that coupling between magnetic
layers is a resource rather than a liability. This section systematically introduces
IEC as a design parameter by sweeping the coupling strength across different stack
structures, establishing the distinct roles of IEC in each configuration and motivating
the advanced structures investigated in Section 7.6.

7.5.1 Interlayer Exchange Coupling as Control Parameter

The back-hopping analysis in Section 7.4 revealed that the inter-segment spin-transfer
torque hierarchy governs the cyclic dynamics of composite FL structures. A natural
question is whether IEC, which adds an effective field coupling between magnetic
layers, can modify or control these dynamics. This motivates a systematic investigation
of IEC as a design parameter. The [EC adds an effective field contribution to the
LLG equation:

Jiec

adjacen 7.15
MStFLm djacent (7.15)

Higc =
where Jie is the coupling strength (positive for FM, negative for AFM alignment),
tpr, is the FL thickness, and mygjacent 1S the magnetization of the adjacent layer, as
derived in Section 6.4 [202], this effective field can either assist or oppose the switching
torques, depending on the sign and magnitude of the coupling.

The first sweep of Jiec1 and Jiec2 was conducted independently through negative
(AFM), zero, and positive (FM) values for the composite FL with MgO TB separator
(Figure 7.1 (d)). The +2mJm~2 sweep covers experimentally reported coupling
magnitudes for CoFeB|MgO interfaces [204,205] and metallic spacers [206,207]. Both
FM and AFM coupling have been observed, contingent upon spacer thickness and
crystalline quality [195]. Figure 7.20 displays the AP—P switching dynamics during
this sweep. Specifically, AFM coupling at the FL;—FL, interface increases the energy
barrier by opposing ferromagnetic alignment, thereby delaying switching; this occurs
because the torque must first overcome this added barrier. In contrast, zero coupling
leads to the baseline sequential switching of Section 7.3, as there is neither assistance
nor opposition. FM coupling facilitates switching by inducing cooperative alignment
between FL; and FLy; however, this assistance can suppress the intermediate plateau,
consequently eliminating the multi-level cell capability described in Section 7.4.
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Figure 7.20: Influence of IEC strengths Jie. 1 and Jiec 2 on the AP—P switching dynam-
ics in the ultra-scaled composite FL with MgO TB separator (Figure 7.1 (d)). The IEC
is swept at the FL;~FLs interface through the middle MgO barrier: (a) negative Jiec1
(AFM), (b) Jieecq = 0, and (c) positive Jiec1 (FM), each producing distinct switching
dynamics. Based on Figures [203].

Next, the metallic NMS separator was analyzed (Figure 7.1 (e)). Both AP—P
and P—AP transitions were included (Figure 7.21). The comparison shows a clear
asymmetry between the two separator structures. The NMS variant transmits spin
current more efficiently between the FL segments, making switching dynamics more
sensitive to Ji.. variations.

Under AFM coupling, the NMS-separated structure exhibits stronger suppression
of the second-segment reversal, while under FM coupling, it shows faster synchronized
switching than the TB variant. The P—AP direction is consistently more sensitive
to IEC than AP—P, confirming the directional asymmetry established by the torque
hierarchy analysis in Section 7.4.1. When the bias is turned off at 2.5 ns, the system
relaxes to the desired final state in the AP—P direction. In contrast, certain P—AP
configurations settle into an intermediate anti-parallel FL;—FL, arrangement rather
than a complete AP state, confirming that properly tuned AFM IEC can stabilize the
final magnetic state and suppress back-transitions. An alternative mitigation strategy
is to engineer structural asymmetry in the MTJ stack: Manchon et al. [209] showed
that breaking inversion symmetry modifies the bias dependence of the spin torque, and
Oh et al. [210] demonstrated experimentally that asymmetries in material composition
expand the stability region of the parallel configuration and suppress back-hopping.
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Figure 7.21: Systematic IEC sweep for the two ultra-scaled composite FL structures
from [208]: (a-c) AP—P and (d-f) P—AP transitions for the composite FL with
MgO TB separator (Figure 7.1 (d)), and (g-1) the same analysis for the composite FL
with NMS separator (Figure 7.1 (e)). In each row, the left panel applies negative Jiec 1
(AFM), the middle panel sets Jie.1 = 0, and the right panel applies positive Jiec1 (FM).
The coupling strength range reflects experimentally reported values for CoFeB|MgO
interfaces [204,205] and metallic spacers [206,207]. Based on Figures [208|.

These initial sweeps on ultra-scaled structures established IEC as a tunable design
parameter. The follow-up study [116] extended this investigation to three distinct
stack families spanning different IEC roles, from back-hopping suppression to reliability
threshold control, as detailed in the following subsection.

7.5.2 Systematic IEC Sweep Across Three Stack Configurations

Stack A (ultra-scaled composite FL, diameter 2.3nm Figure 7.22 (a)) features
IEC between FL; and FLy through an MgO TB. A weak FM coupling of Ji.. =~
0.01 mJm~2 [116,205], consistent with the weak FM coupling observed experimentally
in

CoFeB|MgO|CoFeB structures [211], is sufficient to suppress back-hopping while pre-
serving fast switching: the FM coupling prevents the field-like torque from reversing
the FL; magnetization, while the coupled FL;—FLy system initiates reversal more uni-
formly. Figure 7.23(a) illustrates this contrast: with Ji,. = 0.01 mJm™2, the averaged
FL magnetization (m,) switches cleanly from +1 to —1 within ~1ns, whereas the un-
coupled case (Jiec = 0) exhibits back-hopping with the magnetization reverting toward
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Figure 7.22: Layer stacks of the three configurations studied in [116]: (a) Stack A
(ultra-scaled composite FL, same architecture as Figure 7.1 (d)), (b) Stack B (SAF
without polarization layer (PL)), and (c) Stack C (SAF with PL). IEC acts at different
interfaces in each stack: FL;—FLy coupling through TBs in Stack A, HL-RL coupling
through Ru in Stack B, and both HL-RL (AFM) and RL-PL (FM) coupling in
Stack C.

(ms) ~ 40.2. The torque distribution at the onset of back-hopping (Figure 7.24(a))
reveals that the damping-like component Ts, peaks at each MgO interface, with
the torque contributions from FL; driving the reversal of FLy by overcoming the
interface anisotropy. Note that Ji. is highly sensitive to the MgO barrier thickness
and the quality of the CoFeB|MgO interfaces. Consequently, maintaining this specific
coupling is experimentally demanding, and subtle deviations in the fabrication process,
particularly regarding interface morphology and barrier thickness, can result in an
insufficient coupling strength, thereby reintroducing back-hopping failures during
operation.

Stack B (SAF without PL, diameter 70 nm, Figure 7.22 (b)), a diameter widely
used in experimental characterization and demonstration of perpendicular MTJs [185],
employs AFM coupling between the CoPt hard layer (HL) and the CoFeB RL through
a Ru NMS [212]. At the nominal coupling strength of J,. = —1.32mJm™? [207],
the strong AFM coupling prevents RL reversal, maintaining stable AP alignment
between HL and RL. At a reduced coupling of —0.5mJm~2, however, the torques
from the FL overcome the IEC, allowing domain wall formation in both FL and RL
and triggering back-and-forth switching. Figure 7.23(b) captures this behavior: the
strong-coupling curve reaches (m,) = 0, confirming stable AP alignment between RL
and FL, while the weak-coupling curve oscillates as domain walls form in both the FL
and the RL. The torque distribution (Figure 7.24(b)) shows that the HL generates
a large damping-like torque T, at the Ru interface that opposes RL reversal. In
contrast, the FL exerts a competing torque through the MgO TB that drives the
RL toward P alignment. When the AFM coupling is sufficiently strong, the TEC
effective field reinforces the HL torque and stabilizes the RL. The three-dimensional



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Chapter 7. Advanced Switching Dynamics and Novel Device Structures 129

Stack A Stack B Stack C
1.0+ S o : - .
(d) ‘\\ —o— Jiee = 0.01 mJm—2 (b) —— Jiee = —1.32mJm 2 (C) JW/T.(. =0.8mJm?
== Jie =0mJm™2 Jiee = —0.5mJm~? \\,\ ————— JieeyTa = 0.2 mJm™>
0.5 \\
\
é 0.0 T
rd
—05 .
\\\ /‘r’
—1.0
0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5 0.0 0.5 1.0 1.5
Time [ns] Time [ns] Time [ns]

Figure 7.23: Switching trajectories during P—AP transition for the three stack
configurations: (a) Stack A (ultra-scaled composite FL), (b) Stack B (SAF without
PL), and (c) Stack C (SAF with PL). Weak FM coupling suppresses back-hopping in
Stack A, strong AFM coupling maintains RL stability in Stack B, and PL reversal in
Stack C depends on the RL-PL coupling strength [116].
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Figure 7.24: Spin-torque distribution at the moment of back-hopping onset for
(a) Stack A, (b) Stack B, and (c) Stack C. The field-like component Ts, and damping-
like component T, reveal distinct torque patterns at each ferromagnetic interface,
with IEC modifying both the magnitude and spatial distribution of the torques [116].

magnetization snapshots in Figure 7.25 visualize this contrast: under weak coupling
((a)—(f)), domain walls nucleate in the RL by ~0.4ns and its magnetization reverses
almost completely by ~1ns, whereas under strong coupling ((g)—(1)) the RL remains
uniformly magnetized throughout the switching process.

Stack C (SAF with PL, diameter 70 nm, Figure 7.22 (c)) adds a CoFeB PL coupled
to the RL through a Ta NMS, with AFM coupling between HL and RL through
Ru (Jiee = —1.5mJm™2 [207]). The FM coupling between RL and PL controls PL
stability: at the originally proposed coupling of 0.8mJm~2 [213], back-hopping is
absent, whereas a revised weaker estimate of 0.21 mJm™2 [195,214] allows the torques
from the FL to overcome the IEC and reverse the PL magnetization. As shown
in Figure 7.23(c), the strong-coupling case produces a clean transition to (m,) ~ 0,
confirming that only the FL switches while the PL remains fixed. Under weak coupling,
the trajectory overshoots to (m,) ~ —0.5 as the PL reverses before partially recovering.
The torque analysis (Figure 7.24(c)) reveals that the FL, near complete reversal, exerts
a parasitic torque on the PL through the Ta NMS. The coupling strength determines
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Figure 7.25: Three-dimensional magnetization states during P—AP switching in
Stack B (SAF without PL), contrasting weak (Jiec = —0.5mJm™?) and strong (Jie. =
—1.32mJm~2) AFM HL-RL coupling. (a)-(c) weak coupling, full view and (d)-
(f) weak coupling, FL clipped to reveal RL, (g)—(i) strong coupling, full view and
(j)—(1) strong coupling, FL clipped to reveal RL. Columns show the initial state, mid-
switching (~0.4ns), and final state (~1ns). With strong coupling, the RL remains
uniformly oriented throughout switching, with weak coupling, the RL develops domain
walls and its magnetization reverses almost completely [215].

whether the TEC effective field can counteract this torque. Figure 7.26 provides
three-dimensional confirmation: under weak coupling ((a)—(f)), the PL magnetization
gradually reverses from its initial orientation to nearly complete inversion by ~1 ns,
while under strong coupling ((g)-(1)) the PL retains its original orientation throughout.

The three-stack comparison demonstrates that IEC plays distinct roles depending
on architecture: modifier of sequential switching dynamics (Stack A), RL stability
guarantee (Stack B), and PL alignment control (Stack C). These roles motivate the
dedicated investigations of hybrid FL structures and ds-MTJ speed enhancement in
the following section.



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Chapter 7. Advanced Switching Dynamics and Novel Device Structures 131

._,.
=}
—
=y

0.5

Figure 7.26: Three-dimensional magnetization states during P—AP switching in
Stack C (SAF with PL), contrasting weak (Ji,e = 0.2mJm™2) and strong (Jie. =
0.8mJm~?%) FM RL-PL coupling. (a)-(c) weak coupling, full view and (d)—(f) weak
coupling, FL clipped to reveal PL, (g)—(i) strong coupling, full view and (j)—(1) strong
coupling, FL clipped to reveal PL. Columns show the initial state, mid-switching
(~0.4ns), and final state (~1ns). With strong coupling, the PL remains stable,
with weak coupling, the PL reverses almost completely due to parasitic spin-torques
overcoming the IEC [215].

Table 7.4: Material and geometry parameters for the three MDPI 2024 stack configu-
rations [116] and the MME 2025 SAF-enhanced stacks [216].
Common parameters are listed in Table 7.1.

Parameter Stack A Stack B Stack C MME Stacks D/E
(MDPI) (MDPI) (MDPI) (MME 2025)

Cell diameter 2.3nm 70 nm 70 nm 70 nm

FL configuration Composite (2 seg.) Single Single Composite (2 seg.)

FL thickness 2 x 5nm 1.4nm 1.4nm FL;=0.8nm, FLy=3.5nm

NMS material MgO (TB3) Ru Ru / Ta W / Ta

NMS thickness 0.9nm 0.85nm 0.85nm / 0.4nm 0.3nm

Jiee (FL-FL / HL-RL) 0.0lmJm~2 (FM) -1.32mJm~2 (AFM) —1.5mJm~2 (AFM) —1.32mJm~2 (AFM)

Jiee (RL-PL) — — 0.8mJm~2 (FM) 0.37mJm=2 (W) / 0.2mJm~2 (Ta)

Ms [MAm™1 1.2 1.0 1.0 1.0

K; [mJm™2?| 1.53 1.53 1.53 1.53

o 0.015 0.02 0.02 0.02
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7.6 Advanced Structures

The preceding analysis established IEC as a versatile design parameter whose role
depends on the device architecture: a modifier of sequential switching, a guarantor of
RL stability, and a controller of PL alignment. This section advances to structures
that combine these roles: SAF-enhanced hybrid FLs with metallic spacers, systematic
torque decomposition, and ds-MTJ structures with dual reference layers [216,217,218|.

7.6.1 SAF Architecture and Operating Principle

A SAF couples two ferromagnetic layers anti-parallel through RKKY exchange via
a metallic spacer (Section 6.4), providing stray-field cancellation, enhanced stability
through the AFM coupling energy barrier, and external field immunity.

The material and geometry parameters for all three configurations are given in
Table 7.4. Figure 7.28 compares the switching dynamics across the three configurations.
All three share the SAF reference structure of Stack C (Figure 7.22 (¢)): a CoPt HL
AFM-coupled to a CoFeB RL through Ru at Jie. &~ —1.32mJm~2 [207], with a PL
FM-coupled to the RL through Ta at Ji. ~ 0.8 mJm~2 [213]. Stack C employs a
single FL, serving as the reference.

Figure 7.27: Layer stack of the SAF-enhanced composite FL configuration from [216].
Stack D and Stack E share the same architecture, differing only in the NMS material
between the FL segments: tungsten (W, Ay = 2.4nm) for Stack D, tantalum (Ta,
Asf = 1.9nm) for Stack E. IEC acts at the HL-RL interface (through Ru, AFM
coupling) and at the FL;—FL, interface (through the metallic spacer, FM coupling).
Stack C employs a single FL (same architecture as Figure 7.22 (c)).
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Figure 7.28: Switching duration with different FM coupling for three stack config-
urations: (a) Stack C with single FL at strong (0.8 mJm~?) and weak (0.2mJm™?)
FM coupling, (b) Stack D with W spacer composite FL at Ji,. = 0.37mJm~2 and
0.8mJm~2 and (c) Stack E with Ta spacer composite FL at Ji.. = 0.2mJm~? and
0.8 mJm~2. Weaker coupling delays switching in all three configurations, with the Ta
spacer (c) exhibiting the longest switching times [216].

Stack D and Stack E replace the single FL. with a composite FL (Figure 7.27),
differing in the NMS material between the FL segments: W for Stack D with FM
coupling of 0.37mJm~2 [192], and Ta for Stack E with 0.2mJm™2 [195,214].

7.6.2 Reliability Requirements: The Critical Role of Coupling
Strength

The reliability of SAF-enhanced structures depends critically on the IEC strength at
each interface (Table 7.4). If the coupling is too weak, the reference structure can
become unstable during FL switching, leading to device failure.

The simulations reveal two distinct reliability regimes [215] (Figures 7.25 and 7.26).
With strong coupling (|Jiee] > 1mJm™2), the RL remains rigidly coupled to the
hard layer throughout FL switching. The IEC effective field dominates over parasitic
torques and stray fields, producing symmetric P—AP and AP—P behavior with no
instability. With weak coupling (|Jiee| < 0.5 mJ m™2), the parasitic spin-torque on the
RL overcomes the IEC field and initiates RL reversal, leading to (1) TMR collapse
when the RL aligns parallel to the FL in both states, (2) asymmetric switching with
one direction showing instability, and (3) permanent reference corruption in severe
cases.

The three-dimensional visualizations confirm this contrast: in Stack B (Figure 7.25),
strong AFM coupling maintains uniform RL magnetization throughout FL switching,
while weak coupling produces RL domain formation and a corrupted final state. In
Stack C (Figure 7.26), the analogous failure mode involves PL reversal when the
RL-PL FM coupling is insufficient, producing a write failure indistinguishable from
the initial P state by resistance measurement.
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7.6.3 Spin-Torque Analysis and IEC Design Criterion

The spin-torque distribution across the full multilayer stack [216] reveals parasitic
torques on the reference structure during FL switching: the spin current traverses the
entire stack with absorption at every ferromagnetic interface, generating significant
torque on the RL and PL. When the RL-PL coupling is insufficient, the PL is the
most vulnerable element due to lower anisotropy and weaker FM coupling through
Ta. In this case, PL reversal disrupts spin injection and causes write errors. The
comparison between W and Ta NMS materials shows that W provides larger torques
due to its longer spin-flip length (2.4nm vs. 1.9nm) [219]. A detailed spacer material
comparison is provided in the hybrid FL analysis (Section 7.6.4).

The IEC must exceed the maximum parasitic torque on the reference structure
under worst-case switching conditions:

|TrL/PL|max - tRL/PL

Mg ’

| Jiee| > (7.16)

where |T gy pr|max is the maximum torque on the RL or PL during switching, and
trr/pr is the layer thickness. For typical parameters, this requirement yields |Jiec| >
1mJm™2, consistent with the empirical observations from the switching simulations.

7.6.4 Hybrid FL with Metallic Spacers

The hybrid FL replaces the MgO TB between FL segments with a metallic NMS (W
or Ta, thickness 0.3nm), preserving the composite architecture (FL; = 0.8 nm, NMS,
FLy = 3.5nm) while adding a direct metallic path for spin transport between the
segments. The three stack configurations from Section 7.6.1 single FL (Stack C), W
spacer composite (Stack D), and Ta spacer composite (Stack E) are now investigated
with a 70 nm device diameter at a 2V bias.

W (Asf = 2.4nm) transmits more spin current than Ta (A;y = 1.9nm) [219],
producing stronger IEC-induced effective fields and faster switching. At weak FM
coupling (0.37mJm~2 for W [192], 0.2mJm~? for Ta [195,214]), both spacers enable
sequential switching of FL; and FLy but with distinct dynamics visible in the three-
dimensional magnetization states. At the stronger coupling of 0.8 mJm~2 [213,220],
the rigid alignment between FL; and FL, forces a more synchronized reversal but at
reduced switching speed. Figure 7.28 confirms that weaker coupling systematically
delays switching across all three configurations, with the Ta spacer (Stack E) exhibiting
the longest switching times due to its shorter spin-flip length attenuating the inter-
segment coupling.

The three-dimensional magnetization states visualize the effect of coupling strength
on switching dynamics across all three configurations. In the single-FL baseline
(Figure 7.28 (a)), weak RL—PL coupling allows PL reversal during FL switching, while
strong coupling maintains PL stability. In the composite FL stacks, both the W spacer
(Figure 7.29 (a)—(f)) and Ta spacer (Figure 7.30 (a)—(f)) exhibit sequential FL;/FLs
reversal under weak coupling, while strong coupling (Figure 7.29 (g)—(1), Figure 7.30 (g)—
(1)) forces synchronized reversal. The sequential switching arises because the dominant
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Figure 7.29: Three-dimensional magnetization states during P—AP switching in
Stack D (W spacer composite FL), contrasting weak (Jiee = 0.37mJm~?) and strong
(Jiee = 0.8mJm~2) FM FL;-FL, coupling. (a)—(c) weak coupling, full view and
(d)—(f) weak coupling, FL, clipped to reveal FL;, (g)—(i) strong coupling, full view
and (j)—(1) strong coupling, FL, clipped to reveal FL;. Rows show the initial state,
mid-switching (~0.5ns), and final state (~1.7ns). With weak coupling, FL; reverses
first producing a transient plateau at (m,) ~ 0.5, with strong coupling, synchronized
reversal eliminates the plateau [216].

spin-transfer torque is concentrated at the PL|TB and TB|FL; interfaces, while the
torque at the metallic NMS is negligible: FL; therefore reaches its critical switching
threshold first. Once FL; reverses, the resulting FL;—FL, misalignment increases
the TEC effective field, which, combined with spin-accumulation from the reversed
FL;, drives FLy to complete the transition. With the W spacer, this two-step
process produces a transient plateau at (m,) ~ 0.5 visible in the switching trajectory
(Figure 7.28 (b)) and the mid-switching snapshots (Figure 7.29 (b),(e)). The Ta
spacer’s shorter spin-flip length suppresses this plateau (Figure 7.30 (b),(e)). Strong
coupling forces synchronized reversal at reduced speed.

7.6.5 Four-Stage Torque Decomposition

To understand how the metallic spacer affects switching dynamics, the P—AP reversal
is decomposed into four characteristic stages defined by the FL magnetization angle 0
relative to the initial P state. Figure 7.31 presents the spin-transfer torque distribution
across the full stack for all three configurations at each stage.
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Figure 7.30: Three-dimensional magnetization states during P—AP switching in
Stack E (Ta spacer composite FL), contrasting weak (Ji.c = 0.2mJm~2) and strong
(Jiee = 0.8mJm~2) FM FL;-FL, coupling. (a)—(c) weak coupling, full view and
(d)—(f) weak coupling, FL, clipped to reveal FL;, (g)—(i) strong coupling, full view
and (j)—(1) strong coupling, FL, clipped to reveal FL;. Rows show the initial state,
mid-switching (~0.75ns), and final state (~1.7ns). The shorter spin-flip length of Ta
(1.9nm) compared to W (2.4nm) produces weaker inter-segment torques, eliminating
the transient plateau and slowing overall switching [216].

At the initial P state (0 ~ 0°, Figure 7.31 (a)—(c)), torques concentrate at the
PL|TB and TBJ|FL interfaces, with all three stacks exhibiting similar distributions
because the FL magnetization remains aligned. At 6 = 45° ((d)—(f)), the field-like
torque T, increases significantly, driving the magnetization toward the transverse
plane, critically, the composite FL stacks ((e),(f)) develop additional torque peaks at
the NMS interfaces that are absent in the single-FL configuration ((d)). At § = 135°
((g)—(1)), torques increase by an order of magnitude compared to Stage 1: the damping-
like torque T, dominates and completes the FL reversal. At the same time, the PL
becomes destabilized by parasitic torques. The W spacer ((h)) generates systematically
larger torques than the Ta spacer ((i)) due to its longer spin-flip length (2.4 nm vs.
1.9nm). At the final AP state (0 ~ 180°, (j)—(1)), residual torques persist as the
system equilibrates. Notably, the PL experiences significant residual torque that must
be counteracted by the SAF coupling to prevent reversal.

The composite FL thus introduces additional torque injection points at NMS
interfaces, with W generating systematically larger torques than Ta across all four
stages, quantifying the mechanism behind the faster switching in Figure 7.28 (b).
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Figure 7.31: Four-stage torque decomposition during P—AP switching for (a)-
(d) Stack C with single FL, (e)-(h) Stack D with W spacer composite FL, and
(i)—(1) Stack E with Ta spacer composite FL. Rows show the spin-transfer torque
distribution at the initial P state (0 ~ 0°), § = 45°, § = 135°, and the final AP
state (6 ~ 180°). The composite FL stacks show additional torque peaks at the NMS
interfaces absent in the single-FL configuration [216].

7.6.6 Write Efficiency Analysis

The practical relevance of IEC engineering depends on whether optimizing switching
speed compromises data retention. Write efficiency, defined as the ratio of thermal
stability to critical switching current:

TNwrite =

A
IcO

(7.17)
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captures this fundamental tradeoff. To anchor this metric, the macrospin critical
current [31] for the 70nm single-FL Stack C yields I, ~ 585 pA (critical current
density J.o ~ 15 MA cm ™2, within the 1 MA cm~2 to 20 MA cm~2 range reported for
CoFeB|MgO pMTJs [185,187]), with a thermal stability factor A ~ 600 that far
exceeds the retention requirement. The 2V bias used in the simulations corresponds
to approximately 2 I, consistent with standard overdrive conditions. For symmetric
composite FL layers (FL; = FLy thickness), the IEC contributions to both the energy
barrier &g and the critical current 1.y cancel, rendering write efficiency weakly sensitive
to coupling strength IEC adds the same energy to both the parallel and anti-parallel
states. For the asymmetric configuration studied here (FLy = 3.5nm, FL; = 0.8 nm),
incomplete cancellation means IEC modestly affects ny.ite: Weaker coupling reduces
1o more than &g, yielding a slight efficiency gain. The practical implication is that
the designer can optimize IEC for switching speed via the spin-torque redistribution
mechanism identified in the preceding subsection without significantly compromising
write efficiency, effectively decoupling two otherwise conflicting design objectives [216].

While the hybrid FL analysis established IEC and spacer material as parameters
governing switching speed and write efficiency, a complementary approach to improving
switching performance is to engineer additional spin-torque sources. The ds-MTJ
architecture, investigated in parallel [218], positions a second reference layer opposite
the conventional RL to generate cooperative torques that accelerate switching.

7.6.7 Device Concept and Dual Torque Mechanism

A ds-MTJ positions the FL between two reference layers with anti-parallel magne-
tizations (Figure 7.32): RL; is separated from the FL by a conventional MgO TB
providing the Slonczewski STT [19], while RL; is separated by a thin NMS provid-
ing an additional GMR-type torque [119]. Because RL; and RL, point in opposite
directions (— and 4z, respectively), both torques favor the same switching direction,
producing cooperative torque action that accelerates switching compared to single-RL
structures [218]. The complementary contributions of a predominantly damping-like
Slonczewski torque from RL; and a combined damping-like and field-like GMR torque
from RLy add constructively at the two FL interfaces. The GMR torque magnitude
depends on the spin-flip length Ay of the NMS material, with longer A ; allowing
more spin current from RL, to reach the FL.

7.6.8 Influence of Spacer Material

The NMS material determines the GMR torque magnitude [219]. The layer parameters
are summarized in Table 7.5. Two commonly used spacer materials were compared:
Ru (A\sf &~ 4nm), which enables efficient spin transport and strong RKKY-type
[EC [108,109,110] tunable between FM and AFM character via spacer thickness, and
Ta (Asf ~ 1.9nm), which produces weaker GMR torques but is preferred for process
integration as a standard seed/capping material in MTJ stacks.

Figure 7.33 quantifies the enhancement in switching speed. (1) The Ru-NMS ds-
MTJ achieves a 2-3x speedup over conventional single-RL pMTJ structures across the



Die approbierte gedruckte Originalversion dieser Dissertation ist an der TU Wien Bibliothek verfligbar.

The approved original version of this doctoral thesis is available in print at TU Wien Bibliothek.

[ 3ibliothek,
Your knowledge hub

Chapter 7. Advanced Switching Dynamics and Novel Device Structures 139

Figure 7.32: Layer stack of the double spin-torque MTJ (ds-MTJ) architecture, in
which the FL is sandwiched between two reference layers with anti-parallel magnetiza-
tions separated by a TB and a non-magnetic metallic spacer. The anti-parallel RL
configuration produces cooperative torques from both interfaces that constructively
add, and the NMS material choice (Ru vs. Ta) controls the secondary torque magnitude
via its spin-flip length [218].

full voltage range, reaching sub-nanosecond switching times above 2V with standard
CoFeB|MgO materials [218]. (2) The Ta-NMS variant provides a 1.2-1.5x enhance-
ment, consistent with the ~2x ratio of the Ru and Ta spin-flip lengths, confirming
that the secondary torque scales with spin current transmission efficiency through the
spacer. (3) The speedup factor is larger at lower voltages, where the primary RIL;
torque is marginal, and the secondary RLy contribution becomes proportionally more
significant in determining switching success.

7.6.9 Role of Interlayer Exchange Coupling

The TEC effective field (7.15) adds a contribution to the switching dynamics beyond
the spin-transfer torques. A systematic parameter study varied Jie.1 (RL;~FL coupling
through the TB) and Jiec 2 (FL-RLy coupling through the NMS) from —2 to +2mJ m™2,
covering the experimentally observed range for CoFeB|MgO and CoFeB/Ru/CoFeB
interfaces [204].

Figure 7.34 reveals four key trends: (1) zero coupling (Jiec1 = Jiec2 = 0) yields
the fastest switching by eliminating IEC-induced barriers [116], (2) FM coupling
assists one transition direction but opposes the other, creating asymmetry: for RL;
in —2, positive Jie 1 assists P—AP but hinders AP—P, (3) AFM coupling produces
the opposite asymmetry, favoring AP—P over P—AP, and (4) strong coupling can
introduce writing errors by trapping the magnetization in unintended states when the
[EC-induced effective field competes with the spin-transfer torque and distorts the
energy landscape.
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Figure 7.33: Switching performance of ds-MTJ vs. conventional pMTJ structures,
showing (a) the switching time ratio and (b) absolute switching times for both transition
directions. The ds-MTJ with Ru-NMS achieves a 2-3x speedup and sub-nanosecond
switching at moderate voltages, while Ta-NMS provides a 1.2-1.5x enhancement,
consistent with the ratio of their spin-flip lengths (4nm vs. 1.9nm) [218].

Table 7.5: Layer parameters of the ds-MTJ architecture [218|. The FL is sandwiched
between RL; (MgO tunnel barrier) and RL; (metallic spacer). Two NMS materials
are compared.

Parameter Ru-NMS Ta-NMS
Cell diameter 70nm

RL; (CoFeB) thickness 2.5nm

FL (CoFeB) thickness 1.3nm

RLy (CoFeB) thickness 2.5nm

MgO TB thickness 0.9nm

NMS material Ru Ta
NMS thickness 2nm 2nm
sy (NMS) 4nm 1.9nm

Jiee (RL1-FL)
Jiee (FL-RL2)

0 (baseline)
0 (baseline)

The torque distribution confirms the dual-torque mechanism: both RL; (through
the TB) and RLy (through the NMS) contribute torque peaks at opposite FL interfaces
that constructively add for the anti-parallel RL configuration, with the RLy peak
larger for Ru than for Ta, consistent with the longer spin-flip length.

7.6.10 SAF-Enhanced Double Spin-Torque MTJ

The preceding subsections examined how metallic spacers and IEC affect the effective
field and torque distributions within a single reference layer configuration. The natural
extension combines the ds-MTJ concept from Section 7.6.7, where dual reference layers
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Figure 7.34: Influence of IEC on ds-MTJ switching dynamics with Ru-NMS, exploring
a 3 x 5 parameter matrix of AFM, zero, and FM coupling through TB; (columns)
with varying NMS coupling (curves within each panel) for (a) AP—P and (b) P—AP
transitions. Zero coupling (Jiecq = Jiec2 = 0) generally yields the fastest switching,
while strong coupling can introduce energy landscape distortions that trap the magne-
tization in unintended states [218].

generate cooperative torques, with SAF stabilization from Section 7.6.1, replacing one
or both reference layers with SAF stacks. In this configuration, RL; is replaced with
a CoPt hard layer antiferromagnetically coupled through Ru, while RLs uses a CoFeB
layer ferromagnetically coupled through Ta. The device geometry is 70 nm diameter
at 0.6V bias.

The NMS thickness determines the coupling strength and hence the switching
behavior (Table 7.6). For the Ru spacer, 0.4nm produces excessively strong AFM
coupling (Jiee = —2.1mJm~2), causing oscillatory behavior, where the FL cannot
settle into the AP state. At 0.7nm, coupling moderates and switching completes,
though slowly. The optimal Ru thickness is 1.0nm (Jiec = —0.65mJ m~?), yielding
clean sub-nanosecond switching for both AP—P and P—AP transitions. For the Ta
spacer, 0.25nm is optimal (Ji.c = 0.4mJm~2, FM), achieving the fastest switching
among Ta thicknesses, while 0.5 nm and 0.75 nm produce progressively weaker coupling
and slower switching.

The torque analysis (Figure 7.37) confirms that the double SAF configuration
provides enhanced reference layer stability through additional pinning fields while
maintaining the cooperative dual torque mechanism essential for sub-nanosecond
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Figure 7.35: Influence of IEC on ds-MTJ switching dynamics with Ta-NMS, exploring
a 3 x 5 parameter matrix of AFM, zero, and FM coupling through TB; (columns)
with varying NMS coupling (curves within each panel) for (a) AP—P and (b) P—AP
transitions. Zero coupling (Jiecq = Jiec2 = 0) generally yields the fastest switching,
while strong coupling can introduce energy landscape distortions that trap the magne-
tization in unintended states [218].

switching. The Ru spacer generates stronger RL, torques due to its longer spin-flip
length, consistent with the W vs Ta comparison in the hybrid FL analysis.

New physical insight. The systematic investigation across four stack families
reveals IEC as a versatile design parameter whose role evolves with device complexity.
In ultra-scaled composite structures, weak FM coupling (0.01 mJm~2) suppresses
back-hopping while preserving fast switching [116]. In SAF-enhanced structures, a
quantitative threshold |Jiec] > 1mJm™ is required to prevent parasitic spin-torque-
induced RL reversal during FL switching [215]. The hybrid FL with metallic spacers
reveals that the spin-flip length of the NMS material is the fundamental parameter
controlling torque transmission between FL segments, with W (2.4nm) enabling
systematically faster switching than Ta (1.9nm). The four-stage torque decomposition
(Figure 7.31) shows that composite FL structures introduce additional torque injection
points at NMS interfaces, producing parasitic torques on the reference structure
that scale with the spacer’s spin-flip length. In ds-MTJ structures, anti-parallel
dual reference layers with zero IEC generate cooperative torques that achieve a
2-3x switching speed enhancement and sub-nanosecond operation with standard
CoFeB|MgO materials [218]. The integration of SAF layers into ds-MTJ structures
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Table 7.6: SAF-enhanced ds-MTJ spacer parameters and coupling values [217]. The
optimal thickness for each spacer material is highlighted.

Spacer Thickness Ji. [mJm™ | Behavior

Ru 0.4nm —2.1 (AFM)  Oscillatory (too strong)
Ru 0.7nm —1.0 (AFM) Slow switching

Ru 1.0nm —0.65 (AFM) Optimal

Ta 0.25nm +0.4 (FM) Optimal

Ta 0.5nm +0.2 (FM) Slower switching
Ta 0.75nm +0.1 (FM) Slowest switching

AP - P

0.0 0.2 04 0.6 08 1.0 0.0 0.2 0.4 06 0.8 1.0
Time [ns] Time [ns]

—— Ru04nm  --=-- Ru 0.7 nm —+- Ru 1.0 nm - Ta 0.25 nm Ta 0.5 nm - Ta 0.75 nm

Figure 7.36: Switching trajectories for SAF-enhanced ds-MTJ structures comparing
Ru and Ta NMS at varying thicknesses: (a) P—AP and (b) AP—P transitions.
Optimal performance at Ru 1.0nm (Jiee = —0.65mJm~2, AFM) and Ta 0.25nm
(Jiee = 0.4mJm~2, FM). Ru at 0.4nm (—2.1 mJm™?) exhibits oscillatory behavior
from excessively strong AFM coupling [217].

(Figure 7.36) demonstrates that optimal NMS thickness balances coupling strength
against spin transport efficiency: Ru at 1.0nm (—0.65mJm—2 AFM) and Ta at
0.25nm (0.4mJm~2 FM). This completes the IEC role progression established across
the chapter: from modifier (back-hopping suppression, Section 7.4) to controller
(cyclic switching) to design parameter (ds-MTJ speed, Section 7.6.7) to reliability
threshold (Section 7.6.2) to engineering parameter (hybrid FL spacer selection and
NMS thickness optimization).
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Figure 7.37: Spin-transfer torque distribution across the full multilayer stack for
(a) single SAF ds-MTJ and (b) double SAF ds-MTJ, comparing Ru (AFM) and Ta
(FM) NMS. The Ru spacer generates stronger torques on Ry due to its longer spin-flip
length, while the double SAF configuration provides enhanced reference layer stability
with minimal switching speed penalty [217].

7.7 Synthesis

The comprehensive simulation studies presented in this chapter yield a consistent
picture: IEC emerges as the central design parameter across all device families studied,
with its role evolving systematically from a modifier to an engineering parameter.
This section synthesizes the key findings into practical design rules and summarizes
the main conclusions.

7.7.1 Design Guidelines for Ultra-Scaled Composite FL Struc-
tures

For 2.3nm diameter devices with CoFeB|MgO materials, the optimal FL segment
length is 3nm to 5nm: shorter segments (2nm to 3nm) exhibit back-hopping in-
stability during P—AP switching due to insufficient anisotropy barriers. In com-
parison, longer segments (above 6 nm to 7nm) fail to complete switching at mod-
erate bias (<2V) from stray field stabilization of intermediate states. Interface-
localized anisotropy models should be used for elongated structures, where they
predict 10-15% faster P—AP switching compared to bulk averaging (transition region
7 =0.5nm to 1.0nm). The middle TB polarization determines the switching regime:
keeping TBy below TB; ensures binary operation, whereas enhancing TB,; above TB;
enables controlled back-hopping with four accessible MLC states.

7.7.2 Design Guidelines for Multi-Level Cell Implementation

Symmetric FL segments (both 3nm to 4 nm) maximize resistance separation between
intermediate states. Reliable state addressing requires write pulse duration control with
approximately 100 ps resolution, a minimum 20% resistance margin between adjacent
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states through TB thickness optimization, and verified thermal stability (A > 40) for
all four configurations, particularly the intermediate anti-parallel FL; /FL, states.

7.7.3 Design Guidelines for ds-MTJ
and SAF-Enhanced Structures

For NMS material selection, Ru provides 2-3x switching speed enhancement via
its longer spin-flip length (4nm), while Ta offers 1.2-1.5x enhancement with better
process compatibility. SAF coupling strength must maintain |Jie| > 1.0mJm™?
(AFM) at the HL-RL interface and |Jiee| > 0.5mJm~2 (FM) at the RL-PL interface,
with margins for +30% process variation and temperature dependence. NMS thickness
should target the first AFM coupling peak for Ru (approximately 0.8 nm to 0.9 nm).
For Ta, select a thickness that provides the desired FM coupling while maintaining
adequate spin transport, and verify the coupling sign and magnitude experimentally.

7.7.4 Cross-Architecture Performance Comparison

Table 7.7 consolidates the quantitative performance of all seven device configurations.
As device complexity increases from single FL composites to SAF-enhanced and hybrid
structures, the role of IEC escalates from an incidental modifier to an engineering
parameter jointly optimized across multiple interfaces. The final two columns, derived
from Section 7.6, represent the culmination of this progression: spacer material,
thickness, and coupling strength are jointly tuned for switching speed, write efficiency,
and reference layer stability.

IEC as unifying design parameter. Across all structures studied in this chapter,
inter-layer coupling emerges as the single physical theme whose role evolves most
dramatically with device complexity. In ultra-scaled composite FLs, inter-segment spin-
transfer torques through TBs drive the sequential switching of individual ferromagnetic
segments without any IEC (Jiec = 0, Section 7.3). In composite structures operating
in the back-hopping regime, these same spin-transport torques govern the cyclic
dynamics that generate windmill states, enabling multilevel storage (Section 7.4). In
ds-MTJ structures with dual reference layers, IEC becomes a tunable design parameter
that governs the switching speed enhancement achievable through constructive torque
cooperation (Section 7.5). Finally, in SAF-enhanced structures, IEC strength exceeding
1mJm~2 is required as a quantitative threshold for reference layer stability, without
which the device fails catastrophically during write operations (Section 7.6.1). In
advanced structures combining hybrid FLs with SAF-stabilized double spin-torque
reference layers (Section 7.6), IEC transitions from a constraint to be satisfied to an
engineering parameter to be optimized, with the NMS material’s spin-flip length and
thickness jointly determining switching speed, write efficiency, and reference layer
stability. This progression from modifier to controller to design parameter to reliability
threshold to engineering parameter constitutes the chapter’s central physical narrative.
It also provides a systematic framework for future STT-MRAM development. As
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device structures grow in complexity, IEC management transitions from a secondary
consideration to a primary design axis alongside thermal stability and switching speed.

Table 7.7: Cross-architecture comparison of the seven device configurations studied in
this chapter. Each column represents a distinct architecture family, and rows compare
key design metrics and the role of IEC. Switching speedup is relative to a conventional
single-RL pMTJ. Dashes indicate metrics not applicable or not directly quantified
for that architecture. The ultra-scaled and MLC studies (Sections 7.3 and 7.4) use
Jiee = 0, the IEC role listed refers to the effect observed when coupling is subsequently
introduced (Section 7.5).

Metric Ultra-Scaled MLC ds-MTJ (Ru) ds-MTJ (Ta) SAF-A Hybrid FL (W) SAF-+ds-MTJ
Cell diameter 2.3nm 2.3nm 70 nm 70 nm 70 nm 70 nm 70 nm

FL type Composite (2 seg.) Composite (2 seg.) Single Single Single Composite (W) Single
Optimal FL length 3nm to 5nm 3nm to 4nm 1.3nm 1.3nm 1.4nm 0.8nm+3.5nm 1.3nm

Bits per cell 1 2 1 1 1 1 1
Switching speedup — — 2-3x 1.2-1.5x ~1x 1.5-2x 2-3x

1EC role Modifier! Controller! Design param. Design param.  Threshold Eng. param. Eng. param.
Key design param. FL length TB; polar. NMS material ~ NMS material [Jiec| Spacer s NMS thickness
Critical IEC value TB, > TB, Zero coupling  Zero coupling  >1.0mJm™2 0.37mJ m~2 —0.65mJm~2

'Role observed when IEC is introduced in Section 7.5. Base studies use Jiec = 0.
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Summary and Outlook 8

8.1 Summary

This thesis presents a comprehensive computational framework for modeling magneti-
zation dynamics and spin transport in ultra-scaled, multilayered spin-transfer torque
magnetoresistive random access memory (STT-MRAM) devices. The framework
addresses three tightly coupled aspects of next-generation magnetoresistive random
access memory (MRAM) design: the micromagnetic solver and its time integration,
the self-consistent treatment of spin-transfer torques via drift-diffusion transport, and
the application of the unified solver to advanced device architectures. The principal
contributions are summarized below.

8.1.1 Micromagnetic Solver and Time Integration

This work implements a three-dimensional micromagnetic solver was implemented
using the finite element method (FEM) for spatial discretization. The demagnetization
field, which poses a primary computational bottleneck due to its long-range nature, is
computed using a hybrid finite element-boundary element method (FE-BEM) that
avoids discretizing the surrounding free space. Furthermore, three time integration
strategies are developed, implemented, and systematically compared for the spatially
discretized Landau-Lifshitz—Gilbert (LLG) equation.

The first approach employs adaptive higher-order backward differentiation formula
(BDF) methods provided by the SUNDIALS library, which achieve unconditional
A-stability and handle the stiffness of the exchange interaction through a fully implicit
treatment. The second approach uses implicit-explicit (IMEX) schemes, in which the
stiff exchange contribution is integrated implicitly, whereas the remaining effective-
field terms are treated explicitly. The third approach employs a tangent-plane time
integration scheme that reformulates the nonlinear, constrained LL.G equation as a
sequence of linear saddle-point problems, thereby preserving the unit-length constraint
on the magnetization at the algebraic level.

A systematic comparison using the uMAG Standard Problem 4 demonstrated that
the tangent-plane scheme offers superior stability and robust constraint preservation
for the stiff dynamics characteristic of ultra-scaled magnetic elements. At the same
time, the fully implicit BDF method achieves the largest time steps during current-
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driven switching events. These findings provide concrete guidance for selecting the
appropriate time integrator based on the problem’s dominant physics.

8.1.2 Coupled Spin and Charge Drift-Diffusion Transport

The micromagnetic solver is extended with a coupled spin and charge drift-diffusion
formalism to compute spin-transfer torques from the first principles of semiclassical
transport, rather than relying on the simplified Slonczewski macro-spin approximation.
This extension provides a unified framework for capturing both interface-induced
Slonczewski torques at tunnel barriers and bulk Zhang-Li torques arising from magne-
tization textures within ferromagnetic layers.

A key contribution of this work is the derivation and implementation of specialized
boundary conditions at material interfaces. At the magnesium oxide (MgO) tunnel
barrier, spin-filtering boundary conditions relate the tunneling spin current to the
angular and voltage-dependent conductance of the junction, reproducing the expected
angular and bias dependencies of the torque. At metallic interfaces between ferromag-
netic layers and nonmagnetic spacers, spin-dephasing boundary conditions account
for the rapid loss of transverse spin coherence. This rigorous treatment of interfaces
proved essential for accurately resolving the spatially varying torque landscape in
multi-layered structures, where the spin-accumulation and its gradient exhibit sharp
variations near each interface.

8.1.3 Interlayer Exchange Coupling and Interface-Mapping

Additionally, a novel numerical treatment for interlayer exchange coupling (IEC) is
introduced via an interface-mapping algorithm. In conventional approaches, simulating
synthetic antiferromagnet (SAF) structures or composite free layers separated by
ultrathin nonmagnetic spacers (on the order of angstroms) would require volumetric
meshing of the spacer layer, thereby imposing severe constraints on mesh resolution and
computational cost. The interface-mapping algorithm circumvents this limitation by
projecting the magnetization degrees of freedom from one interface onto the opposing
interface, effectively treating the IEC as a surface coupling without discretizing the
spacer volume.

This approach enables the simulation of realistic multi-layered device stacks,
including SAF-enhanced reference layers and composite free layers with multiple
ferromagnetic segments, at a computational cost comparable to that of simulating a
single ferromagnetic layer.

8.1.4 Application to Advanced MRAM Architectures

The unified solver is applied to investigate three interconnected phenomena critical to
the scaling and performance of next-generation STT-MRAM.

First, the switching dynamics in ultra-scaled cells with composite free layers were
analyzed. The three-dimensional simulations reveal that composite structures exhibit
sequential switching of individual ferromagnetic segments, with the switching order
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and speed governed by the interplay of spin torques and stray fields. At the same
time, IEC provides an additional control parameter when introduced in multi-layered
configurations. This sequential behavior, which is fundamentally inaccessible to macro-
spin models, has direct implications for the write error rate and the distribution of
switching currents.

Second, the back-hopping phenomenon, commonly regarded as a failure mode in
composite magnetic tunnel junction (MTJ) structures, is shown to be a deterministic
consequence of the torque dynamics rather than a stochastic effect. The simulations
demonstrates that, by tuning the relative tunnel-barrier polarizations and the free layer
geometry, back-hopping can be exploited to achieve stable intermediate magnetization
configurations. These distinct states enable multi-level cell (MLC) operation, in
which multiple bits are stored per physical cell through distinct resistance levels
accessible via pulse-duration modulation. This represents a paradigm shift from
treating back-hopping as a defect to recognizing it as a design opportunity.

Third, advanced device architectures are systematically investigated. The role of
IEC is first quantified across three representative stack configurations (SAF without
and with a polarization layer, and ultra-scaled composite free layer (FL)), identifying
specific coupling windows that ensure reference layer stability without compromising
write efficiency. Double-spin torque magnetic tunnel junction (ds-MTJ) structures,
which employ dual reference layers to generate both giant magnetoresistance (GMR)
and tunneling magnetoresistance (TMR) torques simultaneously, are shown to achieve
sub-nanosecond switching through the constructive cooperation of the two torque
contributions. Hybrid FL architectures with metallic spacers (W and Ta) demonstrate
that the spacer material’s spin-flip length is the key parameter governing switching
speed enhancement, and a systematic four-stage torque decomposition revealed the
distinct contributions of each ferromagnetic interface during the switching process. A
cross-architecture comparison consolidating all seven device configurations studied
throughout the chapter provides quantitative design guidelines for high-density MRAM
arrays, in which IEC management, stray-field control, and reference-layer integrity are
jointly optimized.

8.2 Outlook: Advanced Numerical Methods
for Micromagnetics

While the physical insights presented in this thesis have advanced the understanding
of STT-MRAM, they have also highlighted the limitations of current numerical
frameworks. The resolution of complex, non-uniform textures and domain wall
curvatures, which are essential for MLC operation, demands a higher degree of
mathematical rigor. Future research must therefore complement ongoing device
analysis with advances in computational methods.
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8.2.1 Implicit Treatment of Spin-Transfer Torque in IMEX
Schemes

The IMEX time integration scheme implemented in this work treats the exchange
interaction implicitly to circumvent the mesh-dependent Courant—Friedrichs—Lewy
(CFL) restriction, At ~ h?. However, as demonstrated in Section 5.5.2, the spin-
transfer torque (STT) terms were treated explicitly, introducing a separate stability
constraint At ~ 1/|rgpr| that dominates during current-driven switching events.
Future implementations should incorporate the STT terms into the implicit parti-
tion:
oy
f[ = — 2m X (m X Hexch) + TSTT(H’I, S) (81)
14+ o
This requires extending the preconditioner to include the STT Jacobian, which
involves both the field-like (skew-symmetric) and Slonczewski (rank-one update)
contributions:

Jerr = CFL[S]X — Cg1, (m ®S + (m . S)I) (82)

The fully-implicit BDF method already incorporates this Jacobian and achieves a
50x reduction in the number of time steps compared to explicit methods. Extending
the IMEX framework similarly would enable adaptive time-stepping during STT-driven
switching while retaining the computational advantages of explicitly treating non-stiff
contributions, such as demagnetization.

8.2.2 Higher-Order Finite Elements for Exchange Resolution

The accurate discretization of the exchange interaction is paramount in micromagnetics.
The exchange energy density is proportional to (Vm)?, and the resulting effective
field involves the Laplacian VZm.

Current implementations often rely on linear (first-order) Lagrange basis functions.
While computationally inexpensive, linear elements yield constant gradients within
elements, making evaluation of the second derivative (the exchange field) discontinuous
or requiring recovery techniques that introduce numerical noise. Future work should
integrate higher-order finite elements (e.g., quadratic or cubic basis functions). By
increasing the polynomial order (p-refinement) rather than only the mesh density
(h-refinement), one can achieve spectral convergence, thereby drastically reducing the
error in the exchange-field calculation, while accurately capturing the smooth rotation
of magnetization in magnetic vortices without the numerical artifacts associated with
linear meshes.

8.2.3 Parallel-in-Time Integration

The timescale disparity in spintronics is a major computational bottleneck. The LLG
equation is stiff, requiring femtosecond time steps (At & 11s) to resolve precession,
while write error rate studies require simulations spanning ps or ms. The clock speed
of a single processor core inherently limits the time step in sequential time-stepping.
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To break this barrier, future solvers should adopt parallel-in-time integration strate-
gies, such as the Parallel Full Approximation Scheme in Space and Time (PFASST).
Unlike standard domain decomposition, which parallelizes only spatial degrees of
freedom, PFASST iterates over multiple time slices simultaneously. By employing a hi-
erarchy of discretizations (coarse propagators on CPU, fine propagators on GPU), this
method could accelerate long-duration switching statistical studies by orders of mag-
nitude, making the direct simulation of low-probability failure events computationally
feasible.

8.2.4 Unified Space-Time Finite Element Methods

The traditional Method of Lines approach, discretizing space first to obtain a system
of ordinary differential equations (ODEs) and then discretizing time, introduces
operator-splitting errors and decouples spatial and temporal resolution. However, in
fast switching events such as back-hopping, spatial gradients and temporal transients
are intimately coupled.

A promising direction is the development of a fully coupled space-time finite element
method (ST-FEM). By treating time as a fourth dimension, the entire space-time
cylinder (z,vy, z,t) can be discretized using 4D finite elements. This approach offers the
potential for unconditional stability, bypassing the CFL conditions that limit explicit
solvers, as well as space-time adaptivity, in which the mesh is refined dynamically
in localized space-time regions where high activity occurs (e.g., the trajectory of a
domain wall), while leaving the rest of the 4D domain coarse. Implementing these
advanced numerical schemes would not only improve the accuracy of IEC and SAF
simulations but also unveil subtle, high-frequency switching modes that are currently
smoothed out by lower-order temporal approximations.

8.3 Conclusion

This thesis has demonstrated that the complex physics of ultra-scaled STT-MRAM
devices, spanning spin transport across multiple interfaces, interlayer exchange cou-
pling in composite stacks, and deterministic switching phenomena in sub-20nm
geometries, can be captured within a single, unified computational framework. The
three-dimensional drift-diffusion approach developed here provides spatial resolution
of torque densities, spin-accumulation profiles, and magnetization textures that are
fundamentally inaccessible to macro-spin or one-dimensional models. This resolution
reveals phenomena, including sequential switching, deterministic back-hopping, and
the inherently non-additive coupling of spin-transfer torques in multi-segment stacks,
that collectively reshape the design paradigm for next-generation devices.

From a practical standpoint, the results establish quantitative design guidelines
across seven device configurations spanning four architecture families (ultra-scaled
composite FL, SAF-enhanced, hybrid FL, and ds-MTJ). The identification of specific
IEC windows for SAF stability, the demonstration of controlled MLC operation
through intermediate magnetization states, and the optimization of double spin-torque
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and hybrid structures for sub-nanosecond switching provide an actionable roadmap
for the development of higher-density, faster, and more reliable MRAM.

Looking ahead, the next leap in device performance will likely stem not only from
new materials and advances in fabrication, but also from the mathematical capability
to simulate them. The transition to higher-order finite elements, parallel-in-time
integration, and fully coupled space-time solvers promises to reveal hidden dynamics
at the quantum-classical boundary, enabling predictive simulation of phenomena that
remain beyond the reach of current methods. This thesis provides both the physical
foundation and the computational starting point for that pursuit.
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